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3. Modelling growth and form of sponges and stony
corals

This sectionwill be structuredin threeparts: “Growth in
abiotic processesand bacteria” (Section3.1), “Growth in
marinesessileorganisms”(Section3.3) and“Dif fusive pat-
terningmechanisms”(Section3.7). In thefirst partwe will
discusssome(relatively) simplegrowth processesfound in
for examplephysicaldepositionprocessesandin growth of
bacteriacolonies.In Section3.2it will bedemonstratedhow
thesegrowth patternscanbe modelledusingpartial differ-
ential equationsandprobabilisticcellular automata.In the
secondpart on the spongesand stony corals,we will use
theseresultsto constructmoreevolvedmodels(discussedin
Sections3.4 - 3.6), which canbe appliedto modelgrowth
and form of marinesessileorganismsandthe influenceof
the physicalenvironment (the dispersionof food particles
throughhydrodynamics).In the third part modelswill be
discussedwhich canbeusedto simulatethebiological (ge-
netical)regulationof thegrowth processesandwhy sponges
andstony coralsareanattractive casestudyfor this.

3.1. Growth in abiotic processes and bacteria

Many growth processesin natureare not in equilibrium.
An extremeexampleis an aggregationprocessof particles
whereassoonasa particle is addedto the growth form, it
stopstrying other sitesan no further rearrangementtakes
place.The local probabilitiesthat the objectgrows arenot
everywhereequalon theaggregateandaninstablesituation
emerges.Thegrowth processin non-equilibriumis relatively
fast and often irregular objects,characterisedby a fractal
dimension,are formed 10, 32, 31. An exampleof a growth
process,in non-equilibriumfrom physics,is viscousfinger-
ing 9. Thephenomenoncanbedemonstratedin aexperiment
whereair displacesa high-viscosityfluid betweentwo glass
plates.In fig. 1 a diagramis shown of anexperimentwhere
air is injectedbetweentwo glassplatesat y � 0 and dis-
placesa high viscosityfluid, which is only removed at the

topof theplates(bothsidesareclosed).ThepressureP will
bethehighestaty � 0 andthelowestat y � L, whereL rep-
resentsthelengthof theglassplates.In thefluid thepressure
is givenby theLaplaceequation:

� � 2P � 0 (1)

In theair thepressureis everywhereequal,sinceits viscos-
ity canbeignored.Thepressurein theair equalsto theinput
pressureP(y=0)andtheconsequenceis thatthelargestpres-
suregradientsoccurat thetips of thefingersin fig. 1, while
the lowest gradientsoccur below the tips. The probability
that the fingerscontinueto grow will be the highestat the
tips andin a next growth stagethepressuregradientsin the
tips arestill more amplified,resultingin an instablesitua-
tion. In fig. 2 an exampleof the resultinggrowth patternis
shown, it is an irregularshapedobject,known in the litera-
tureasviscousfingering.

Anotherexampleof growth in non-equilibriumis growth
of a bacteriacolony (for example Bacillus subtilis) on a
petri-dish10 2 1. Thecolony consumesnutrientsfrom its im-
mediateenvironmentandthedistribution of nutrientsis de-
terminedby diffusion.Whenit is assumedthat theconcen-
trationc is zeroat thecolony andthatthediffusionprocessis
fastcomparedto thegrowth process,theconcentrationfield
will attaina steadystatein which thediffusionequation

dc
dt

���
diffusion

� 2c (2)

equalszero. In this equation � diffusion is the diffusion co-
efficient. The nutrientsourcemay be, for example,a circle
aroundthecolony or a linearsourcewheretheconcentration
is maximal.Thelocalnutrientconcentrationatsitesbetween
thecolony andthesourcecanbedescribedwith theLaplace
equation:

� 2c � 0 (3)
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Figure 1: Diagramof a viscousfingeringexperiment

Figure 2: Exampleof aviscousfingeringgrowth pattern

3.2. Modelling Diffusion limited aggregation using
cellular automata

Thegrowth processof a bacteriacolony, viscousfingering,
and variousother growth patternsfrom physicsas for ex-
ampleelectricdischargepatternsandgrowth formsof elec-
tro deposits,can be simulatedwith one model: the Diffu-
sionLimited Aggregationmodel31. At theheartof all these
growth patternsthere is one Partial Differential Equation,
the Laplaceequation,which describesthe distribution of
the concentration(Eq. 3), pressure(Eq. 1), electric poten-
tial etc.in theenvironmentof thegrowth pattern.TheDLA-
modelis aprobabilisticcellularautomatonwhichresideson
a squaretwo-dimensionalor threedimensionallattice.The
growth patterncanbeconstructedusingthefollowing Monte
Carlo approach.The first stepin the constructionis to oc-
cupy a lattice site with a seed.After that, particlesare re-
leasedfrom a circle (usingtheseedasa centre)or from line
at a large distancefrom the seed.The particlestartsa ran-
domwalk, thewalk stopswhentheparticlesleavesthecircle
or reachesaperimetersiteof theseedandsticks.Thenmore
randomwalkersarereleasedfrom thesourceandareallowed
to walk until thedistancewith respectto theclusterwith oc-
cupiedsitesbecomestoo largeor it reachesaperimetersite,
neighbouringto oneof the previous particles,andit sticks.
In fig. 3 the first stagesareshown of the formation of the
growth pattern.Whenthisprocedureis repeatedmany times
an irregular growth patternasshown in fig. 4 is generated.
Theclusterdepictedin fig. 4 wasgeneratedona1000x 1000
lattice,usinga linearsourceat thetopanda seedpositioned
at the bottomof the lattice. The fractal dimensionDbox of
this growth form can be determinedby applying the box-
countingmethod9. In this casethe Dbox is about1.7. The
underlyingLaplaceequationin this Monte Carlo approach
is solved by mimicking a diffusion processusing random
moving particles.

To obtainmoreinsight in thenutrientdistribution around
the DLA-cluster the underlying Laplaceequationcan be
solved numerically and a DLA cluster can, alternatively,
be constructedusing the nutrient distribution over the lat-
tice. Theclusteris initialisedwith a seedandthe following
boundaryconditionsareapplied:c � 0 on theclusteritself
andc � 1 at thenutrientsource,which maybecircular, lin-
earetc.Theclusteris constructedusingthe following rules
in theprobabilisticcellularautomaton:

1 solve the Laplace equation (Eq. 3),
using the boundary conditions c � 0
on the cluster
and c � 1 at the nutrient source

2 new sites are added to the cluster
with probability p (Eq. 4)

3 goto 1

Theprobability p thata perimetersite(thesitesindicated
with anopencircle in fig. 3 with index k will beaddedto the
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Figure 3: Firststepsin theconstructionof theDLA-cluster.
Siteswhich are part of the clusterare visualisedas black
circles,siteswhicharepossiblecandidatesto beaddedto the
clusterin next iterationstepsareindicatedwith opencircles.

Figure 4: DLA-cluster generatedon a 1000x 1000lattice
usingalinearsourceof nutrient,locatedat thetoprow of the
lattice.

DLA-cluster(blackcirclesin fig. 3) is determinedby

p � k �	��
 k �	��
 � � ck 
 η
∑ j ��� � c j 
 η (4)

whereck
� concentrationatpositionk

The exponentη appliedin eq. 4 describesthe relationbe-
tweenthelocal field andtheprobability. This exponentusu-
ally rangesin experimentsfrom 0.0 to 2.0. The sumin the
denominatorrepresentsthe sumof all local concentrations
of thepossiblegrowth candidates(theopencirclesin fig. 3).
TheLaplaceequationcanbesolved,usingtheboundarycon-
ditionsmentionedabove, by finite differencingandthesuc-
cessive over-relaxationmethod(seefor example27 ):

cn� 1
i � j � (5)

ω
4
� cn� 1

i � 1 � j � cn� 1
i � j � 1 � cn

i � 1 � j � cn
i � j � 1 
 �

� 1 � ω 
 cn
i � j

In thismethodthenew localnutrientconcentrationin thelat-

ticecn� 1
i � j , atasitewith latticeco-ordinatesi � j , is determined

in aniterativeprocedurewhichconvergesassoonasthedif-
ferencebetweenthe new andold local nutrientconcentra-
tion (cn� 1

i � j � cn
i � j ) is below acertaintolerancelevel.Theω in

Eq.5 is theover-relaxationparameter, which in generallies
within the range1 � ω � 2. With this alternative construc-
tion of theDLA-cluster it becomespossibleto visualisethe
basinsof equalnutrientrangesaroundthegrowth patternin
fig. 4. Thenutrientconcentrationdecreaseswhentheblack
or white basinis situatedcloseto the object.The concen-
tration in the white basinthat surroundsthegrowth pattern
is almostzero. In the exampleof fig. 4 a linear sourceof
nutrientis used,positionedat the top row of the latticeand
the exponentη in Eq. 4 is set to unity. From fig. 4 it can
beobservedthattheprobabilitythatnew siteswill beadded
to the clusterwill be the highestat the tips of the cluster,
wherethe steepestnutrientgradientsoccur, andthe lowest
in thebaysbetweenthebranches.In successivegrowth steps
the nutrient gradientsat the tips will even becomesteeper
anda comparableinstablesituationis encounteredasin the
viscousfingeringexample(figs.1 and2).

Theeffect of changingtheexponentη in Eq.4 is thatthe
overall shapeof theclusterchanges.For thevalueη � 0 the
shapechangesin a compactclusterand it can be demon-
stratedthat theDLA-model for this specialcasetransforms
into theEdenmodel.This modelis oneof theearliestprob-
abilistic cellular automatato simulategrowth. In the Eden
modeleachpossiblegrowth candidatein fig. 3 hasthesame
probability to becomeoccupied.For the value η � 1 the
“normal” DLA-cluster is obtained,while for highervalues
moredendriticshapesaregenerated23. With theparameterη
theeffect of nutrientgradientson thegrowth processcanbe
controlled,wheretheEdenmodelis anextremeexamplein
whichgradientshavenoeffecton thelocalprobabilitythata
new sitewill beaddedto thegrowth form.Theobjectswhich
canbe generatedby varying η in the range0.0-2.0,canbe
comparedto eachotherusingthebox dimensionDbox. The
valueof Dbox in experimentswhereη is setto thevalues0.0,
0.5,1.0,and2.0;becomesrespectively 2.0,1.8,1.7,and1.5.
Thisdecreasein Dbox in this rangeindicatesadecreasein ir-
regularityor space-fillingpropertiesof theperimetersof the
objects.

The DLA-model is useful as a simulation model for a
wide rangeof growth patternsfrom nature.The fractal di-
mensionDbox = 1.7of theDLA-clusterwith η � 1 seemsto
correspondquite well with the Dbox of several real growth
patterns.It should be noted that Dbox is only one aspect
of the morphology, it is possibleto generateobjectswith
a very different overall morphologywith equal fractal di-
mensions.A very interestingpropertyof theDLA-model is
that it includesa modelof thephysicalenvironmenton the
growth process.Severalphenomenathatcanbeobserved in
experimentswith thebacteriaBacillussubtilus10 canbepre-
dictedwith this model.It canfor examplebepredictedthat
theshapeof thenutrientsource(linear, circularetc.)hasno
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influenceon the degreeof irregularity, asexpressedin the
valueof Dbox, of thecolony.

3.3. Growth in marine sessile organisms

In marinesessileorganisms,asfor examplesponges,stony-
corals,andhydro-corals,two differentsourcesof energy are
used.Thefirst energy sourceis light necessaryfor thepho-
tosynthesis,thesecondoneconsistsof filter-feedingby cap-
turing suspendedmaterialin theimmediateenvironment.In
many cases,asfor examplein many stony-corals5, hydro-
corals,andsomesponges36 a combinationof both energy
sourcesis used,while many spongesareexclusively suspen-
sionfeeders.

In many sponges,stony-corals, and hydro-corals the
growth form emergesin an accretive growth process11 14

35, in which layersof new materialareaddedon top of the
precedinggrowth stagesof theorganisms.In mostcasesthe
precedinggrowth stagesremainunchanged.Although this
typeof growth processis relatively simplecomparedto for
exampleseedplantsand vertebrates,growth forms with a
highly complex geometryemerge.Theenvironmentalinflu-
enceon the growth, which consistsof light and the avail-
ability of suspendedmaterial,is relatively simplecompared
to theenvironmentalinfluenceon thegrowth processof ter-
restrialorganisms.Thesetwo propertiesmakemarinesessile
organismsanexcellentcasestudyfor developingmodelsof
morphogenesis.

In both typesof energy sources,as well in the caseof
the mixed energy source(partly photosyntheticand partly
filter-feeding)there is a strongimpact of the physicalen-
vironmenton the growth process,where local light inten-
sities and the local availability of nutrients,determinethe
local growth velocities and consequentlythe form. Many
marinesessilesuspensionfeedersfrom varioustaxonomi-
cal groups,asfor examplesponges,hydrocorals,andstony
corals,exhibit a strongmorphologicalplasticity, which is in
many casesrelatedto theimpactof hydrodynamics.Theex-
posureto watermovementrepresentsoneof the dominant
environmentalparameters.Thereis a strongimpactof hy-
drodynamicson the growth process.In a numberof cases
it is possibleto arrangegrowth forms of sponges,hydro-
corals,andstony coralsalonga gradientof the amountof
watermovement16. In VeronandPichon34 severalseriesof
growth formsof stony corals(for examplePocillopora dami-
cornis) areshown,whicharearrangedalongagradientof the
amountof watermovement.In the examplesof both stony
corals,thegrowth form graduallytransformsfromacompact
shapeunderexposedconditions,to a thin-branchingoneun-
dershelteredconditions.In Fig. 5 two extremeexamplesof
growth formsareshown of Pocillopora damicornis. FormA
originatesfrom a siteshelteredto watermovement,while B
wascollectedfrom anexposedsite.Betweenbothextremes,
arangeof graduallychangingintermediategrowth formsex-
ist.

A

B

Figure 5: Growthformsof thestonycoral Pocilloporadam-
icornis. FormA originatesfroma siteshelteredto waterwa-
ter movement,form B originatesfroman exposedsite

In this tutorial we will mainly focusourselves to the in-
fluenceof the local availableamountof suspendedmaterial
onthedepositionof new materialduringthegrowth process.
In a modelof the morphogenesisof an organism,in which
suspensionfeedingrepresentsasignificantpartof theenergy
intake, two compononentsarerelevant.Thefirst component
is amodelof thegrowth processandthesecondis amodelof
theinfluenceof thenutrientdistributionon thelocal growth
velocities.

In theabsenceof flow thedistributionof nutrientsaround
the growth form canbe modelledasa diffusion processin
a steadystate:thereis a sourceof suspendedmaterialand
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theorganismconsumescontinuouslynutrientsfrom its envi-
ronment.In general,in a marineenvironment,therewill be
a significantcontribution of the hydrodynamicsto the dis-
persionpatternof thesuspendedmaterialaroundthegrowth
form. In this casethedistributionof nutrientsaroundtheor-
ganismwill bedeterminedby acombinationof flow anddif-
fusion.The contribution of flow to the nutrientdistribution
of nutrientscanbequantifiedby thePécletnumber:

Pe � ul
D

(6)

whereu is theaverageflow velocity, l acharacteristiclength
in thesystem,andD thediffusioncoefficient.In thediffusion
limited casePe is very small(nearlyzero),while in theflow
dominatedcasePe is large.

In this tutorial we will discussa methodto modela nu-
trient distribution determinedby a combinationof diffusion
and flow, and we will show how this nutrient distribution
canbeincludedin amodelof agrowth process.Themethod
which we have appliedis thelatticeBoltzmannmethod.We
will give a brief introductionto the methodin Section3.4,
a more detailedaccountof this methodis given in 6 20 21

18. Two booksproviding a goodintroductionto this method
are7 and30. Theflow patternaroundthegrowth form is mod-
elledusingthelatticeBoltzmannmethod,thismethodcanbe
combinedwith a tracerstep,in which populationsof “parti-
cles” move over the nodesof the lattice. In this tracerstep
the joint effect of flow anddiffusion on the nutrientdistri-
butioncanbestudied.Thismethodis especiallysuitablefor
modellingdiffusion andflow phenomenain biological sys-
tems.In this methodboundaryconditionswith a complex
geometrycanbeeasilyspecified.ThePécletnumberandthe
Reynoldsnumbercanbe varied independently20. In addi-
tion we can take advantageof the fact that the methodis
very suitablefor scalableimplementionson Massive Paral-
lel Computers28, which allows for the requiredlarge scale
simulationsof biologicalsystems.

The time complexity of the simulationproblemwe are
dealingwith is suchthatwe have to applyHPC-techniques
in order to attain acceptablesimulation times. Moreover
thememorycomplexity of the3D growth modelsimposea
cubic memoryrequirement.Thereforeto simulatesystems
with a realistic size (lattices with a size above 1003 are
neededin the nutrientdistribution computations)the mem-
ory requirementsexceedby far the amountavailable on a
typical high-endworkstation.By exploiting the locality of
thelatticeBoltzmannsolver we canmapthesimulationto a
paralleldistributedmemorymachineandusealargeamount
of availablelocalmemoryandatthesametimeminimizethe
amountof communication.

We will usetwo different typesof growth processesas
case-studiesin this tutorial.Thefirst typeis theaggregation
model in which growth is modelledasthe additionof par-
ticles andwherethe growth form is representedin discrete
space.This modelcanbe appliedto simulatevery “basic”

growth patternsas for examplefound in bacteriacolonies
10. Thesecondgrowth modelwill bea geometricmodelfor
accretivegrowth, thismodelwill bebriefly discussedin Sec-
tion 3.5.2, moredetailscanbe found in 14. In 19 we discuss
how this growth model can be combinedwith a model of
a nutrientdistribution causedsolely by diffusion, in 19 we
demonstratehow thecomputionallymostexpensive part of
the completemodel,solving the diffusion equationwith a
“classical”method(finite-differencingandSuccessive Over
Relaxation),canbe parallizedandbe combinedwith a se-
quentialversionof the growth model. We have applieda
similar hybrid approachfor accretive growth: thegrowth is
representedis in continuousspace,while the nutrient dis-
tribution is approximatedin discretespaceusingthe lattice
Boltzmannmethod.

3.4. Modelling the nutrient distribution using the lattice
Boltzmann method

In the simulationsa cubic lattice is used,whereeachnode
is connectedwith 18 othernodes.Thereare6 links with the
lengthof onelatticeunit and12 links with thelengthof � 2
units.All parametersandvariablesin the latticeBoltzmann
methodareexpressedin latticeunits.Themeanpopulations
of particlestravel simultaneouslyfrom onenodeto oneof
the18 neighbours.Theevolution of the lattice is described
by thefollowing dynamicalrule:

ni � r � ci � t � 1
 � ni � r � t 
 � ∆i � r � t 
 (7)

i � 1 ������� 18

whereni � r � t 
 is thecontinuousvelocitydistributionfunction,
whichdescribesthenumberof particlesof particlesatanode
atpositionr, at time t andwith directionci . Themomentsof
thedistribution functionni � r � t 
 :

ρ � ∑
i

ni (8)

j � ∑
i

nici
� ρu

Π � ∑
i

nicici

correspondto the hydrodynamicfields mass density ρ,
momentumdensity j (u is the flow groupvelocity at node
r), andmomentumflux Π.

A linearizedcollision operator � i j about an apropriate
equilibriumneq canbeconstructed:

∆i � n
 � ∆i � neq
 � ∑
j
� i j � n j

� neq
j 
 (9)

where∆i � neq
 � 0 by definitionsincetheequilibriumis col-
lision invariant, and whereneq is the Maxwell Boltzmann
distribution for a gas.Thedistribution functioncanbesplit-
tedinto anequilibriumandanon-equilibriumpart:

ni
� neq

i � nneq
i (10)
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Similar to Eq.8 themomentsof theequilibriumdistribution
functionneq

i are:

ρ � ∑
i

neq
i (11)

j � ∑
i

neq
i ci

Π � ∑
i

neq
i cici

� p1 � ρuu

where p is the pressureand 1 is the unit vector. The mo-
mentumsof theparticlesarechangedby addinganexternal
force, the driving force F , to the system.The particlecol-
lisions conserve massandmomentumbut changethe non-
equilibriumpartof themomentumflux:

Πneq � Π � Πeq (12)

By using propertiesas conservation of mass,momentum,
andsymmetry, it is possibleto constructa numberof eigen-
valueequations(seefor a moredetailedaccountof thecol-
lision process20 ) for themomentsof � i j :

∑
i
� i j

� 0 (13)

∑
i

ci � i j
� 0

∑
i

cici � i j
� λc jc j

�����
wherecici indicatesthe tracelesspart of cici (cici

� cici
�

1
3c2

i 1). The first two equationsconserve massandmomen-
tum.Theeigenvalueλ is relatedto theshearviscosity:

ν � � 1
6

ρ � 2 λ � 1
 (14)

One computationalupdateof the lattice now involves a
propagationstepwhereni particlestravel from node r to
noder � ci anda collision stepin which the post-collision
distribution ni � ∆i � n
 is determinedin the following three
steps.First at eachnodeρ, j , andΠ arecalculatedandthe
equilibrium momentumflux Πeq is determined.In the sec-
ondstepthemomentumflux, includingtheequilibriumand
nonequilibriumpart, canbe updatedusingthe momentsof
the linearizedcollision operatorin Eq. 13. In the third step,
after the post collision momentumis computed,the post-
collisiondistributionni � ∆i � n
 canbecalculated.

In the simulations two types of boundary conditions
are used:at the bordersof the lattice periodic boundary
conditionsare applied,while in the nodesadjacentto the
nodesrepresentingthe obstacle,solid boundaryconditions
areused.Periodicboundaryconditionscanbeimplemented
by exchangingthe ni ’s of the links at the bordersof the
lattice. Solid boundaryconditions can be representedby
exchanging the ni ’s betweenthe adjancentnode and a
neighbouringfluid node.

After the lattice Boltzmanniterationa tracerstepis ap-
pliedwherepopulationsof tracerparticlesarereleasedfrom
well definedsourcenodes,while the tracerparticlesareab-
sorbedby the sink nodes:thenodesadjacentto the growth
form. Thetracerparticlescanmove from a nodeat site r in
the lattice to oneof the18 adjacentnodesr � ci , wherethe
Pécletnumberdeterminesif flow or diffusiondominates.In
thesimulationsν is setto thevalue 1

6 , while thediffusionco-
efficientD varies,andu is keptconstantby theadjustingthe
driving forceF of thesystem.Due to thegrowth of theag-
gregate,withoutadjustmentof thedriving force,thevelocity
in thefreefluid would graduallydecrease.

3.5. Modelling the growth process of marine sessile
organisms

3.5.1. Growth by aggregation

In theaggregationprocessthegrowth processis modelledin
a similar way asdonein theDiffusionLimited Aggregation
model37. In Fig. 6 thebasicconstructionof theaggregateis
shown. Theclusteris initialized with a “seed”positionedat
thebottomplaneof the lattice.Thebottomplane,“the sub-
strate”,is positionedatthexz-planeaty � 1,while theseedis
onelatticesite,locatedat theposition � xmax 2 � 2 � zmax 2
 .
In both the clusterandsubstratesitessolid boundarycon-
ditions areapplied.The flow in the lattice is directedfrom
theyz-planeat x � 0 to theyz-planeat x � xmax. Theflow
velocity in thefreefluid nodesis kept to a constantvalueu.
The flow patternaboutthe obstacle(substrateandcluster)
is determinedin thelatticeBoltzmanniteration,using10 it-
erationsteps,andfollowedby a tracerstep.In eachgrowth
step10 iterationstepsareusedto ensurethatanequilibrium
is obtainedin the flow pattern.In the last steptracerparti-
clesare releasedfrom the sourceplane,the lattice sitesin
the xz-planeat y � ymax. The tracerparticlesareabsorbed
by thenodesadjacentto thesitesin thesubstrateplane(the
xz-planeat y � 1) andthe aggregate.In the sink nodesthe
amountof absorbedtracerparticlesis determinedandanew
nodeis addedto thecluster. Theprobability p thatk, anele-
mentfrom thesetof opencircles � (theadjacentsinknodes)
will beaddedto thesetof blackcircles(theaggregatenodes)
is givenby

p � k �!�"
 k �!�#
 � � ak 

∑ j ��� � a j 
 (15)

whereak is theabsorbedamountof tracerparticlesat posi-
tion k. The growth processis modelledin this caseby the
additionof latticesitesin discretespace.

3.5.2. Accretive growth

The basicconstructionwhich is appliedin the 3D geomet-
rical modelis shown in Fig. 7. Thesurfaceof the objectis
tessellatedwith a patternof triangles,which areorganized
in a patternconsistingof mainly hexagonsandpentagons.
This patterncorrespondsto the organizationof the skeletal

c
�

TheEurographicsAssociation2000.



JonesandKaandorp/ ModellingGrowingForms

initial ‘‘seed’’ of the aggregate
at (xmax/2, 2, zmax/2)

flow direction

source plane

substrate plane

(xmax,ymax,zmax)

(1,1,1)
y z

x

Figure 6: Basicconstructionof theaggregate.

subdivison of a triangle

layer j (gray triangles) tangential element

layer j + 1 (hollow triangles)

Vi,j

Vi,j+1

longitudinal
element (dotted line)

Figure 7: Constructionof anew layerof triangleson topof
theprecedinglayer. Thetrianglesof theprecedinglayerare
displayedin gray.

elementsin thesimulatedorganisms14. Theedgesof thetri-
angles,the tangentialelements,are of nearly equalsize s,
while thelongitudinalelementsvary betweenzeroands. In
theconstructionthe length l of a new longitudinalelement,
theedgeconnectingtheverticesVi � j andVi � j � 1 of two suc-
cessive layers,is determinedby thegrowth function:

l � s � k � c
 � h � r � max_curv
 (16)

wherek � c
 is anestimationof thelocalnutrientgradientand
h � r � max_curv
 theamountof contactwith theenvironment,
a functionbasedon theaveragelocal radiusof curvaturer.
This functionmodelsthecapabilitiesof thetransportsystem
of theorganismwith whichnutrientsaretransportedthrough
the tissue14. As soonastheamountof contactwith theen-
vironmentdecreasesandtheamountof nutrientsthatcanbe
transportedis not sufficient, locally thegrowth velocity de-
creases.This function returnsvaluesbelow 1 assoonasa
certaincritical value,themaximumallowedradiusof curva-
turemax_curv, is exceeded.

In theconstructionthenew longitudinalelementsareset
perpendicularwith respectto the precedingtangentialel-
ements.The structurewhich emerges in this construction,
a radiateaccretive architecture,correspondsto the skeletal
architecturefound in the organismswith radiateaccretive
growth 14. The constructionstartswith a spheretessellated

with trianglesandin eachstepa new layerof tangentialand
longitudinalelementsis constructedon top of the previous
surfaceof theobject.In Fig. 8 threesuccessive stagesin the
growth processareshown. The tip-splitting in theobjectC
is causedby thefunctionh � r � max_curv
 : assoonastheav-
eragelocal radiusof curvaturer exceedsthe the maximum
allowedvalue,locally thegrowth velocity decreasesandthe
old branchsplitsinto new branches.

Onestepin theiterativegeometricalconstructionconsists
of 5 successive functional stages.Stage 1 is the actual
geometricalconstructionasshown in Fig. 7. In stage2 the
amountof contactfunction h � r � max_curv
 is determined.
In stage3 trianglesare respectively insertedor deletedin
thenew layer j � 1. Insertionof trianglesoccursif triangles
becometoo large in the construction.In the simulation
model the lengthof the tangentialedgeis only allowed to
vary slightly aroundthe basic unit s of the system.This
unit correspondsto the sizeof the basicbuilding elements
(for example the size of spiculesin sponges,corallites in
stony-corals 14) in the actual organisms.In for example
Fig. 7 in layer j � 1 in oneof the trianglesa critical limit
is exceededand the triangle is subdivided into four new
ones.Also the reverse situation may occur, for example
in trianglesbetweenbranchesthe size of the edgesmay
becomesmallerin subsequentgrowth steps.Triangleswith
edgesbelow a certaincritical lower limit areremoved from
the layer j � 1. The insertionanddeletionof trianglesthat
aretoo largeor too smallensuresthat in eachiterationstep
a layer of almostequal-sizedtrianglesis preserved and a
patternof trianglesis mimicked which correspondsto the
patternfound in real organisms14. Note that in the stages
1-3 theobjectis representedin continuousspace.

In the next stagethe geometricalobject is mappedonto a
3D lattice with 1443 sites.This discreterepresentationof
the objectnext to the “normal” geometricalrepresentation
serves to approximatethe nutrient distribution using the
latticeBoltzmannmethod.In thenutrientdistributionmodel
the following assumptionsare used: the nodes adjacent
to the object nodesabsorbtracer particles,resulting in a
nutrientconcentrationzeroat thesinknodes.A linearsource
of nutrientis introducedby releasingtracerparticlesat the
topplaneof thelattice.After thecomputationof thenutrient
distribution the local nutrient gradientsk � c
 are estimated
in eachsite,alongthenormalvectors,on thesurfaceof the
object.

3.5.3. Parallelisation of the growth models

For the computationof the nutrient distribution using the
lattice Boltzmannmethodcombinedwith the tracerstep,a
parallel implementationwas developedsuitablefor execu-
tion on a distributedmemorymachine.In thesimulationsa
latticeconsistingof 1443 siteswasused.In theparallelim-
plementationthis latticewassubdividedin thexy-planeinto
anumberof sub-lattices,whereeachsub-latticeresidesona
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C

Figure 8: Threesuccessive growth stagesin the iterative
geometricalconstruction

processor, andawherethecompletelatticeis mappedontoa
virtual two dimensionaltorus topology of processors.The
parallelizedlattice Boltzmannsolver, including the tracer
step,wascombinedwith bothgrowth models.

In the aggregation model a completeparallizedimple-
mentationwasused,thealgorithmdescribedin pseudo-code
consistsof 4 stages:

:
1: initialisation of the aggregate, ni’s,
and tracer particles;
2: lattice Boltzmann iteration
for n steps {
update of ni’s sub-lattice;
exchange ni’s between boundary planes
sub-lattice;

}
3: tracer step
for n steps {
release tracer particles at source
nodes;
move tracer particles over the sub-lattice;
exchange tracer particles between
boundary planes sub-lattice;
absorb tracer particles at sink nodes;

}
4: determine p (Eq. 15);
5: goto 2;

Thenutrientdistributionis computedin two parts:thelat-
tice Boltzmanniteration in which the flow patternaround
the aggregate is computed,and a tracerstepin which the
dispersionof particlesdue to diffusion and flow is deter-
mined.Both partsconsistsof a numberof sweepsthrough
thesub-lattice,aftereachsweepa local communicationstep
is requiredin which thestateof theboundaryplanesof the
sub-latticesis updatedby exchangingthestatesof boundary
planesof neighbouringsub-lattices.In thegrowth step,in all
possiblegrowth candidates,the amountof absorbedtracer
particlesis determined,wherea globalcommunicationstep
is requiredto determinetheprobability p (Eq.15).

In the accretive growth model a hybrid implementation
(seealso19) wasusedin which a sequentialimplementation
of stages1-3 of thegrowth modelis coupledwith a parallel
implementationconsistingof the lattice Boltzmannsolver
and the determinationof the local nutrient gradients.The
hybrid implementationconsistedof a sequentialpart,which
runsona normalworkstation,anda parallelpartwhich runs
onaparallelcomputer. A descriptionof thehybridalgorithm
in pseudo-codeis givenbelow:
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:
0: a) initialisation of the geometrical
model (sequential part);
b) initialisation of the ni’s, and
tracer particles (parallel part);
1: construction of a new layer
(see Fig. 7) (sequential part);
2: estimation local radius of curvature
(sequential part);
3: insertion and deletion of triangles in
geometrical model (sequential part);
4: decomposition of the geometrical
model (sequential part);
5: communication between sequential and
parallel part;
mapping of the geometrical model onto
the sub-lattices (parallel part);
6: lattice Boltzmann iteration
(parallel part);
for n steps {
update of ni’s sub-lattice;
exchange ni’s between boundary
planes sub-lattice;

}
7: tracer step (parallel part)
for n steps {
release tracer particles at source nodes;
move tracer particles over the
sub-lattice;
exchange tracer particles between
boundary planes sub-lattice;
absorb tracer particles at sink
nodes;

}
8: estimation local nutrient gradients
(parallel part);
9: communication between parallel and
sequential part;
composition of local nutrient
gradients (sequential part);
10: goto 1;

In thehybrid algorithmthedescriptionof thegeometrical
objectis commnunicatedin step5 from the sequentialpart
to theparallelpart.In themappingof thegeometricalmodel
ontothesub-latticesin stage5, thesinknodesaroundtheob-
jectarespecified,theobjectitself is representedasolidvoxel
objectenclosedby the triangulatedsurfaceof thegeometri-
cal object.Theresultsof thelatticeBoltzmanniterationand
tracerstep,thelocalnutrientgradients,arecommunicatedin
step9 from theparallelpartto thesequentialpart.

In Fig. 9 a 3D aggregateis shown resultingfrom a sim-
ulation in which Pe was set to the value 0 � 0150. The ag-
gregatein the figure is visualizedby constructinga surface
over the aggregatesitesusing the marchingcubesmethod

Figure 9: Aggregateresultingfrom a simulationwherePe
is setto thevalue0 � 0150(thediffusionlimited case).

Figure 10: NutrientdistributionaroundanAggregatewhere
Pe is setto thevalue0 � 0150(thediffusionlimited case).

22. In Fig. 10 the nutrientdistribution in a sectionmadein
thexy-plane,throughthemiddleof thelattice,is shown. The
colourshift blackto white indicatesadecreasein tracerpar-
ticle concentration.Theshapeof thebasinsof equalnutrient
rangesis displayedby colouringthe adjacentbasinsblack.
Thesmoothshapeof the basinis obtainedby interpolating
theresultsin thesectionwith anoriginal resolutionof 1442

datapoints. In Fig. 11 a similar sectionis shown through
thenutrientdistribution in anexperimentin which Pe is set
to thevalue0 � 250.An exampleof anobjectobtainedin 80
constructionsteps,andby settingPe to thevalue0 � 0150,of
theaccretive growth modelis shown in Fig. 12.

c
�

TheEurographicsAssociation2000.



JonesandKaandorp/ ModellingGrowingForms

Figure 11: NutrientdistributionaroundanAggregatewhere
Pe is setto thevalue0 � 250.

Figure 12: Object generatedwith the accretive growth
model in 80 growth stepsandwherePe is set to the value
3 � 0.

3.6. A comparison between the simulated and the actual
marine sessile organisms

The lattice Boltzmannsolver can be usedto simulatethe
nutrient distribution in both the aggregative and accretive
growth processes.In Figs.10 and11 it is demonstratedthat
the influenceof hydrodynamicson thenutrientdistribution
occursathigherPenumbers.In thecaseof a low Penumber
thediffusionlimited sitationis obtained:anirregularobject
thatis branchingtowardsthenutrientsource.At a higherPe
numberthe influenceof the flow becomesvisible: the ob-
jectstartto developbranchesin theoppositedirectionof the
flow, in thestreamshadow of theaggregateanareadepleted
from nutrientsoccurs.

In theexampleof Fig. 12 it is demonstratedthat is possi-
ble to modelflow anddiffusionlimited growth by modelling
thenutrientdistributionwith thelatticeBoltzmannsolver. In
19 wehavediscusseda3D modelfor diffusionlimited accre-
tive growth in which the nutrient distribution was approx-
imatedwith a “classical” method,by solving the diffusion

equationwith finite-differencingand Successive Over Re-
laxation.In the new versionwe have obtaineda moregen-
eralmodelwhich is capableof simulatingdiffusionandflow
limited accretivegrowth. In theaggregatesit is assumedthat
all nutrientsareabsorbedin theboundarynodesadjacentto
theobject,in many filter-feedingorganismsthereis a parti-
clecapturingmechanismpresentwhichallows theorganism
to utilize nutrientslocatedat somedistancefrom theorgan-
ism. We are planningto include this aspectin our growth
models.

We expect that models of diffusion and flow limited
growth have a wide rangeof possibleapplicationsin biol-
ogy andphysics.Similar typesof modelsmaybeappliedto
simulategrowth of solid tumorsandthe dispersionof anti-
canceragentsin vertebratetissue(see12). Anotherimportant
issueis thevalidationof growth modelsin which theeffect
of flow anddiffusion is included.Oneoption is to compare
thesimulatedform to actual3D growth formsusingmethods
from mathematicalmorphology(seefor example 15). The
otheroption is to carry out field or laboratoryexperiments
in which the predictive value of the simulation model is
tested,for exampleby testingif theeffect of a changein the
physicalenvironmenton the growth form canbe predicted
with the simulationmodelIn for example17 this wasdone
by comparingthe predictionsof a two-dimensionalgrowth
modelof a spongeto the actualresultsof transplantionex-
periments.

3.7. Diffusive patterning mechanisms

In many biological systemsthe distribution of chemical
agentsandnutrients,causedby a combinationof flow and
diffusion,playsa fundamentalrole.An exampleis morpho-
genesiswheretheexternaldistribution of nutrients,aswell
asthe internaldistribution of morphogensin the organism,
caninducecertaingrowth patterns.

Reactiondiffusionis oneof theoldestmathematicalmod-
elsusedfor modellingbiologicalpatternformation33. This
modeldescribesdiffusing chemicals,whereoften a system
of two antagonisticchemicalsis usedconsistingof anactiva-
tor andaninhibitor. Thismodelcanbedescribedasasystem
of equationsin theform 25:

∂A
∂t

� F � A � I 
 � � A
� 2A (17)

∂I
∂t

� G � A � I 
 � � I
� 2I

In theseequationsA and I representrespectively the con-
centrationsof the activator andthe inhibitor. The functions
F andG representthe reactionkineticsandthe right terms
in both equationsthe diffusion process,where � A and � I

arethediffusion coefficientsfor theactivator andinhibitor.
The diffusion processcan result in a heterogeneousspa-
tial prepatternof chemicalconcentrationdistributions,in the
case� I is muchlarger than � A. In Turing’s proposalfor a
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Figure 13: Simulationof a prepatterncausedby diffusing
activators and inhibitors in a 2D lattice. The cells in the
lattice can be in two states:activated (black) or inhibited
(white) (after4).

theoryof morphogenesis,patternsor structuresresult from
this prepattern.This prepatterncanbe definedasa hetero-
geneousspatialpatternof inhibitor andactivatorconcentra-
tions,while theresultingpatterncanbeconsideredasthere-
alizationof theprepattern.This modelis especiallysuitable
for generatingpatternsthatmayresultmoreor lessdirectly
from this prepattern.It hasbeenappliedfor simulatingpat-
ternsfoundonshells,beautifulexamplesof thiscanfoundin
24. An exampleof asimulationof suchaprepatternis shown
in Fig. 13. Thediffusingactivatorsandinhibitorsaresimu-
latedon a 2D lattice,wherethecells in thelatticecanbein
two states:activated(black)or inhibited(white) 3.

Oneof themostspectacularfindings,this last decade,in
biology is thediscovery of thehox genes8, 26, 29, 13. which
control theembryogenesisin animals(metazoans).Thehox
genesarethephysicalcarriersof thegeneticprogramwhich
regulatesembryogenesis.In for example Drosophila hox
genesproducegradientsof diffusingmorphogenswithin the
developing embryo which determinethe body axes. In a
cascadeof activationsof differentgenes,first the anterior-
posterioraxis,afterthis thedorso-ventralaxis,andafterthis
the segmentsaredeterminedin the embryo.The gradients
of diffusingmorphogensprovide thepositionalinformation
requiredduring the developmentof the embryo,although
prepatternsareproducedin theform of gradients,thereis ba-
sically no activator inhibitor systemrequiredasin thereac-
tion diffusionsytemof Eq.17, but a cascadeof geneactiva-
tion. Theremarkablething aboutthehox genesis thatthese
genesshow a similar functionin shapingtheembryoacross
theanimalkingdom.For examplethegenedistallessshapes
the appendagesin variousmetazoanphyla. Corresponding
hoxgenesareactive in theformationof bodyaxesandin the
constructionof thebodyplanin distinctive metazoanphyla.
The increasein complexity of the body plans in a range
of phyla, asfor exampleporifera(the sponges),cnidarians
(for examplestony corals),platyhelminthes,arthropods,and

chordates.The complexity of the regulationof the growth
processseemsto bethelowestin spongesandthecnidarians
(for examplestony corals),which makestheseorganismsa
very suitablecasestudy for developing simulationmodels
of growth andform in which boththeinfluenceof thephys-
ical environmentand the biological regulation mechanism
areincluded.
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