Chapter 5:
Vector Field Design

Hans Hagen
University of Kaiserslautern
Germany

Itistheindex of v at & where Si isacirclewith radius € around
a The following figure shows the geometric meaning of the index.

610" 69" MMM

D

610 69°q1IBIp

Advydd 1vLoia

SOIHdVIO0uNT

Q.

o

= B
g 4

=

[1]

-}

glt|is always an integer number because it counts the number of

K

tyrns of the vector field on the circle with orientation. If thereisno
zero inside and on the circle, theindex will be zero.

We are now planning to design avector field for teaching and test-
ing purposes. The general task isto set the positions and indices of
the critical points of avector field in aplane and then define avec-
tor field satisfying this requirements. The vector field will be given
by explicit polynomial formulas.

For our description of the field, we regard i as the generator of the
rotations of the plane. We have

Z = e (X8 +X,8)) = Xy +iX,
+ .
Z = (X8 +X,8)) € = Xy —iX,

and therefore

Let us start with avector field
v Dz - Dz
X181 F X585 = Vg (X, Xp) €+ V, (Xp, %) €,
For the analysis of itstopology it is necessary to analyse its zeros
(critical points). An important invariant of these critical pointsis
the Poincaré-Hopf index. Let a ] 2 beazeroof vi.e
v(a) = 0. Thenwedefine
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We write now
v:o?.o?
| |
r=ez-v(r) = E® z+De1
where E is acomplex function depending on z. In general, E will
not be analytic and the notation explicitly emphazises this by
including z.
Theinterpretation of thisformulation isthat the vector field is now
described as arotation by some angle 6 and adilation by an

L+l !
amount ‘E[]Z. z+[|‘ of the unit base vector e, .
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For the transformation between the cartesian description and the
new description one gets

E(z7) :vl,%l(z+z‘).Z—J](z‘fz)H—lvz%(yz*),%(ffz)ﬁ
and

Vy (X, X5) = Re(E (X +iXy X —1Xy) )

Vo (Xq, X5) = =IM(E (X +iXp, Xg —iX,)) -

A few examples may demonstrate the effect of this different nota-
tion.
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There are also examples with several zeros possible.
v(r) = (z—2)z+e1 v(r)= iz (z—2i)Ez+—1Ee1
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v(r) = ze v(r) =z'e v(n=iz'e

For a comparison, we may look at the last example in cartesian
coordinates :

v(r) =iz’ (z-2i) (' -1)e,
=i (x=iy) (x+iy-2i) (Z'x-iy-1)e
= (2% -2x+ Xy -2y +y)) e + (C =X —dxy+xy* +2y—y?) ie,

= (¢ —2x+Xy-2y’ +y) e + (o X+ Axy—xy’ 2y +y)) e,
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v(r) =2z'e v(r) = Efg e v(n=ze
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A rigorous analysis of this examples |eads to the following results.
Let

v(r) = Baz+ bz" + q%e1
be alinear vector field.
(2) For |al #b], v has a unique zero at zye, [ o?.

(2) Forla >|b|, zy€, isasaddle point with index -1.
(3) For |al <|bl, zye, isacritical point with index +1.
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The critical points of index +1 can be further distinguished by the
following rules completing the conventional classification :

(3a) If Re(b)=0, z4e, will beacircle.

(3b) 1f Re(b) #0 and @l >Im(b) | Zy€; will be anode.

(3c) If Re(b) #0 and [a <[Im(b)|, zye, will beaspiral.

(3d) If Re(b) #0 and[a)= Im(b)], ze, will beafocus.

It may be further noticed that zye, isasink for Re(b) <0 anda
source for Re(b) >0 in the cases (3b), (3c) and (3d).

14

Then, let the vector fields
w, ! Dz - DZ
r- F(re
haveisolated zeros z,, ..., z,,. These are then the zeros of v and for

the indices we have
m
i”dz]" = z indzjwk.
k=1
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Thefollowing figures show examples of the different types.
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repelling spiral le repelling node

attracting spiral cdrce attracting node
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Let us now solve our design problem.
Let positions a,, ..., &, 0 0 Zpe given where we want to have
critical points with index il, im< 0. Let further positions
by, ...,b, 0 Dz be given where we want to have critical points
withindex j,, ..., j,, > 0. Then we use the vector field
m i n
Kk — O+ o
v(r) = N (e;z—a) M= e -bge .
k=1 =1
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Thisresult isonly areformulation of the standard classification in
our Clifford algebra notation. The following result allows then the
solution of our vector field design problem.

Let

o O
v(r) = Ekrl F 2z %el

=1
be our vector field and the F, befactors of E.
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It can be shown that the vector field
I
v (r) = (ez-a) ke1

has only one zero at &, and theindex isi, by our previous consid-
erations. The same arguments show that

b\
w (r) = E{el’bH €

has only one zero at by withindex j, . If we put al the factors
together we get the desired result if all the a, b‘ are different.
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