
GeometricMethods for Vortex Extraction

I. Ari Sadarjoen
�

andFritsH. Post

Facultyof InformationTechnologyandSystems,Delft Universityof Technology,
Zuidplantsoen4, 2628BZ Delft, TheNetherlands

e-mail:Ari.Sadarjoen@mcc.ac.uk / Frits.Post@cs.tudelft.nl

Abstract. Thispaperpresentstwo vortex detectionmethodswhicharebasedon
thegeometricpropertiesof streamlines.Unlike traditionalvortex detectionmeth-
ods,whicharebasedonpoint-samplesof physicalquantities,oneof ourmethods
is alsoeffective in detectingweakvortices.In addition,it allows for quantitative
featureextractionby calculatingnumericalattributesof vortices.Resultsarepre-
sentedof applyingthesemethodsto CFDsimulationdatasets.
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1 Intr oduction

Vorticesareamongthemostimportantfeaturesof fluid flows.In aerodynamics,vortices
directlyaffect theflying characteristicsof airplanes[5]. In turbomachinerydesign,vor-
ticesareto beavoidedor minimizedduringdesign[9]. In oceanography, theevolution
of vorticesin spaceandtimeis importantfor scientists’understandingof oceancircula-
tions[14]. Therefore,detectingandvisualizingvorticesis animportanttopic.Unfortu-
nately, thereis no formaldefinitionof a vortex, whichmakesit difficult to detectthem.
Therefore,vortex detectionmethodsarebasedonheuristiccriteria.

Vortex detectionmethodsfall into two classes.Thefirst classis basedon physical
quantitiesevaluatedat isolatedpointsin thefield, e.g.grid nodes,or in aninfinitesimal
neighbourhoodsof points.Examplesof thesequantitiesarepressure,vorticity magni-
tude,andhelicity [1,9]. Theproblemis thatnoneof thesemethodsworksin all cases.
Theirmaindeficiency is thatthey oftendonotfind weakvortices,characterizedby slow
rotationandlow velocitymagnitudes.

Thesecondandrelatively new classof vortex detectionmethodsarethegeometric
methods, which arenot basedon physicalquantities,but on geometricpropertiesof
curves,typically streamlinesor pathlines.

Thepurposeof thispaperis to presenttwo geometricmethodsfor vortex detection,
andamethodfor calculatingnumericattributesof vortices.Thefirst methodtriesto find
vortex coresby determiningthecurvaturecentreof theosculatingcircleof streamlines
throughmany samplepointsin thegrid. Thesecondmethodtriesto find entirevortices
usingthewinding-angleconcept,to selectstreamlinesthataresufficiently rotationalto
bepartof a vortex.
�
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We have extendedthework in [12] to a techniquefor automaticfeatureextraction,
characterizingthe featuresby calculatinga setof quantitative attributes,suchaspo-
sition, size,androtationspeedanddirection.This is doneby clusteringthe selected
streamlinesanddeterminingnumericalattributesof the vortices.This hasthe advan-
tagethatvorticescanbedescribedby asmallsetof attributes,whichnaturallycausesa
dramaticdatareduction.

Thestructureof thispaperis asfollows.In Section2,wegiveanoverview of related
work. Then,we describeour geometricmethodsfor vortex detection:the curvature
centremethodin Section3, andthewinding-anglemethodin Section4. In Section5,
weshow someresultsof applyingourmethodsto CFDsimulations.

2 RelatedWork

Thefirst classof vortex detectionmethodsis typically basedonpointsamplesof phys-
ical quantities.Thequantitiesinvolvedareusuallypressure,velocity, quantitiesderived
from the velocity vector, or quantitiesderived from the velocity gradienttensor. All
of thesequantitiesarebasedon the assumptioneitherthatvorticesareregionswith a
highamountof rotation,or thatthereexistsapressureminimumatvortex cores.Banks
& Singer[1] andRoth & Peikert [9] have surveyeda numberof quantities,andcon-
cludedthat they often fail to captureall vortices.An importantcauseis that vortices
areregional features,but thesecriteriaarestrictly basedonpointsamples,or first-order
approximationsin infinitesimalregions.Recently, Roth& Peikert [10], recognizingthe
deficienciesof first-orderapproximations,proposeda higher-ordermethodwhich is
alsoableto detectbentvortices.

Thesecondclassof vortex detectionmethodsis geometric, i.e. basedon geometric
propertiesof streamlines.De Leeuw[6] describedaninteractiveway to detectvortices
usinga box-shapedprobein which samplepointsaretaken.For all thesamplepoints
in thebox,a numberof propertieswerecalculated,includingthecentreof curvatureof
thestreamlinethroughthesamplepoint.Whenthebox containeda vortex, thecentres
of curvaturewouldaccumulateneara point,otherwisethey wouldbescattered.

Portela[7] hasdevelopeda formal mathematicalframework for definingvortices
in 2D, which correspondsto the intuitive notion of swirling motion arounda central
setof points.To definea centralsetof points,heproposedso-calledJordanstructures;
to defineswirling motion,heusedthewinding-angleconceptknown from differential
geometry.

In [12], we appliedtwo geometrictechniquesto severalhydrodynamiccases.One
usedcurvaturecentresto find vortex cores,thesecondusedasimplifiedwinding-angle.

Thepresentpaperreviews thefirst technique,giving moredetailson its problems
andpitfalls,andextendsthesecondtechniqueto a morequantitativeone,by clustering
thestreamlinesandcalculatingnumericattributes.

3 The Curvature Centre Method

Thecurvaturecentremethodtriesto detectvorticesin 2D by samplingthefield atmany
points, typically at all grid nodes.For eachsamplepoint, the centre of curvature is



determined,which is thecentreof theosculatingcircle of thestreamlinethroughthat
point [2]. In vortical regionsof the field, the centresof curvatureshouldaccumulate
at a point, asin Figure1a.Thesamplestakenon this perfectlycircularstreamlineall
projectto thesamecentreof curvature.In non-vortical regionsof thefield, thecentres
of curvaturewill bescattered,asin Figure1b.
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Fig.1. (a) Circularstreamlinewith coincidingcurvaturecentres
�

and(b) Non-circularstream-
line with scatteredcurvaturecentres.

In this way, a setof curvaturecentrepoints is obtained,which areaccumulatedinto
a new grid, as illustratedin Figure 2. The numberof curvaturecentresin eachcell
constitutesa new scalarfield whichwecall theCurvatureCentre Density(CCD)field.

Fig.2. Curvaturecentrepointsareaccumulatedinto anew grid, resultingin theCurvatureCentre
Density(CCD)scalarfield.

Figure3 showsanexampleof aCCDfield.The2D datasetoriginatesfrom anumerical
flow simulationof the Pacific Ocean,which modelsthe westcoastof North America
[14]. The grid usedis a rectilinear2D grid of �������
	�� nodes,at eachof which the
velocity hasbeencalculated.The figure shows streamlinesreleasedfrom every grid
node.TheCCD field hasbeenrenderedasa white heightfield. Thresholdinghasbeen
appliedto selectonly thehighestpeaksof thefield: �
��������� 	����
��������� .

This methodworks,but hasthe samelimitationsastraditionalpoint-baseddetec-
tion methods.Therearesomefalseandsomemissingpeaks.Someof the falsepeaks
may be filtered out by thresholdingor filtering. Also, supersamplingmay be applied
to get moresamplespergrid cell [11]. An importantcauseof theseproblemsarethe
streamlineswhicharenotperfectlycircular, but elliptical or elongated;this is oftendue
to interactionbetweenadjacentvortices.Theeffect is shown in Figure4: in perfectly
circularflow (seeFigure4a),thereisaclearpeakin theCCDfield(seeFigure4b).How-



Fig.3. Pacific Oceanwith global streamlinesand a white height field of the curvaturecentre
density.

ever, in slightly elliptic flow (seeFigure4c), thepeakis ‘spreadout’ (seeFigure4d).
Thiscausesmany missingpeaks,andpossiblyalsosomefalsepeaks.

4 The Winding-Angle Method

Anothergeometricmethodfor detectingvorticesin 2D, inspiredby [7], buildsuponthe
intuitive ideaof a swirling patternarounda centralsetof points.Themethodtries to
detectvorticesby selectingloopingstreamlinesandthenclusteringthem.Selectionis
performedusinga simplifiedwinding-anglecriterionandadistancecriterion.

Let � � bea2Dstreamline,consistingof points !"�$# % andline segments&'!"�$# %�()!*�+# %),*-�. ,
and let / &$01(324(5�
. denotethe anglebetweenline segments062 and 27� . Then,the
winding-angle8*9 # � of streamline� � is definedasthecumulativechangeof directionof
thestreamlinesegments:

8*9 # �":
;=< ->
%)?"-

/ &$! �+# % < - (3! �$# % (3! �$# %),"- . (1)

SeeFigure 5. We usesignedangles,with positive rotation for a counterclockwise-
rotatingcurve,andnegativerotationfor a clockwise-rotatingcurve.Obviously, 8*9 # �@:A�B�C

for a fully closedcurve; lower valuesmay be usedto find winding streamlines
whichdonotmakea full revolution.
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Fig.4. In circularflow (a),thereis apeakin theCCDfield (b). In elliptic flow (c), thepeakin the
CCDfield is spreadout (d).

Theselectionprocesstries to find thestreamlinesthatbelongto a vortex by using
two criteria:(1) thewinding-angleof astreamlineshouldbe DE� B�C , with D�FG� , and(2)
thedistancebetweenthestartingandfinal point of thestreamlineshouldberelatively
close.

We have extended the work de-
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Fig.5. The winding-angle8 9 # � is the sum
of theanglesbetweentheedges.

scribed in [12] from a visual, qualita-
tiveselectiontechnique,to amorequan-
titative featureextractiontechnique.We
now usetheselectedstreamlinesfor au-
tomatedvortex extractionandfor deter-
mining numericalvortex attributes.This
is done in two stages:clustering and
quantification.

Thepurposeof clusteringis to group
thosestreamlinestogetherwhichbelong
to the samevortex. Ratherthancluster-
ingstreamlines,it iseasiertoclusterpoints.
To this end,eachstreamlineis mappedto a point by determiningthe centrepoint, or
geometricmean,of all samplepointson the streamline.Thesecentrepointsarethen
clusteredasfollows.Thefirst clusteris formedby thefirst point.For eachsubsequent
point, it is determinedwhich previousclusterlies closest.If the point is not within a
predeterminedradiusof all theexistingclusters,it constitutesanew cluster. In thisway,



theselectedstreamlinesarecombinedinto a distinctnumberof groups.Streamlinesof
thesamegroupareconsideredto bepartof thesamevortex.

Oncethestreamlineshavebeenclustered,quantificationof thevorticesisperformed
by calculatingnumericattributesof thecorrespondingstreamlineclusters.We approxi-
matetheshapeof thevorticesby ellipses. Fitting anellipseto asetof pointsis doneby
calculatingstatisticalattributes,suchasmean,variance,andcovariance,of thepoints
[8,13]. In addition,wecalculatespecificvortex attributes,suchasrotationdirectionand
angularvelocity. We denotethenumberof pointson a streamline� � as P � �5P , a cluster
of streamlinesas �RQ :TS �@Q # - (5�UQ # V (W�W���YX , where �UQ # Z is streamline#[ in cluster#D , the
numberof streamlinesin thatclusteras P �RQ�P , andall thepointsonall thestreamlinesin
thatclusteras \1&'�RQ]. . Now, wecancalculatethefollowing attributesfor eachvortex:

^ streamlinecentre: _� �@: -` acbd`+e ` a�bf`
%)?"- ! �$# %^ clustercentre: _�gQ : -` hji�`$e ` hjic`
ZY?"- &k_�UQ # Z .^ clustercovariance: l Q :Gmonqp &+\1&r� Q .f.^ ellipseaxislengths: stQ :Guwvrx &rlyQq.^ ellipseaxisdirections: z*Q :{uwvrx|p}uqm &rlyQ�.^ vortex rotationdirection: ~}Q :���vrx|� &$8*9 # Q�.^ vortex angularvelocity: � Q : -` h�iq` �*�we ` h i `
Z�?"- 8 9 # Z

Thevorticescanbevisualizedby mappingtheir attributesto icons:the first three
statisticalattributesareusedto calculatethe axis lengthsanddirectionsof an ellipse
whichapproximatesthesizeandorientationof avortex. Therotationdirectionof avor-
tex is visualizedby smallarrows.Finally, theangularvelocityof a vortex is visualized
by addingwheelspokesto theellipse,thenumberof which is madeproportionalto the
angularvelocity: fastrotationis suggestedby many spokes,slow rotationby few.

5 Results

5.1 The Bay of Gdańsk

Thefirst exampleusesa datasetof a simulationperformedat WL P Delft Hydraulics
of the Bay of Gdánsk, a coastalareain Poland.The goal of the simulationwas to
investigatethe flow patternsinducedby wind, the inflow of the Wisła (Vistula) river,
and turbulence.The model is definedon a curvilineargrid of �}��� B 	�� B � nodes,
indexed by & v (r�](5D�. . Eachnodecontainsa 3D velocity vector � , an eddy-diffusivity
scalar� , andits gradient�7� .

Figure6 shows the resultof applyingthewinding-anglemethod.The globalflow
patternsin thedatasetarevisualizedby thegrey streamlinesreleasedfrom every grid
nodein ahorizontalgrid sliceat thecentreof thegrid &'D :G� . . Selectedstreamlinesare
drawn in black.Theellipseiconsvisualizetheapproximatesizeandshapeof thevor-
tices,with theellipseaxesdrawn in dashedlines.Arrowsindicatetherotationdirection
of thevortices.Thenumbersof spokesindicatethestrengthof thevortices:thehigher
thenumberof spokes,thefastertherotation.

It canbeseenthatthismethodcapturesall visiblevortices,includingelongatedand
weakones.An impressionof thevortex strength(rotationspeed)is immediatelyvisible
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Fig.6. Vorticesin theBayof Gdánsk.Thenumberof spokesis proportionalto � .

from thenumberof spokes.It is alsointerestingto seethatadjacentvorticesrotatein
oppositedirections.

Figure8 (seeAppendix)shows a slightly differentvisualization,which usesren-
deredellipses.Here,theangularvelocity is not visualized,but therotationdirectionof
thevorticesis indicatedby thecolourof theellipses:redindicatesclockwiserotation,
andgreencounterclockwiserotation.

Oncethevorticeshavebeenfound,numericalattributesmaybedeterminedfor each
of them.Table1 shows someof theresults.Noticethedifferencesbetweenthelargest
andthesmallestvortex (approx.factor20),andbetweenthefastestandtheslowestone
(approx.factor15).Theredoesnotseemto beany correlationbetweenthesizeandthe
rotationspeedof thevortices.

numberof clusters 15
numberof CW vortices 5
numberof CCWvortices10
min. radius[km] 0.991
max.radius[km] 21.2
min. � [s �j��� ��� �����5�����
max. � [s ��� � �c� �����5� �k�

Table 1. Somenumericalattributesof the
vorticesin theBayof Gdánsk.

z-plane#vortices �1�o�t k¡£¢ �1�o�t k¡£¡�¢
16 1 - 0.5305
17 1 - 0.5832
18 1 0.6216 0.2076
19 2 0.8446 0.4968
20 2 1.1138 0.6117
21 1 0.9370 -

Table2.Statisticsof thevorticesin theflow
pasta taperedcylinder.



5.2 Flow Pasta TaperedCylinder

Thesecondexampleusesadatasetof asimulationperformedatNASA-AmesResearch
Centerwhich concernsa laminarflow pasta taperedcylinder [4]. This taperedcylin-
der hasa variableradiusdependingon the z-coordinate,which influencesthe vortex
sheddingfrequency at that height.The grid usedis a structured,cylindrical grid with¤ ��� ¤ �E�¥� B nodes,eachof whichcontainsdensity, ¦"(f§�()¨ -momentum,andstagnation.
Thesimulationis time-dependent,but weusedonly onetimestep.

We have appliedthe winding-anglemethodto extract vorticesfrom six different
z-slices,to show differentpatterns.Table2 showsnumericalstatisticsof thesevortices,
where©«ªc¬R­ h*® is themaximumaxislengthof theclockwisevortex, and ©«ª�¬¯­ h"h*®
of thecounterclockwisevortex. It canbeseenthat for ¨±°²��	 , thereis only onecoun-
terclockwisevortex, for �w	´³µ¨´³ B � , thereare two vortices,rotating in opposite
directions.For ¨¶� B � , the counterclockwisevortex hasdisappeared,leaving only a
largeclockwisevortex.

Figure 7 visualizestheseslices,wherethe flow goesfrom left to right, pastthe
cylinder which is drawn asa semi-circleon the left. Again, theglobal flow patternis
shown by grey streamlines,theselectedstreamlinesaredrawn in black,andthevortices
areapproximatedby ellipseicons.Spokesindicatethe rotationspeed,andarrows the
rotationdirection

Figure9 (seeAppendix)shows a colourvisualizationof thesliceat ¨ : B � . As in
thepreviouscolourfigure,therotationdirectionof thevorticesis indicatedby thecolour
of theellipses:greenandredindicateoppositerotation.Thegridslicehasbeencoloured
with the ­ V scalarquantity. Thisquantityis definedasthesecond-largesteigenvalueof
thetensor� V�·¹¸�V , where � : -V &'�7� · &'�7�*.fº". and ¸ : -V &'�7�¼»�&'�7�*.fº*. arethe
symmetricandanti-symmetricpartsof thevelocity-gradienttensor�7� . Highly negative
valuesaresupposedto indicatethepresenceof vortices[3]. However, in this example,
the lowest (blue) valuesfor ­£V areobserved at the front ratherthanbehindcylinder,
without any obviousvorticesin thestreamlinepattern.Therefore,in this example,our
winding-anglecriterionturnsout to bebetterthan ­�V .

6 Conclusionsand Future Work

Wehavedescribedtwogeometricvortex detectionmethods.Thecurvaturecentremethod
haslimitationssimilar to traditionalmethods.Thewinding-anglemethodis usefulfor
findingbothstrongandweakvortices.Anotherimportantadvantageis thatit alsoallows
for quantification,which leadsto datareduction.

Futurework includesincorporatingcritical pointsin thewinding-anglemethod,to
tracestreamlinesonly in theneighbourhoodof critical points,ratherthangloballyin the
entirefield. Anotherusefulapplicationof thenumericalattributesof vorticeswouldbe
toperformspatialmatchingandtemporaltrackingof vortices.Matchingandconnecting
ellipsesfound in adjacent(x/y/z) slicesallows us to find 3D vortices,aslong asthey
projectreasonablyto theslices.Temporaltrackingallows usto studytheevolution of
vorticesin time. Finally, we intendto extendthewinding-angletechniqueto 3D. This
is not trivial, becausethewinding-anglecanbeonly determinedin a 2D plane,andin
vorticeswith astrongforwardvelocitycomponent,it is noteasyto choosesuchaplane.
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Fig.7. Flow pasta taperedcylinder;differentz-planesshow differentvortices.
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Fig.8. Bay of Gdánsk with streamlinesandvorticesapproximatedby ellipses.Redandgreen
indicaterotationin oppositedirections.

Fig.9. Flow pasta taperedcylinder with vorticesapproximatedby ellipses,andstreamlinesre-
leasedin aslicecolouredwith  k½ .


