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Abstract. The problemof graphlayout and drawing is fundamentalto many
approachesto the visualizationof relationalinformationstructures.As the data
setgrows, thevisualizationproblemis compoundedby theneedto reconcilethe
user’sneedfor orientationcueswith thedangerof informationoverload.Putsim-
ply: How canwe limit thenumberof visualelementson thescreensoasnot to
overwhelmtheuseryetretainenoughinformationthattheuseris ableto navigate
andexplore thedatasetconfidently?How canwe provide orientationalcuesso
that a usercanunderstandthe locationof the currentviewpoint in a large data
set?Theseareproblemsinherentnotonly to graphdrawing but informationvisu-
alizationin general.Weproposea methodwhichextractsthesignificantfeatures
of adirectedacyclic graphasthebasisfor navigation1.

1 Intr oduction

A fundamentalchallengefor informationvisualizationapplicationsthatusegraphvisu-
alizationtechniquesfor relationaldatasetsis thescaleandstructuralcomplexity of the
data.Beyondthewell known andresearchedproblemsof graphlayout,large-scaledata
setscall for new approachesto navigation,andtheprovision of visualcuesto support
theuser’sawarenessof thecontext or locationwithin thedataset.Thereis a largebody
of publishedresearchresultsin thisarea,whichinvolvetheuseof zoom[8], pan,visual
cues[3], andfocus+context techniquesusingnon-linearfilters suchas,for example,
fish-eye views [7], hyperbolicgeometry[5], anddistortion-orientedpresentations[9].
This papercontributesa methodwhich canbeusedto producea schematicview of a
directedacyclic graphor DAG to thetoolsandtechniquesavailablefor viewing graph
structures.
1 Note: The color figures and a demonstrationapplet are available at the web site:
http://www.cwi.nl/InfoVisu.



Theskeleton of agraphis thesetof nodesandedgesthataredeterminedtobesignif-
icantby a givenmetric.Theskeletoncangive theimpressionof a structuralbackbone.
Becauseit is a selectionof a small subsetof importantnodes,theskeletoneliminates
theproblemof informationoverloadwhile still providing informationessentialfor fur-
therexploration.Theskeletonalsoallows theuserto characterizeaparticulargraphby
providing asimpleimagewhichcontainsthemostimportantfeaturesor ’ landmarks’of
agraph.In thisway, theskeletonprovidestheuserwith amapfor orientationandnavi-
gation.Thefeatureschosenby themetricmaybestructurallyimportantor reflectsome
othermeasure.By changingthemetricsusedto extract theskeleton,we mayproduce
differentmapsfor differentpurposes.

Thehighlightingof treesaccordingto theunderlyingStrahlervalueswasproposed
asanaid to navigationin [3]. In this paper, we will explain how to applyStrahlerand
othermetricsto treesandDAGsto obtainaskeleton.Obviously, themetricis crucialin
thedeterminationof theskeleton.Wehavelookedfor metricswhichresultin askeleton
thatis a goodindicatorof theunderlyingstructureof thegraph.

Our currentmethodsrequirethat the graphbe acyclic. Although it is possibleto
extracta DAG from anarbitrarygraph,for simplicity we have chosenin this phaseof
work to assumethat thegraphis alreadydirectedandacyclic. As with othertypesof
graphs,DAGscanbequiteoverwhelmingwhenthenumberof nodesis largeandare
found in many applications.This makesthe DAG anexcellentcandidatefor skeleton
extraction.Of course,any resultderivedfor DAGsis alsoapplicablefor trees.

2 Generalmethodology

Thegeneralmethodologyfor extractingskeletonsis asfollows:

– Choosea metricfunctionfor agraphanda thresholdvalue.
– Traversethegraphandextractthenodeswhosemetricvaluesareequalto or above

thethresholdvalue.
– Display the final skeleton.This consistsof the nodeswhich have beenextracted

andtheedgesconnectingthem.
– Displaytheleftovernodesandedges,possiblymergedor simplified.

The metric shouldreflectthe relative significanceof eachnodeof the graph.The
metricandtheresultingskeletonshouldcorrespondto aclearmentalmodelwhichaids
theuserduringnavigation.Thethresholdvaluedeterminesthelevel of detailwhich is
representedby theskeleton.

Thelaststepof our methodinvolvesrepresentingthenodesandedgesnot selected
by theextractionprocess.For trees,thesubtreesnot belongingto theskeletonmaybe
simply replacedby trianglesor othershapes,resultingin a schematicview of thetree.
Representingthenon-skeletalnodesandedgesfrom aDAGcallsfor moresophisticated
techniquesusingdifferentcoloursandintensitiesto distinguishbetweenskeletaland
non-skeletalpartsof theDAG (SeeSection2.3for details).

Introductory example: Figure1 showstheoriginalstructureof atree.Figure2shows
theskeletonwhich resultsfrom selectingthenodeswhich have metricvaluesequalto
or above a thresholdvalue.Our programhasreplacedtheexcludednodesby triangles



Fig.1. A fully displayedtree

to createa schematic view of thetree.A schematicview is a simplifiedrepresentation
of agraphwhichmakesuseof theskeletonandreplacesnon-skeletalpartsof thegraph
with linesor shapes.

2.1 Metrics

Theextractionof a skeletonfrom a DAG requiresthecomputationof a valuefor each
nodeof a DAG in thesamefashionasfor trees.In this section,we will talk abouttwo
differentmetricsandgive an impressionof the skeletonswhich they give asa result.
Thesemetricswerechosenfor two reasons.First, eachcanbeexplainedin termsof a
simplemetaphor, whichwebelievewill helpusersdevelopanintuition abouttheeffect
of themetric,without needingto understandtheunderlyingmathematics.Second,ex-
perimentalresultshave shown that thesemetricsprovide an impressionof theoverall
structureof the DAG. Later, we will alsoindicatehow differentmetricscanbe com-
posed.Thecompositionof metricscanproducequiteusefulresultsandcanbeapplied
muchthesamewayasonemightapplyseveralopticalfilters to a cameralens.

The Strahler metric. We usedStrahlernumbersfor treesasa metric to extract the
skeletonin Figure2. Thismetricwasalreadypresentedin [3] andwewill recallit here;
for a full accountonStrahlernumberssee[2].

TheStrahlervalueof a leaf is setto 1. For any othernode � , a valueis computed
usingtheformula:

	�
 �
��������� 
�	�
�� � ����������� 	�
���� ���! "$#�%'&
if all values

	�
(�*) � areequal#�%,+
otherwise

(1)

where
� � , . . . ,

�-�
arethesuccessorsof � .



Fig.2. A schematicview of thetreein Figure1

Strahlernumbershave provento be a goodmeasureof the branchingstructureof
hierarchicalnetworks (trees).They werealsousedasthe basisof a methodfor pro-
ducing realistic imagesof 2D treesin a paperfrom Viennot et al. [10]. The results
presentedtherecertainlyconfirm the potentialthat Strahlernumbersbearasa means
for describinggraphicaleffectson trees.

In the caseof trees,it is easyto check that greatervaluesare attainedby bal-

Fig.3: Strahlerfor DAGs

ancedtrees.Numberssuchas the Strahlernumberfor
treesareoften referredto as synthetic values, because
of their links with attribute grammars[4] andtheir use
in combinatorialmathematics[6]. Other valuescan be
computedusingthe samerecursive scheme.For exam-
ple,giving a valueof 1 to every leafof a treeandsetting
thevalueof anodeto bethesumof thevaluesof its chil-
drenleadsto a syntheticcomputationof thenumbersof
leavesfor eachsubtree.This metric canbe givenmore
application-specificvalues,throughthe useof weights
(see[3]). Theweightof a nodecould represent,for ex-
ample,thenumberof visits in thecaseof a webpageor
thesizeof a file in caseof directorytrees.

Thesamecomputationschemecanbeappliedto any graphwithoutcycles.Indeed,
it is the absenceof cycles in the structurethat makesit possibleto definea function
dependingon the setof successors of a node.A DAG hasno cyclesandprovidesan
explicit directionto traverseits nodes.In a DAG, thesubsetof nodeshaving incoming
degreezeroarecalledsource nodes. Similarly, thenodeshaving outgoingdegreezero
arecalledsink nodes. Obviously, a full traversalof a DAG may startfrom thesource
nodesandendin thesink nodes.The traversalof a DAG mayalsostartfrom thesink
nodes,dependingon thedesiredresults.



TheStrahlermetriccanbeeasilygeneralizedtoDAGsby setting
	�
(. �/� &

for every
sink node,andby applyingEq. (1) to thesetof successors of a node � . Figure3 gives
anexample.Note:Thereis animplicit downwarddirectionin Figures3 and4.

The Flow metric. Thesecondmetricwepresentis basedonawaterflow metaphor. A
downwardscanof theDAG emphasizesthedistribution or flow of informationfrom a
nodeto its successors.

TheDAG couldbecomparedto asetof connectedpipesthroughwhichwaterflows

Fig.4: Flow metricfor DAGs

from top to bottom.We will call this metrictheFlow
metric anddenoteit by 0 .
Let 0 
21 �3� &

for everysourcenode
1
. Thencompute

valuesfor everyothernodethefollowing way:Divide
thevalueat a nodeby thenumberof its successorsto
find its contributionto eachof them.A nodereceiving
asetof valuesfrom its ancestorssumsthemup.More
precisely, thevalue 0 
 �4� for a node � is obtainedby
summingcontributionsover thesetof all its ancestors5 � , . . . , 546 ( 798 &

). Thatis,

0 
 �4�/�;:=<>0 
 5 < ��? numberof successorsof 5 < (2)

TheDAG in Figure4 providesan example.Observe that valuesproducedby this
metricdonotnecessarilydecrease(or increase)alongapathfrom sourceto sinknodes.
Thevalue 0 
 �
� ata node� evaluatestheflow goingthroughthatnode.

General framework. Of course,both the StrahlerandFlow metricsproducevalues
which areproportionalto the node’s importance.This shouldbe kept in mind when
designingany othermetric to be appliedto a DAG. The patternusedfor Strahler, as
well as the Flow metric, caneasilybe extendedto a generalcomputationschemeas
follows:Supposearbitraryvalues@ 
�. � aregivento thesink nodesof aDAG. Set

@ 
 �4�3��A 
B
 @ 
(� � �C����������@ 
���� �B� (3)

for any othernode � , where
� � , . . . ,

� �
arethesuccessorsof � and A is a function

(or formula)dependingonthevalues@ 
�� � � , . . . , @ 
(� � � . Hence,valuesareassignedto
nodesof theDAG throughanupwardsearch,aswith theStrahlermetric.Wecouldalso
definea functioncomputingvaluesthrougha downwardsearch.In thatcase,we usea
recurrence:

@ED 
 �
���FA 
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 5 6 �B� (4)



where 5 � , . . . , 5 6 aretheancestorsof � , andassignstartingvalues@ D 
21 � to source
nodesof theDAG. This computationschemewasusedto definetheFlow metric.Ob-
servethatadualStrahlermetriccouldbedefinedby applyingtheoppositecomputation
schemeusingthe sameformula (Eq. (1)), but applyingit to ancestorsinsteadof suc-
cessors.The sameobservation appliesto the Flow metric, yielding a measurefor an
”upward” flow of informationor data.

Theactualfunction to computeis in somesenseapplicationdependent.However,
the choiceor designof a metric shouldbe stronglylinked to a clearinterpretationof
its effect on theextractionprocess.From this point of view, metricscorrespondingto
well understoodmetaphorsmight have a wider rangeof usesandapplications.This is
thecasefor theFlow metricsinceit is supportedby thewaterflow metaphor:thenodes
in theskeletonarethosethroughwhich muchof thewaterflows.Also, weightscanbe
usedthesamewaythey areusedwith Strahlerto influencevaluesof thenodes.Another
possibilitycouldbeto givedistinctstartingvaluesto sourcenodesof a DAG.

2.2 Skeletonextraction

Givena metric,thesimplestapproachto extracta skeletonis to collectthenodeswith
a valuegreaterthanor equalto a lower bound.We cancomputea lower boundthat
extractsaspecificpercentageof thenodes,sowewill expressit in termsof thepercent-
age.

Figure5 showstheskeletonwhichresultsfromselectingthenodeswith Flow values
in thetop 30 %. Thesquarebold-facednodesarethosebelongingto theskeleton.The
thicker arcsarethosejoining nodesin theskeleton.Thisexampleactuallyhasno need
for a skeletal view becauseit is not very complex but the smallernumberof nodes
allows us to moreeasilyillustratethe essentialconcepts.For examplesusinga larger
numberof nodes,pleaseseethecolorplatesin theAppendix.

Fig.5. Thenodesselectedbasedon Flow valuesin thetop30%



All sourcenodesarepartof theskeletonsincethey haveanassignedvaluesof 1.The
waterflow metaphoraidsin understandingwhy a givennodeis presentin theskeleton.
Thisisobvious,for example,for thenodewith incomingdegree4andoutgoingdegree0
in the upperpart of the skeleton;the contributionsit collectsfrom all sourcesnodes
exceptonesumupto avalueof 1.25,henceits presencein theskeleton.Thenodeatthe
bottomof the right part on theskeletonbearsthesamevalue.Observe that it collects
valuesfrom six differentnodes,only two of which arepart of the skeleton.The fact
thatthevalue1.25makesthosenodespartof theskeletondependson thesetof values
reachedby all nodesin thegraphandourchoiceto displaythe30%topnodes.

2.3 Implementing a schematicview

The goal of the schematicview is to emphasizethe ”backbone”,asproducedby the
skeletonextraction.The schematicview consistsof two displayedparts:the skeleton
itself, andtheleftovernodesandedges.

Insteadof lines,verylongandthin trapezoidsareusedto displaytheskeletonedges.
Trapezoidswerechosenbecausethey canhavedifferentwidthsat eachendasanextra
visualcue.Thewidth of thetrapezoidsatthenodesareproportionalto themetricvalues
of the incidentnodes.In otherwords,the sizesof the edgesgive an indicationof the
magnituteof themetricsat theincidentnodes.Similarly, acontinuousvisualindication
is providedby colour. Skeletonedgesandnodesaredrawn usinga differenthuethan
the leftover nodes(e.g.redon the colourplatesin theAppendix).As a furthervisual
cue,the saturationcomponentof the colour alongeachedgeis interpolatedfrom the
metricvaluesat thesourceanddestinationnodes.

For DAGs,theleftovernodesandedgesaresimplydrawn usinga low-contrasthue
(light grayon theAppendixcolourplates).For trees,themonotonicityof themetrics,
aswell asthesimplerstructureof trees,allows for analternative representation:trian-
glesareusedto replacetheleftover nodesandedges.Thesizeof thetriangleimageis
proportionalto thesubtreebeingrepresented(seeFigure2). A continuouscolourtran-
sitionsimilar to theschemefor theskeletonedgesis alsousedonthetriangles.Thetop
of thetriangleshave a saturationproportionalto thenode’smetricvalue,andthetrian-
glegraduallychangescolourandsaturationtowardashadeof thebackgroundcolor. Of
course,morecomplicatedrepresentationsthantrianglescouldbeusedfor thesubtrees
suchasthetypeof imagesusedin theAggregateTreeMapsof Chuah[1]).

In the casesof both treesandDAGs, the useof Alpha blendinghasalsobeenan
effective aid for both treesandDAGs.The transparency provided by alphablending
ensuresthat theintersectionsof edgesandtrianglesdo not interferewith theclarity of
thefigure.

3 Metric combination

Any goodmetricshouldemphasizea specificaspectof theDAG. Combining different
metricsinto new onesis awayto capturemultipleaspectsof thegraph;someexamples
will bepresentedin thissection.



Fig.6. Skeletonof aDAG basedon acombinationof StrahlerandFlow metrics

Combining Strahler and Flow metrics. Weuseanexampleto illustratehow acombi-
nationof metricscanbeachieved.Whenlookingat theskeletonin Figure5, onemight
objectto thefactthatall thesourcenodeswereselected,i.e. thattheFlow metricdoes
notallow usto distinguishamongthesourcenodes.Indeed,onemaywantto useamet-
ric reflectingthefactthatasubgraph,startingataspecificsource,is morecomplex than
another. Usingourwaterflow metaphor, themetricshouldprovidepipeswith different
diameters,dependingon the complexity of the correspondingsubgraph.The Strahler
valueof a node,which measuresthe structuralcomplexity of its subgraph,is thena
goodcandidatefor measuringthiscomplexity. This, in combinationwith theFlow met-
rics, maybeusedto definethedesirednew metric.Thedetaileddefinitionof thenew
metricis asfollows.

The Flow metric is modified so that the nodereceivesa value from its ancestor
proportionalto its Strahlervalue.Denoteby I 
 �
� thesumof theStrahlervaluesof the
childrenof a givennode� . Thatis, I 
 �4���KJ < 	�
(� < � , wherethesumextendsover the
setof successors

� � , . . . ,
� �

of � . Thenew metric is thendefinedby L 
21 �M� &
for all

sourcenodes
1

andby theequation:

L 
 �4�/�;:=<NL 
 5 < �PO 	�
 �
�I 
 5 < �
for all othernodes,wherethesumextendsoverthesetof ancestors5 � , . . . , 5 6 of � .

That is, thevalue L 
 �
� is obtainedby summingcontributionsobtainedfrom ancestors
of � . A specificancestorwill give its childrena part of its own valueproportionalto
theirStrahlervalues.

The skeletonbasedon this modifiedFlow schemeis shown in Figure6. It is ex-
tractedfrom thesameDAG asin Figure5 usingidenticalthresholdvalues.Noticehow
this new computationschemesortsthe sourcenodesto extract only thoseplaying a
moreimportantrole in thewholegraph(or network of pipes).



Combining dir ections. A furthercombinationof metricscanbeachievedif theirdirec-
tionsarealsotakeninto consideration.Indeed,thechoicebetweenEq.(3) or Eq.(4) for
thecomputationschemepriviledgesadirection.If bothametricandits ”dual” areused
on the samegraph,eachnodeis assignedtwo differentvalues,reflectingdirectional
measures.Thesevaluescan thenbe combined(for example,by taking their average
value), therebyyielding a new metric again.This ”average”metric reflectsboth the
”upward” andthe”downward” characteristicsof theDAG relative to themetric.

Asaspecificexample,themodifiedFlow metricof theprecedingsectionhasits dual
metric, too. This dual metric usesthe dual Flow metric andthe dual Strahler values.
Finally, thetwo directionalFlow metriccanbecombinedinto anaverageFlow metric.
Thismetrichasbeenusedto obtainthecolorplatesin theAppendix.

4 Conclusionsand further research

Our skeletonextractionmethodologycanbeappliedto any treeor DAG without using
domain-specificknowledge,i.e.thesemanticinformationusuallyassociatedwith nodes
or edgesin a graphvisualizationapplication.However, it is possibleto adddomain-
specificweightsto themetric in orderto sift thenodesfor featuresof interest.In this
way, it is possibleto tailor a metric in orderto implementa search.We have discussed
thefirst typeof metricwhich extractsinterestingfeaturesfrom thegraphrelationsin-
herentto thedata,resultingin a structuralview.

In our java application,skeletalviews play an importantrole asnavigationalaids,
complementingtechniquessuchaszoom,pan,andfish-eyeviews.Althoughthis is the
only applicationof skeletalviewswhichwehavediscussed,thereareothers.For exam-
ple,wehavecreatedthumbnailimageswith skeletalviewsof aDAG.Thesethumbnails
canthenbeusedastherepresentationof a foldedsubtree.Anotherwell known applica-
tion of thumbnailsis asa bird’s-eyeview of thegraphwith anindicationof thecurrent
viewing location.

Theprimarygoalof our futureresearchis to extendtheskeletonideato moregen-
eral graphs.The definition of metricsfor suchgraphsmay be a significantproblem
becauseconvergencemustbeensured.Othermetricsfor DAGs,aswell asothertech-
niquesto displaytheskeletonandtheleftovernodesshouldbeexplored.A moreelab-
orateusabilitystudyon theutility of skeletalviews is alsoapossiblefutureactivity.
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Fig.7. UnderlyingDAG extractedfrom a web site (approx.200 nodes)andskeletonbasedon
averageof modifiedFlow metricandits dual.


