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3. Modelling growth and form of sponges and stony
corals

This sectionwill be structuredin three parts: “Growth in
abiotic processesand bacteria” (Section3.1), “Growth in
marinesessileorganisms”(Section3.3) and“Dif fusive pat-
terningmechanisms({Section3.7). In thefirst partwe will
discusssome(relatively) simple growth processe$oundin
for examplephysicaldepositionprocessesndin growth of
bacteriecolonies.In Section3.2it will bedemonstratetiov
thesegrowth patternscan be modelledusing partial differ-
ential equationsand probabilistic cellular automataln the
secondpart on the spongesand story corals,we will use
theseresultsto constructmoreevolved models(discussedn
Sections3.4 - 3.6), which canbe appliedto modelgrowth
andform of marinesessileorganismsandthe influenceof
the physical ervironment (the dispersionof food particles
through hydrodynamics)In the third part modelswill be
discussedvhich canbe usedto simulatethe biological (ge-
netical)regulationof thegrowth processeandwhy sponges
andstory coralsareanattractive casestudyfor this.

3.1. Growth in abiotic processes and bacteria

Many growth processesn natureare not in equilibrium.
An extremeexampleis an aggrgation processof particles
whereassoonasa particleis addedto the growth form, it
stopstrying other sitesan no further rearrangementakes
place.The local probabilitiesthat the objectgrows are not
everywhereequalon the aggrgateandaninstablesituation
emeges.Thegrowth processn non-equilibriumis relatively
fast and often irregular objects,characterisedy a fractal
dimension,are formed 19, 32, 31, An example of a growth
processin non-equilibriumfrom physics,is viscousfinger
ing °. Thephenomenoranbedemonstrateth aexperiment
whereair displacesa high-viscosityfluid betweertwo glass
plates.In fig. 1 a diagramis shavn of an experimentwhere
air is injected betweentwo glassplatesat y = 0 and dis-
placesa high viscosityfluid, which is only removed at the
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top of the plates(both sidesareclosed).The pressure® will
bethehighestaty = 0 andthelowestaty = L, whereL rep-
resentghelengthof theglassplates.n thefluid thepressure
is givenby the Laplaceequation:

-v®P=0 1)

In the air the pressuras everywhereequal,sinceits viscos-
ity canbeignored.Thepressuren theair equalgo theinput
pressurd®(y=0)andthe consequencis thatthelargestpres-
suregradientsoccurat thetips of thefingersin fig. 1, while
the lowest gradientsoccur belav the tips. The probability
thatthe fingerscontinueto grow will be the highestat the
tips andin a next growth stagethe pressuregradientsin the
tips are still more amplified, resultingin an instablesitua-
tion. In fig. 2 an exampleof the resultinggrowth patternis
shawn, it is anirregular shapedbject,known in thelitera-
tureasviscousfingering.

Anotherexampleof growth in non-equilibriumis growth
of a bacteriacolory (for example Bacillus subtilis) on a
petri-dish10 2 1, Thecolory consumesutrientsfrom its im-
mediateervironmentandthe distribution of nutrientsis de-
terminedby diffusion. Whenit is assumedhatthe concen-
trationc is zeroatthecolory andthatthediffusionprocesss
fastcomparedo the grownth processthe concentratiorfield
will attaina steadystatein which the diffusionequation

%: = Ddiﬁusionvzc 3
equalszero. In this equationDyigysion IS the diffusion co-
efficient. The nutrientsourcemay be, for example,a circle
aroundthecolory or alinearsourcewheretheconcentration
is maximal.Thelocal nutrientconcentratiorat sitesbetween
thecolony andthe sourcecanbedescribedvith theLaplace
equation:

vc=0 )
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Figure 1. Diagramof aviscousfingeringexperiment

Figure2: Exampleof aviscousfingeringgrowth pattern

3.2. Modelling Diffusion limited aggregation using
cellular automata

The growth procesof a bacteriacolory, viscousfingering,
and various other growth patternsfrom physicsasfor ex-
ampleelectricdischage patternsand growth forms of elec-
tro deposits,can be simulatedwith one model: the Diffu-
sionLimited Aggregationmodel31. At the heartof all these
growth patternsthereis one Partial Differential Equation,
the Laplace equation,which describesthe distribution of
the concentration(Eq. 3), pressurg(Eg. 1), electric poten-
tial etc.in theenvironmentof the growth pattern. The DLA-
modelis a probabilisticcellularautomatorwhich resideson
a squaretwo-dimensionabr threedimensionalattice. The
growth patterncanbeconstructedisingthefollowing Monte
Carlo approachThe first stepin the constructionis to oc-
cupy a lattice site with a seed.After that, particlesarere-
leasedrom acircle (usingthe seedasa centre)or from line
at a large distancefrom the seed.The particle startsa ran-
domwalk, thewalk stopswhentheparticledeavesthecircle
or reaches perimetersite of the seedandsticks. Thenmore
randomwalkersarereleasedrom thesourceandareallowed
to walk until thedistancewith respecto the clusterwith oc-
cupiedsitesbecomedoo largeor it reaches perimetersite,
neighbouringo one of the previous particles,andit sticks.
In fig. 3 the first stagesare shavn of the formation of the
growth pattern Whenthis procedurds repeatednary times
anirregular gronvth patternasshawn in fig. 4 is generated.
Theclusterdepictedn fig. 4 wasgenerate@na 1000x 1000
lattice,usingalinearsourceatthetop anda seedpositioned
at the bottomof the lattice. The fractal dimensionDygy of
this growth form can be determinedby applying the box-
countingmethod?®. In this casethe Dyoy is about1.7. The
underlyingLaplaceequationin this Monte Carlo approach
is solved by mimicking a diffusion processusing random
moving particles.

To obtainmoreinsightin the nutrientdistribution around
the DLA-cluster the underlying Laplace equationcan be
solved numerically and a DLA cluster can, alternatvely,
be constructedusing the nutrient distribution over the lat-
tice. The clusteris initialised with a seedandthe following
boundaryconditionsare applied:c = 0 on the clusteritself
andc = 1 atthe nutrientsourcewhich maybecircular, lin-
earetc. The clusteris constructedisingthe following rules
in theprobabilisticcellularautomaton:

1 solve the Lapl ace equation (Eq. 3),
usi ng the boundary conditions ¢c=0
on the cluster
and c=1 at the nutrient source

2 new sites are added to the cluster
with probability p (Eq. 4)
3 goto 1

The probability p thata perimetersite (the sitesindicated
with anopencirclein fig. 3 with index k will beaddedo the
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Figure3: Firststepsn theconstructiorof the DLA-cluster
Siteswhich are part of the clusterare visualisedas black
circles,siteswhicharepossiblecandidateso beaddedo the
clusterin next iterationstepsareindicatedwith opencircles.

Figure 4: DLA-clustergeneratedn a 1000x 1000lattice
usingalinearsourceof nutrient,locatedatthetoprow of the
lattice.

DLA-cluster(blackcirclesin fig. 3) is determinedy

o keeo)= (T
pk€o—=ke )_Zjeo(cj)” 4)

wherecy = concentratiorat positionk

The exponentn appliedin eq.4 describeghe relation be-
tweenthelocal field andthe probability This exponentusu-
ally rangesin experimentsfrom 0.0to 2.0. The sumin the
denominatorrepresentshe sumof all local concentrations
of the possiblegrowth candidategthe opencirclesin fig. 3).
TheLaplaceequatiorcanbesolved,usingtheboundarycon-
ditions mentionedabore, by finite differencingandthe suc-
cessve over-relaxationmethod(seefor example? ):

qt= (5)

W, n+1 n+1 n n
(GI4j+Ci 21 +Cij+Cijra) +

4
(1- W)
In thismethodthenew localnutrientconcentratiorin thelat-
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ticec?!

i} , atasitewith latticeco-ordinates, j , is determined
in aniterative procedurevhich cornvergesassoonasthedif-
ferencebetweenthe new and old local nutrientconcentra-
tion (c{ijrl —¢'} ) is belaw acertaintolerancdevel. Thewin
Eq.5 is theoverrelaxationparameterwhich in generalies
within the rangel < w < 2. With this alternatve construc-
tion of the DLA-clusterit becomegossibleto visualisethe
basinsof equalnutrientrangesaroundthe growth patternin
fig. 4. The nutrientconcentratiordecreasesvhenthe black
or white basinis situatedcloseto the object. The concen-
trationin the white basinthat surroundsthe growth pattern
is almostzero. In the exampleof fig. 4 a linear sourceof
nutrientis used,positionedat the top row of the lattice and
the exponentn in Eq. 4 is setto unity. From fig. 4 it can
be obseredthatthe probabilitythatnew siteswill beadded
to the clusterwill be the highestat the tips of the cluster
wherethe steepeshutrientgradientsoccur andthe lowest
in thebaysbetweerthebranchesln successie gronth steps
the nutrient gradientsat the tips will even becomesteeper
anda comparablénstablesituationis encounteredsin the
viscousfingeringexample(figs. 1 and2).

The effect of changingthe exponentn in Eq. 4 is thatthe
overall shapeof the clusterchangesFor thevaluen = 0 the
shapechangesn a compactclusterandit canbe demon-
stratedthatthe DLA-model for this specialcasetransforms
into the Edenmodel. This modelis oneof the earliestprob-
abilistic cellular automatato simulategrowth. In the Eden
modeleachpossiblegrowth candidaten fig. 3 hasthesame
probability to becomeoccupied.For the valuen = 1 the
“normal” DLA-cluster is obtained while for highervalues
moredendriticshapesregenerateds. With theparameten
theeffect of nutrientgradientson thegrowth processanbe
controlled,wherethe Edenmodelis anextremeexamplein
which gradientshave no effectonthelocal probabilitythata
new sitewill beaddedo thegrowth form. Theobjectswhich
canbe generatedy varyingn in therange0.0-2.0,canbe
comparedo eachotherusingthe box dimensionDyx. The
valueof Dyoy in experimentswvheren is setto thevalues0.0,
0.5,1.0,and2.0;becomesespectiely 2.0,1.8,1.7,and1.5.
Thisdecreasén Doy in thisrangeindicatesadecreasén ir-
regularity or space-fillingpropertiesof the perimeterf the
objects.

The DLA-model is useful as a simulation model for a
wide rangeof growth patternsfrom nature.The fractal di-
mensiorDyx = 1.7 of the DLA-clusterwith n = 1 seemso
correspondjuite well with the Dyox Of several real growth
patterns.lt should be noted that Dy is Only one aspect
of the morphology it is possibleto generateobjectswith
a very different overall morphologywith equalfractal di-
mensionsA very interestingpropertyof the DLA-model is
thatit includesa modelof the physicalervironmenton the
growth processSeveralphenomendghatcanbe obseredin
experimentswith thebacteriaBacillussubtilus!® canbepre-
dictedwith this model.It canfor examplebe predictedthat
the shapeof the nutrientsource(linear, circularetc.)hasno
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influenceon the degreeof irregularity, as expressedn the
valueof Dyqy, of thecolory.

3.3. Growth in marine sessile organisms

In marinesessileorganismsasfor examplespongesstory-
corals,andhydro-coralsfwo differentsourcef enegy are
used.Thefirst enegy sourceis light necessaryor the pho-
tosynthesisthe secondneconsistof filter-feedingby cap-
turing suspendedhaterialin theimmediateernvironment.In
mary casesasfor examplein mary story-corals®, hydro-
corals,and somesponges® a combinationof both enegy
sourcess usedwhile mary spongesreexclusively suspen-
sionfeeders.

In mary sponges,story-corals, and hydro-coralsthe
growth form emepgesin an accretve growth process!! 14
35 in which layersof new materialare addedon top of the
precedinggrowth stagef the organismsin mostcaseghe
precedinggrowth stagesremainunchangedAlthough this
type of grawth processs relatively simplecomparedo for
exampleseedplantsand vertebratesgronth forms with a
highly complex geometryemepge. The environmentalinflu-
enceon the growth, which consistsof light and the avail-
ability of suspendedhaterial,is relatively simplecompared
to the environmentalinfluenceon the growth procesf ter-
restrialorganismsThesewo propertiesnake marinesessile
organismsan excellentcasestudyfor developingmodelsof
morphogenesis.

In both typesof enegy sourcesaswell in the caseof
the mixed enegy source(partly photosyntheticand partly
filter-feeding)thereis a strongimpact of the physicalen-
vironmenton the gronth processwherelocal light inten-
sities and the local availability of nutrients,determinethe
local growth velocities and consequentlythe form. Mary
marine sessilesuspensiorfeedersfrom varioustaxonomi-
cal groups,asfor examplespongeshydrocorals andstory
corals,exhibit a strongmorphologicalplasticity, whichis in
mary casegelatedto theimpactof hydrodynamicsTheex-
posureto water movementrepresent®ne of the dominant
ervironmentalparametersThereis a strongimpactof hy-
drodynamicson the grownth processin a numberof cases
it is possibleto arrangegrowth forms of spongeshydro-
corals,andstory coralsalong a gradientof the amountof
watermovement!®, In VeronandPichon3* several seriesof
growth formsof story corals(for examplePocillopora dami-
cornig) areshavn, whicharearrangedlongagradieniof the
amountof watermovement.In the examplesof both story
corals thegrowth form graduallytransformsrom acompact
shapeunderexposedconditions to athin-branchingoneun-
dershelterectonditions.In Fig. 5 two extremeexamplesof
growth formsareshavn of Pocillopora damicornis FormA
originatesirom a site shelteredo watermovementwhile B
wascollectedfrom anexposedsite. Betweerbothextremes,
arangeof graduallychangingntermediategrowth formsex-
ist.

Figure5: Growthformsof thestonycoral Pocilloporadam-
icornis Form A originatesfroma siteshelteedto waterwa-
ter movementform B originatesfroman exposedsite

In this tutorial we will mainly focusoursehesto thein-
fluenceof the local availableamountof suspendednaterial
onthedepositionof new materialduringthegrowth process.
In a modelof the morphogenesisf an organism,in which
suspensiofeedingrepresentasignificantpartof theenegy
intake, two compononentarerelevant. Thefirst component
isamodelof thegrowth processandtheseconds amodelof
theinfluenceof the nutrientdistribution on thelocal grownth
velocities.

In theabsencef flow thedistribution of nutrientsaround
the growth form canbe modelledas a diffusion processn
a steadystate:thereis a sourceof suspendednaterialand
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theorganismconsumesontinuouslynutrientsfrom its ervi-
ronment.In generaljn a marineervironment,therewill be
a significantcontribution of the hydrodynamicgo the dis-
persionpatternof the suspendecdhaterialaroundthe growth
form. In this casethedistribution of nutrientsaroundthe or-
ganismwill bedeterminedy acombinatiorof flow anddif-
fusion. The contribution of flow to the nutrientdistribution
of nutrientscanbe quantifiedby the Péclenumber:

al
=5 (6)
whereu is theaverageflow velocity, | acharacteristidength
in thesystemandD thediffusioncoeficient.In thediffusion
limited casePe is very small(nearlyzero),while in theflow
dominateccasePe is large.

Pe

In this tutorial we will discussa methodto modela nu-
trient distribution determinecby a combinationof diffusion
and flow, and we will shav how this nutrient distribution
canbeincludedin amodelof agrowth processThemethod
which we have appliedis thelattice Boltzmannmethod.We
will give a brief introductionto the methodin Section3.4,
a more detailedaccountof this methodis givenin 6 20 21
18, Two bookspraviding a goodintroductionto this method
are’” and?°, Theflow patternaroundthegrowth formis mod-
elledusingthelattice Boltzmannmethod thismethodcanbe
combinedwith atracerstep,in which populationsof “parti-
cles” move over the nodesof the lattice. In this tracerstep
the joint effect of flow anddiffusion on the nutrientdistri-
bution canbe studied.This methodis especiallysuitablefor
modellingdiffusion andflow phenomenan biological sys-
tems.In this methodboundaryconditionswith a comple
geometrycanbeeasilyspecified The Péclenumberandthe
Reynolds numbercan be varied independently?. In addi-
tion we cantake adwantageof the fact that the methodis
very suitablefor scalableimplementionson Massie Paral-
lel Computers’®, which allows for the requiredlarge scale
simulationsof biological systems.

The time compleity of the simulation problemwe are
dealingwith is suchthatwe have to apply HPC-techniques
in order to attain acceptablesimulation times. Moreover
the memorycompleity of the 3D gronth modelsimposea
cubic memoryrequirementThereforeto simulatesystems
with a realistic size (lattices with a size aboe 100° are
neededn the nutrientdistribution computationsfhe mem-
ory requirementsxceedby far the amountavailable on a
typical high-endworkstation.By exploiting the locality of
thelattice Boltzmannsolver we canmapthe simulationto a
paralleldistributedmemorymachineandusealargeamount
of availablelocalmemoryandatthesametime minimizethe
amountof communication.

We will usetwo differenttypesof growth processess
case-studies thistutorial. Thefirst typeis the aggregation
modelin which growth is modelledasthe additionof par
ticles andwherethe growth form is representedh discrete
space.This model canbe appliedto simulatevery “basic”
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growth patternsas for examplefound in bacteriacolonies
10, The secondgrowth modelwill be a geometricnmodelfor

accretve growth, thismodelwill bebriefly discussedh Sec-
tion 3.5.2 moredetailscanbe foundin 4. In 1° we discuss
how this gronth model can be combinedwith a model of

a nutrientdistribution causedsolely by diffusion, in 1° we

demonstratéion the computionallymostexpensve part of

the completemodel, solving the diffusion equationwith a
“classical’method(finite-differencingand Successie Over

Relaxation),can be parallizedand be combinedwith a se-
guential version of the grownth model. We have applieda

similar hybrid approachor accretve growth: the growth is

representeds in continuousspace while the nutrientdis-

tribution is approximatedn discretespaceusingthe lattice

Boltzmannmethod.

3.4. Modelling the nutrient distribution using thelattice
Boltzmann method

In the simulationsa cubic lattice is used,whereeachnode
is connectedvith 18 othernodesThereare6 links with the

lengthof onelattice unit and12 links with thelengthof /2

units.All parametersindvariablesin the lattice Boltzmann
methodareexpressedn lattice units. The meanpopulations
of particlestravel simultaneouslyfrom one nodeto one of

the 18 neighboursThe evolution of the latticeis described
by thefollowing dynamicalrule:

ni(r+c,t+1) = ni(rt) + Ai(rt) )
i=1,.,18

wheren;(r,t) is thecontinuousrelocity distributionfunction,

whichdescribeshenumberof particlesof particlesatanode

atpositionr, attimet andwith directionc;. Themomentsof
thedistribution functionn;(r, t):

p=>n 8)
j=)nc=pu
n= zniCiCi

correspondto the hydrodynamicfields mass density p,
momentumdensity j (u is the flow group velocity at node
r), andmomentunflux 1.

A linearizedcollision operatorZij aboutan apropriate
equilibriumn®¥ canbe constructed:

Ai(n) = Ai(neq) + ZEij(nj — n?q) 9
J

whereA; (n®Y) = 0 by definitionsincethe equilibriumis col-
lision invariant,and where n®¥ is the Maxwell Boltzmann
distribution for a gas.Thedistribution function canbe split-
tedinto anequilibriumandanon-equilibriumpart:

ni = ne 4 (10)
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Similarto Eq. 8 themomentsof the equilibriumdistribution
functionn’? are:

p=3n" (11)
I
=3 %
I
n= anqcici = pl+puu
]

where p is the pressureand 1 is the unit vector The mo-
mentumsof the particlesarechangedy addingan external
force, the driving force F, to the system.The particle col-
lisions consere massand momentumbut changethe non-
equilibriumpartof the momentunflux:

n"=rn+n® (12)

By using propertiesas conseration of mass,momentum,
andsymmetryit is possibleto constructa numberof eigen-
valueequationgseefor a moredetailedaccountof the col-
lision procesg? ) for themomentof L;j:

Z£ij:O (13)
T
ZCiEij =0
T
2 GGilij = Acicj
T

whereTG indicatesthe tracelesgart of ¢ic; (6T = ci¢i —
%cizl). The first two equationconsere massand momen-
tum. TheeigervalueA is relatedto the sheawiscosity:

1

V= —ép(Z/)\—i-l) (14)

One computationalupdateof the lattice now involves a
propagationstepwheren; particlestravel from noder to
noder + ¢; anda collision stepin which the post-collision
distribution n; + Aj(n) is determinedn the following three
steps.First at eachnodep, j, andl arecalculatedandthe
equilibrium momentumflux M®% is determinedlin the sec-
ond stepthe momentunflux, includingthe equilibriumand
nonequilibriumpart, canbe updatedusingthe momentsof
thelinearizedcollision operatorin Eq. 13. In thethird step,
after the post collision momentumis computed,the post-
collisiondistribution n; + Aj(n) canbe calculated.

In the simulationstwo types of boundary conditions
are used: at the bordersof the lattice periodic boundary
conditionsare applied,while in the nodesadjacentto the
nodesrepresentinghe obstacle solid boundaryconditions
areused.Periodicboundaryconditionscanbe implemented
by exchangingthe nj’s of the links at the bordersof the
lattice. Solid boundaryconditions can be representedy
exchanging the nj’s betweenthe adjancentnode and a
neighbouringluid node.

After the lattice Boltzmanniteration a tracerstepis ap-
pliedwherepopulationsof tracerparticlesarereleasedrom
well definedsourcenodes while the tracerparticlesareab-
sorbedby the sink nodes:the nodesadjacento the growth
form. Thetracerparticlescanmove from anodeat siter in
thelattice to one of the 18 adjacentnodesr + ¢;, wherethe
Péclethumberdeterminesf flow or diffusiondominatesin
thesimulationsy is setto thevalue%, while thediffusionco-
efficient D varies,andu is keptconstanby theadjustingthe
driving force F of the system.Due to the growth of the ag-
gregate withoutadjustmenof thedriving force, thevelocity
in thefreefluid would graduallydecrease.

3.5. Modelling the growth process of marine sessile
organisms

3.5.1. Growth by aggregation

In theaggregationprocesshegrowth processs modelledin
asimilarway asdonein the DiffusionLimited Aggregation
model?’. In Fig. 6 thebasicconstructiorof theaggrgateis
shavn. The clusteris initialized with a “seed” positionedat
the bottomplaneof the lattice. The bottomplane,“the sub-
strate” is positionedatthexzplaneaty = 1, while theseeds
onelattice site, locatedat the position (xmax 2, 2,zmax2).
In both the clusterand substratesites solid boundarycon-
ditions are applied.The flow in the lattice is directedfrom
theyzplaneat x = 0 to theyzplaneat x = xmax The flow
velocity in thefreefluid nodess keptto a constantvalue.
The flow patternaboutthe obstacle(substrateand cluster)
is determinedn the lattice Boltzmanniteration,using10it-
erationsteps,andfollowed by a tracerstep.In eachgrowth
steplOiterationstepsareusedto ensurehatanequilibrium
is obtainedin the flow pattern.In the last steptracerparti-
clesarereleasedrom the sourceplane,the lattice sitesin
the xzplaneaty = ymax The tracerparticlesare absorbed
by the nodesadjacento the sitesin the substratelane(the
xz-planeaty = 1) andthe aggregate.In the sink nodesthe
amountof absorbedracerparticlesis determinecanda new
nodeis addedo thecluster The probability p thatk, anele-
mentfrom the setof opencircleso (theadjacensink nodes)
will beaddedo thesetof blackcircles(theaggregatenodes)
is givenby

(a)
plke€o—skece)=—""— (15)
Zon(ai)
whereay is the absorbedcamountof tracerparticlesat posi-
tion k. The growth processs modelledin this caseby the
additionof lattice sitesin discretespace.

3.5.2. Accretive growth

The basicconstructionwhich is appliedin the 3D geomet-
rical modelis shawn in Fig. 7. The surfaceof the objectis
tessellatedvith a patternof triangles,which are organized
in a patternconsistingof mainly hexagonsand pentagons.
This patterncorrespondso the organizationof the skeletal
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Figure6: Basicconstructiorof theaggreate.

layer j + 1 (hollow triangles)

subdivison of a triangle
Vi j+1

<— longitudinal

" element (dotted line)
Vi

layer  (gray triangles) tangential element

Figure7: Constructiorof anew layerof triangleson top of
the precedindayer Thetrianglesof the precedingayerare
displayedn gray.

elementsn thesimulatedorganisms4. Theedgef thetri-
angles,the tangentialelementsare of nearly equalsizes,
while the longitudinalelementssary betweerzeroands. In
the constructiorthe length| of a new longitudinalelement,
the edgeconnectingthe verticesV; j andV; j1 of two suc-
cessie layers,is determinedy the growth function:

I = s-k(c) - h(r,max curv) (16)

wherek(c) is anestimatiorof thelocal nutrientgradientand
h(r, max curv) theamountof contactwith the environment,
a function basedon the averagelocal radiusof cunaturer.

Thisfunctionmodelsthe capabilitiesof thetransporisystem
of theorganismwith whichnutrientsaretransportedhrough
thetissuel®. As soonasthe amountof contactwith the en-
vironmentdecreaseandthe amountof nutrientsthatcanbe
transporteds not sufiicient, locally the growth velocity de-
creasesThis function returnsvaluesbelonv 1 assoonasa
certaincritical value,the maximumallowedradiusof curva-

turemax curv, is exceeded.

In the constructionthe new longitudinalelementsareset
perpendiculamwith respectto the precedingtangentialel-
ements.The structurewhich emepgesin this construction,
a radiateaccretve architecturecorrespondgo the skeletal
architecturefound in the organismswith radiateaccretve
growth 14, The constructionstartswith a spheretessellated
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with trianglesandin eachstepa new layer of tangentialand
longitudinalelementds constructedbn top of the previous
surfaceof the object.In Fig. 8 threesuccessie stagesn the
growth processareshawvn. Thetip-splitting in the objectC
is causedy thefunction h(r, max curv): assoonasthe av-
eragelocal radiusof cunaturet exceedsthe the maximum
allowedvalue,locally the growth velocity decreaseandthe
old branchsplitsinto new branches.

Onestepin theiterative geometricatonstructiorconsists
of 5 successie functional stages.Stage 1 is the actual
geometricakonstructionas shavn in Fig. 7. In stage2 the
amountof contactfunction h(r, max curv) is determined.
In stage3 trianglesare respectiely insertedor deletedin
thenew layer j + 1. Insertionof trianglesoccursif triangles
becometoo large in the construction.In the simulation
modelthe length of the tangentialedgeis only allowed to
vary slightly aroundthe basicunit s of the system.This
unit corresponddo the size of the basicbuilding elements
(for example the size of spiculesin spongescorallitesin
story-corals 14) in the actual organisms.In for example
Fig. 7 in layer j + 1 in one of the trianglesa critical limit
is exceededand the triangle is subdvided into four new
ones.Also the reverse situation may occur for example
in triangles betweenbranchesthe size of the edgesmay
becomesmallerin subsequengrowth steps.Triangleswith
edgesbelow a certaincritical lower limit areremoved from
thelayer j + 1. The insertionand deletionof trianglesthat
aretoo large or too small ensureghatin eachiterationstep
a layer of almostequal-sizedrianglesis presered and a
patternof trianglesis mimicked which corresponddo the
patternfound in real organisms!4. Note thatin the stages
1-3theobjectis representeth continuousspace.

In the next stagethe geometricalobjectis mappedonto a
3D lattice with 144° sites. This discreterepresentatiorof
the objectnext to the “normal” geometricalrepresentation
senes to approximatethe nutrient distribution using the
lattice Boltzmannmethod In the nutrientdistribution model
the following assumptionsare used: the nodes adjacent
to the object nodesabsorbtracer particles, resultingin a
nutrientconcentratiorzeroatthesinknodesA linearsource
of nutrientis introducedby releasingtracerparticlesat the
top planeof thelattice. After thecomputatiorof thenutrient
distribution the local nutrient gradientsk(c) are estimated
in eachsite,alongthe normalvectors,on the surfaceof the
object.

3.5.3. Parallelisation of the growth models

For the computationof the nutrient distribution using the
lattice Boltzmannmethodcombinedwith the tracerstep,a
parallelimplementatiorwas developedsuitablefor execu-
tion on a distributedmemorymachine.In the simulationsa
lattice consistingof 144 siteswasused.In the parallelim-
plementatiorthis latticewassubdvidedin the xy-planeinto
anumberof sub-latticesyhereeachsub-latticeresideson a
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processqrandawherethecompletdatticeis mappedntoa
virtual two dimensionaltorus topology of processorsThe

e parallelizedlattice Boltzmannsolver, including the tracer
Jﬁb-g%'l.“gﬂu step,wascombinedwith bothgrowth models.
AN

N
TS

SN

Dork

In the aggrgation model a completeparallizedimple-
mentationwasused thealgorithmdescribedn pseudo-code
consistof 4 stages:

1. initialisation of the aggregate, n’s,
and tracer particles;
2: lattice Boltzmann iteration
for n steps {
update of n’s sub-lattice;
exchange n’ s between boundary pl anes

A sub-lattice;
I }
A E“..-EH\ 3: tracer step
/l%ﬁhﬁgﬁ'ﬁ%‘ for In steps { |
. ' N rel ease tracer particles at source
-.,‘l m‘#aﬂtﬂ%ﬁﬁ nodes;
E‘ ““'ﬂw move tracer particles over the sub-lattice;

exchange tracer particles between
boundary pl anes sub-1latti ce;

5
B
£
L‘s‘
)
7N

AV

Vi

A
VAN
SCX

<J
ﬁ _
NS

N’ _ b j absorb tracer particles at sink nodes;
ﬁga‘u%% 4:}deterrri ne p (Eq. 15);
‘-4%#/’ 5. goto 2;
B Thenutrientdistributionis computedn two parts:thelat-

tice Boltzmanniteration in which the flow patternaround

% the aggr@ateis computed,and a tracerstepin which the

A dispersionof particlesdue to diffusion and flow is deter

“&y mined. Both partsconsistsof a numberof sweepghrough

2 _ "{ the sub-lattice aftereachsweepalocal communicatiorstep

A <O, is requiredin which the stateof the boundaryplanesof the
1['“‘#‘4}‘:%%% sub-latticess updatecby exchangingthe statesof boundary

planesof neighbouringsub-latticesln thegrowth step,in all

possiblegronth candidatesthe amountof absorbedracer
particlesis determinedwherea global communicatiorstep
is requiredto determinethe probability p (Eg. 15).

= e

In the accretve gronvth model a hybrid implementation
(seealso?) wasusedin which a sequentialmplementation
C of stagesl-3 of the grownth modelis coupledwith a parallel
implementationconsistingof the lattice Boltzmannsolver
and the determinationof the local nutrientgradients.The
hybrid implementatiorconsistedf a sequentiapart,which
runson anormalworkstation,anda parallelpartwhich runs
onaparallelcomputerA descriptiorof thehybrid algorithm
in pseudo-codés givenbelow:

Figure 8: Threesuccessie growth stagesn the iterative
geometricatonstruction

(© TheEurographic#ssociation2000.
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0: a) initialisation of the geonetrical
nodel (sequential part);

b) initialisation of the n’s, and
tracer particles (parallel part);

1: construction of a new | ayer

(see Fig. 7) (sequential part);

2: estimation local radius of curvature
(sequential part);

3: insertion and deletion of triangles in

geonetrical nodel (sequential part);
4: deconposition of the geonetrical
nodel (sequential part);
5: communi cati on between sequential and
parallel part;
mappi ng of the geonetrical nodel onto
the sub-lattices (parallel part)
6: lattice Boltzmann iteration
(parallel part);
for n steps {
update of n’s sub-lattice
exchange ni’ s between boundary
pl anes sub-lattice;
}
7: tracer step (parallel part)
for n steps {

rel ease tracer particles at source nodes;

nove tracer particles over the
sub-lattice
exchange tracer particles between
boundary pl anes sub-lattice;
absorb tracer particles at sink
nodes;
}

8: estimation local nutrient gradients

(parallel part);

9: communi cati on between parallel and

sequential part;

conposition of local nutrient

gradi ents (sequential part)

10: goto 1;

In the hybrid algorithmthe descriptionof thegeometrical
objectis commnunicatedn step5 from the sequentiapart
to the parallelpart.In the mappingof thegeometricamodel
ontothesub-latticesn stageb, thesinknodesaroundtheob-
jectarespecifiedtheobjectitselfis represented solid voxel
objectenclosedy the triangulatedsurfaceof the geometri-
cal object. Theresultsof thelattice Boltzmanniterationand
tracerstep thelocal nutrientgradientsarecommunicatedh
step9 from the parallelpartto the sequentiapart.

In Fig. 9 a 3D aggrgateis shavn resultingfrom a sim-
ulation in which Pe was setto the value 0.0150. The ag-
gregatein the figureis visualizedby constructinga surface
over the aggreate sites using the marchingcubesmethod

(© TheEurographicsAssociation2000.

Figure 9: Aggregateresultingfrom a simulationwherePe
is setto thevalue0.0150(thediffusionlimited case).

Figure10: NutrientdistributionaroundanAggregatewhere
Peis setto thevalue0.0150(the diffusionlimited case).

22_In Fig. 10 the nutrientdistribution in a sectionmadein
thexy-plane throughthemiddleof thelattice,is shavn. The
colourshift blackto white indicatesa decreasén tracerpar
ticle concentrationThe shapeof thebasinsof equalnutrient
rangesss displayedby colouringthe adjacenthasinsblack.
The smoothshapeof the basinis obtainedby interpolating
theresultsin the sectionwith anoriginal resolutionof 144
datapoints. In Fig. 11 a similar sectionis shovn through
the nutrientdistribution in an experimentin which Pe is set
to thevalue0.250. An exampleof an objectobtainedin 80
constructiorsteps andby settingPe to the value0.0150, of
theaccretve grownth modelis shavn in Fig. 12,
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Figure1l: NutrientdistributionaroundanAggregatewhere
Peis setto thevalue0.250.

Figure 12: Object generatedwith the accretve growth
modelin 80 growth stepsandwherePe is setto the value
3.0.

3.6. A comparison between the simulated and the actual
marine sessile organisms

The lattice Boltzmannsolwver can be usedto simulatethe
nutrient distribution in both the aggrgative and accretve
growth processedn Figs.10and11 it is demonstratethat
the influenceof hydrodynamicon the nutrientdistribution
occursat higherPe numbersin the caseof alow Pe number
the diffusionlimited sitationis obtained:anirregular object
thatis branchingtowardsthe nutrientsource At a higherPe
numberthe influenceof the flow becomesvisible: the ob-
jectstartto developbranchesn theoppositedirectionof the
flow, in the streamshadav of theaggr@yateanareadepleted
from nutrientsoccurs.

In the exampleof Fig. 12it is demonstratethatis possi-
ble to modelflow anddiffusionlimited gronth by modelling
thenutrientdistribution with thelattice Boltzmannsolver. In
19 we have discusse@ 3D modelfor diffusionlimited accre-
tive growth in which the nutrientdistribution was approx-
imatedwith a “classical” method,by solving the diffusion

equationwith finite-differencingand Successie Over Re-
laxation.In the new versionwe have obtaineda moregen-
eralmodelwhichis capableof simulatingdiffusionandflow
limited accretve gronth. In theaggregatest is assumedhat
all nutrientsareabsorbedn the boundarynodesadjacento
the object,in mary filter-feedingorganismghereis a parti-
cle capturingmechanisnpresentvhich allows the organism
to utilize nutrientslocatedat somedistancerom the organ-
ism. We are planningto include this aspectin our growth
models.

We expect that models of diffusion and flow limited
growth have a wide rangeof possibleapplicationsin biol-
ogy andphysics.Similar typesof modelsmay be appliedto
simulategrowth of solid tumorsandthe dispersionof anti-
cancergentsn vertebrataissue(seel?). Anotherimportant
issueis the validationof growth modelsin which the effect
of flow anddiffusionis included.Oneoptionis to compare
thesimulatedorm to actual3D grownth formsusingmethods
from mathematicaimorphology(seefor example 1%). The
otheroptionis to carry out field or laboratoryexperiments
in which the predictve value of the simulation model is
testedfor exampleby testingif the effect of achangen the
physicalernvironmenton the growth form canbe predicted
with the simulationmodelln for examplel’ this wasdone
by comparingthe predictionsof a two-dimensionagrowth
modelof a spongeto the actualresultsof transplantiorex-
periments.

3.7. Diffusive patterning mechanisms

In mary biological systemsthe distribution of chemical
agentsand nutrients,causedby a combinationof flow and
diffusion, playsafundamentatole. An exampleis morpho-
genesisvherethe external distribution of nutrients,aswell

asthe internaldistribution of morphogensn the organism,
caninducecertaingrowth patterns.

Reactiordiffusionis oneof theoldestmathematicainod-
elsusedfor modellingbiological patternformation33. This
modeldescribediffusing chemicalswhereoften a system
of two antagonistichemicalgs usedconsistingof anactiva-
tor andaninhibitor. Thismodelcanbedescribedasasystem
of equationsn theform 25;

%’? = F(A1)+DaV?A 17)
a 2
3 = GAN+DVA

In theseequationsA and| representespectiely the con-
centrationsf the activator andthe inhibitor. The functions
F andG representhe reactionkineticsandthe right terms
in both equationgthe diffusion processwhere Da and D,

arethe diffusion coeficientsfor the activator andinhibitor.

The diffusion processcan result in a heterogeneouspa-
tial prepatterrof chemicalconcentratiomistributions,in the
caseD, is muchlargerthanDa. In Turing’s proposalfor a

(© TheEurographic#ssociation2000.
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Figure 13: Simulationof a prepatterrcausedy diffusing
activators and inhibitors in a 2D lattice. The cells in the
lattice can be in two states:activated (black) or inhibited
(white) (after4).

theory of morphogenesigatternsor structuresresultfrom
this prepatternThis prepatterncan be definedasa hetero-
geneouspatialpatternof inhibitor andactivator concentra-
tions,while theresultingpatterncanbe consideredsthere-
alizationof the prepatternThis modelis especiallysuitable
for generatingpatternghat may resultmoreor lessdirectly
from this prepatternlt hasbeenappliedfor simulatingpat-
ternsfoundonshells beautifulexampleof this canfoundin
24 An exampleof asimulationof sucha prepatterris shavn
in Fig. 13. The diffusing activatorsandinhibitors are simu-
latedon a 2D lattice, wherethe cellsin thelattice canbein
two statesactivated(black)or inhibited (white) 3.

Oneof the mostspectaculafindings, this lastdecadeijn
biology is the discovery of the hox genes?, 26, 29, 13, which
controltheembryogenesis animals(metazoans)The hox
genesarethephysicalcarriersof the geneticprogramwhich
regulatesembryogenesisln for example Drosophila hox
genegroducegradientsof diffusingmorphogensvithin the
developing embryo which determinethe body axes. In a
cascadef activationsof differentgenesfirst the anterior
posterioraxis, afterthis the dorso-entralaxis,andafterthis
the sggmentsare determinedn the embryo.The gradients
of diffusing morphogengrovide the positionalinformation
requiredduring the developmentof the embryo, although
prepatternareproducedn theform of gradientsthereis ba-
sically no activator inhibitor systemrequiredasin the reac-
tion diffusion sytemof Eq. 17, but a cascad®f geneactiva-
tion. Theremarkablghing aboutthe hox geneds thatthese
genesshav a similar functionin shapingthe embryoacross
theanimalkingdom.For examplethe genedistallessshapes
the appendages variousmetazoarphyla. Corresponding
hox genesareactive in theformationof bodyaxesandin the
constructiorof the bodyplanin distinctive metazoarphyla.
The increasein compleity of the body plansin a range
of phyla, asfor exampleporifera(the sponges)cnidarians
(for examplestory corals) platyhelminthesarthropodsand

(© TheEurographicsAssociation2000.

chordatesThe compleity of the regulation of the growth
processeemso bethelowestin spongesndthecnidarians
(for examplestory corals),which makestheseorganismsa
very suitablecasestudy for developing simulationmodels
of growth andform in which boththeinfluenceof the phys-
ical ervironmentand the biological regulation mechanism
areincluded.
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