. 2.1 Projections and Reflections Thisis aseparation of the parallel and orthogonal part of awith
Chapter 2: i Thisisass

The product

Geometry with Clifford .
Algebra ab =a-b+alb %-

containsall theinformation about the relative directions of aand b.
A division by b gives

Bi10°69°q11B1p

Gerik Scheuermann 1 1
University of Kaiserslautern a= (a*b)b "+ (alb)b
Germany a=atag.
g b
2 3 4
If we take a 2-blade The corresponding figure is Another important linear operation is the reflection of vectorson a
plane. We describe the plane by abivector B and assume [B| = 1
B = b, 0Ob, because we are only interested in the direction. We set
g ainstead of b we get X = BxB.
2 "Ig aB = a*B+alB We have
b 3 ~ ~ _ Cove -1 -1
8 2 a= (a-B)Bl+(aDB)Bl x—x"+xD—(x B)B "+ (xUB)B
o = i
a . 3 asa+ag. and the equations .
grbecause of the existing inverse for 2-blades. In general, one can XB = Bx ,
< divide by all elements of pure grade. XB = -Bx; .
5 6
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We get

X = BxB = B(x“+xD)B = x"BB—xDBB =X =Xg

X

s0 X' isthereflection
of x on B.

X\
The cosine and sine functions are defined by
i A2k A2 A4
= _1)k =1-+
cos (A) kgo( Ve STt
i e A2K+1 A3 A5
= _k+1 28— A O
sn(A) kgo( Ve T AT tE

For any multivector | with 12 = 1 and IA = Al, we have
cosh (1A) = cos(A)
sinh (IA) = Isin(A)
e'A = cos(A) +Isin(A) .

11

2.2 The Exponential Function
For amultivector A the exponential is defined by

©

One might remember the matrix models for the Clifford algebrato
seethat thisis well defined and similar to the use in the theory of
ordinary linear differential equations.

We have the relations

e =1
eA+B = gAeB if AB=BA.

2.3 Angles

We describe one-dimensional directions by unit vectors. An angle
isarelation between two one-dimensional directions, so we define
the magnitude of the angle between two unit vectors & and b asthe
length of the arc on the unit circle from

étoﬁ.Sincetheangleismmredin A
the plane spanned by the two unit vectors, b 1]
we represent the angle as a bivector.
o=poi =222,
lagbl

>

The hyperbolic cosine and sine functions are defined as

s A2k A2 A4
cosh(A) =y =1+ +=+..,
k=0(2k)! 214
. 2 a1 A3 A5
sinh (A) = kzom = A+§+§+'" s

so we have the usual relation

eA = cosh (A) + sinh (A)

10

With the exponential function of the previous section, we find the
relations

ab = 9 = €8l = cos(|6]) +i sin(l6])
a+b = cos(jf|)
adb =isin(e) .

13



Elementary geometry shows

areaof sector _ areacf circle

arc length circumference
S_m

o]  2m
=81
S= 2|—29

This gives an interpretation

of the angle as directed plane
segment, i. e. bivector which is
shown in the figure.

A multiplication with u=! gives
Mut = (xOu)u? = x— (xeu)u?
and with

a =XeuUu,

we get the parametric line description

x= (M+a)ul

17

24Linesin 3D
Let ul] G, beavector. The equation
xOu =20

describes aline through
the originin direction {.
Thefigure on the right
showsthat for xJu = 0,
x ison the line and that
foryOu#0,yisnoton
theline.

With the vector

d=Mul=x0Wul+Meul=Meul

we get the Hesse form

x=d+aul.

18

A linewith direction O through a point ais given by
(x—a) Ou = 0.

Thisisan implicit description of the line. It can be rewritten by
introducing the bivector moment M defined as

M =alu.
We get

xOu=M.

16

Itis
deu = [Hu}) = Mutuy = MO, = 0

so disorthogonal to u.
Therefore, it holds

X2 =x2=d?+au?,

and d is the distance of the line from the origin.

19



One may describe aline also by two points. The equation
(x—a)Ou=0
says that the chords x-ais parallel to u. For two points a,b, we can
definealineasal points x with the chords x-aand b-a parallel.
(x—a) O (x=b) =0
From here, we get
(x—a) Ob—-(x—-a) Oa =0
xOb-alOb-xOa+ala =0
%(an) = %(an) +:—2L(><Db)
2

This description in barycentric coordinates uses really just scalar
numbers since
|Ai Bli A Bl
X = = -a+ — -b = a+ b.
[Ni+[Bli~  [Ai+[Bli~  [A+[B]" |A+]B|

0

23

=1 = IBli
B = 2(an) |Bi

_1 — Al
A= 2(><Db) = |Ali

wherei isthe unit bivector of

the plane spanned by aand b. b X a
Asthefigure on the right shows,
B and A represent trianglesin 7_\\ ‘B\
this plane.
21

2.5 Planes, Spheres and Conic Sectionsin 3D
A plane with bivector direction U through a point ais given by

(x—a) OU = 0.
The moment of aplaneis the trivector
T=al0OuU.
Like the line case, the vector
d=Tut
givesthe distance |d| of the plane from the origin.

24

With the Jacobi identity

(adb) e x+ (bOx) ea+ (xOa)*b =0

and

we have

aObOx =0

(aOb)x+ (bOx)a+ (xOa)b =0
(A+B)x+Aa+Bb =0

X=ArBt A+

A

B

b,

which describes x by barycentric coor dinates.

A spherewith radiusr and center ¢ is defined as the set of all

points x [0 03 with

Ix=cl =1r|

(x=c)2 =12,

22

25



A circlewith radiusr and center c lying in the plane given by the
bivector i is given by the pair of equations

(x=c)2=1r2 (x=c) Oi = 0.
A parametric equation for the
circle can be given by
x—c = reilfl

With i| = 1, we need
|6] O (0,2m] for aunique
description of al points. i

26
The standard classification of conicsin two dimensions and coni-
coidsin three dimensionsis given by the following table.
Table: Classification of concisand conicoids
Eccentricity Conic Conicoid
lgf>1 hyperbola hyperboloid
lgf =1 parabola paraboloid
O<lel <1 ellipse ellipsoid
lef =0 circle sphere
29

A geometric definition of aconic section is given by the property
that every point has a fixed ratio (eccentricity) |e| between its dis-
tance to afixed point (focus) and its distance to afixed line (direc-
trix). We call r the vector from the focus to a point x on the conic
section. We find from the figure with the focus at the origin

Ir]

[d—re&

=g .

2.6 Complex numbers

A multivector in (32 consists of ascalar, vector and a bivector part.
The subset without vector part builds a subalgebra, since we have
2z = (X +iX,) (X, +iX,)
= (XX =XX)) +i (X%, + X X))
=7

wherei isthe unit pseudoscalar of the euclidean plane.

With
€ = |g| I = |g||d|
we get
Ir]
— = g
|dl—re§ lel
Irl = el (I =Ir|F « §)
I (1+F<&) = elld
[E——
1+Fe¢€
28
The formulas
7' = x,-ix,
_z+Z
X = ===
_Z'-z
2T
show that they can be seen as complex numbers .
The magnitude

2 2
174 = /X;+%
also coincides with the usual definition for complex numbers.

31



We can describe arelation between complex numbers and vectors
by the following simple operation

X = X8 X8, = (X +iX,) € = Ze, .

We will use thisin the applications to analyze vector fields by ana-
lyzing the complex number z.

32

2.7 Quaternions and Clifford Algebrain 3D
A multivector
A=a+a+i(b+B)

in G, contains parts with grade 0,1,2 and 3. One may divideitin
two parts of odd and even grades.
A= [N+ A0
(A0 = (A + (A, = a+ip
A0 = [AQ)+ A, = a+ib

Then, one can define the set of all odd parts Gé and the set of all

even parts G;. This second set is closed under multiplication, as
may be seen from
A, (B0, = (a+ib) (y+id) = (ay—bed) +i(ad+yb) .
This algebra of dimension four has the basis elements
{1 e, e5e, e84 .
By
i = —(ee;) i = —(eg8) k = —(ee),

one gets the quaternions invented by Hamilton.



