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Abstract
Bumpmappingis a techniquethat perturbsnormalsusedin the illumination computationin order to make the
surfaceappearroughor wrinkled.Standard graphicshardware linearly interpolatesrotatedvectors in thedirec-
tion to the light source over the polygon.Then,a cubemapis usedto normalizethesevectors. We proposethe
useof quadratic interpolationinstead,which will make thenormalizationstage unnecessary. Theresultis faster
bumpmappingwith qualitynearthequalityobtainedbyusingvectorinterpolationwith normalization.Quadratic
interpolationis alreadyusedfor ordinary shadingbut hasto our knowledge not previouslybeenusedfor bump
mapping. Thefastsetupweusein our new algorithmcanalsobeappliedto Phongshadingresultingin increased
performance. Similarly thesameapproach canbeusedfor efficientlysettingup thelinear interpolation.

1. Introduction

Bump mappingwasintroducedby Blinn 5 asa methodfor
makingsurfacesappearroughor wrinkled without increas-
ing the numberof polygons.Instead,the normalsusedin
the lighting computationsareperturbedto achieve this ef-
fect. Bumpmappingis oftenusedin combinationwith tex-
ture mappingwith the purposeof removing the flatnessof
thetexture.Insteadit enhancesthenaturalroughnessof the
texture. Kautz et al 15 show how this can be achieved for
arbitrarylevelsof detail.

Blinn usesan approximationfor the perturbednormal,
which dependson the surfacenormalandthe height infor-
mationin thebumpmap.Theperturbednormalis calculated
as:

N
� � N

� Fu � N � Pv ��� Fv � N � Pu ��	�
N
�	� 
 (1)

whereN is the surfacenormal, Pu and Pv are the partial
derivativesof the surfacein the u andv directionsrespec-
tively. Fu andFv arethegradientsof thebumpmap.Peercy
et al 23 useanotherapproachfor computingthenormal.An
orthonormalframeonthesurfaceis usedto rotatethevector
in the directionto the light sourceL into that local frame.
Hence,the diffuse intensity is computedas Id

� N
���

L
�
,

whereN
�

is the normalobtainedfrom the bump map,and
L
�

is thenormalrotatedby the frame � T 
 B 
 N � , whereT is
thetangentvectorof thesurfaceat thepointwith thesurface
normalN andfinally B is thebinormal,computedasN � T.
They aretaking this approacha stepfurtherby precomput-
ing bump normalsover the whole object.Nonetheless,this
is themain ideaof moving framebumpmapping.Here,the
perturbednormalis:

N
� � ��� Fu 
 � Fv 
 1� 
 (2)
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whichis obtainedby computingthecrossproductof thegra-
dientsasshown by Doggettetal 6.

Kugler19 usesadifferentrepresentationof thenormalper-
turbationbasedon sphericalcoordinates.SungKim et al 26

elaboratethis idea further by directly computingthe inner
productsfor thediffuseandspecularlight from theperturbed
normalin thisrepresentation.A hardwareimplementationof
a bump mappingchip is proposedby Ikedoet al 13, where
vectornormalizationis avoidedby usingvectorsin angular
form. Miller etal 21 discusshow hardwareacceleratedbump
mappingusing standardtexture-mappinghardware can be
performed.An overview of otherbump mapapproachesis
givenby Ernstetal 8 andKilgard 16.

1.1. Illumination

ThePhong-Blinnilluminationmodelis oftenusedfor bump
mapping.The intensity at eachpixel on the polygonscan
be modeledby summingthe intensitiesof the diffuse and
specularcomponents,asfollows:

I � Kd � N �
L � � Ks � N �

H � n 
 (3)

whereKd andKs arematerialconstantsfor the diffuseand
specularpropertiesof the surface,N is the normal vector,
L is a vector pointing in the direction at the light source,
H is thehalfway vectorintroducedby Blinn 4, which is the
directionof thenormalthatwouldgive maximumhighlight,
andfinally n is theshininessvaluewhich affectsthesizeof
thehighlightedarea.

Similar modelscan be used,and someinclude ambient
light and the intensity of the light source.Sometimesa
distanceterm is used,sincethe intensity of light becomes
smallerwith increaseddistance.PhongusedIs � � R �

V � n
for thespecularintensityinsteadof � N �

H � n. However, since
Blinn’s equationis a dot productbetweenthenormalanda
constantvector, it is similar to the computationof the dif-
fuseintensitywhichalsoinvolvesa dotproductbetweenthe
normalanda constantvector. Furthermore,Blinn’s version
turnsoutto befasterto compute.Theformulafor computing
Phonghighlight for bumpmappingis shown in 13.

1.2. Interpolation

Peercy et al 23 statethat it is not necessaryto interpolatethe
whole frameover the polygon.Insteadthe computationof
the frame is doneon the verticesonly. Sincethe frame is
orthonormal,theresultingrotatednormalwill still have unit
length.Thereforewecaninterpolatetherotatedlight vectors
over thepolygon.This worksboth for directionalandpoint
light sources.

It is oftennecessaryto normalizetheinterpolatedvectors,
andhardwareacceleratedtablelookupsareoftenused.Kil-
gard16 explainsonemethodcalledcubemaps.Onedisad-
vantageis thatspecularcubemapsassumesthatdirectional
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Figure 1: Samplepoints

light sourcesareused.Anotherdisadvantagewith this ap-
proachis thatonecubemapis necessaryfor thediffuselight
andonecubemapis neededfor eachtypeof matterwith dif-
ferentspecularshininess.Nevertheless,it will be fastsince
theshininessis precomputedinto thecubemap.However, if
thepolygonsaresmallwe canuselinearinterpolationwith-
outnormalization.

If we couldavoid tablelookupnormalizationof thevec-
torswe will have a moreflexible bumpmappingalgorithm,
allowing both directionalandpoint light sources.We pro-
posetheuseof quadraticinterpolationof thevectorsin this
paper. This approachwill give a visual resultcloseto what
vectorinterpolationwith normalizationwill give, but is no-
ticeablefaster. It will alsobe shown in this paperhow the
setupvariablesfor Phongshadingcanbecomputedfaster.

1.3. Quadratic Interpolation

Several schemesusinga bivariatequadraticpolynomialfor
approximationof the Phongintensityhave beendeveloped
over the yearsandarestill beingdeveloped.The intensity
will form a smoothsurfacein � x 
 y
 i � -spaceandit is evalu-
atedby only two additionsperpixel. BishopandWeimer3

usea Taylor seriesexpansionof Duff ’s equationto obtaina
secondorderbivariatepolynomial.Kappel14 usesa surface
fitting technique,wherethe purposeis to eliminateMach
bandsby generatingaC1 continuoussurfaceover thepoly-
gon.This is possibleby subdividing thetriangleinto smaller
triangles.Theapproachby Kirk et al 17 is to fit a surfaceto
a triangle,wheretheintensityof theverticesof adjacenttri-
anglesarethe same,andthefirst derivative of the intensity
at theedgestendtowardbeingcontinuous.

Kirk andVoorhies18 adoptanotherapproachto quadratic
shadingwhich is somewhat different from previous ap-
proaches.They show that quadraticinterpolationcould be
setupby fitting a secondordersurfaceto six points,yield-
ing a polynomialwith six unknown coefficientswhich must
bedetermined.Thesamplepointsaretheverticesandedge
midpointsof a triangle,asshown in Fig 1. A quadraticshad-
ing functionis definedby:

Φ � Ax2 � By2 � Cxy
�

Dx
�

Ey
�

F � (4)
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Figure 2: To the left: Ortho-normalizedtriangle. To the
right: a polygonwith shiftedvertices

Seiler25 proposesa fastway to setupthecoefficientsfor
thistypeof quadraticshading.LeeandJen20 haveelaborated
this approachfurther. How thesetupvariablesneededin the
two innershadingloopsarecomputedis shown by Abbaset
al 1, 2.

2. Quadratic Vector Interpolation

In apreviouspaper11 wehaveshown how ortho-normalized
triangles can be used to simplify the computation of
quadraticshadingcoefficients.The ortho-normalizedtrian-
gle hasverticesat: p1

� � 0 
 1� , p2
� � 0 
 0� andp3

� � 1 
 0� ,
asshown to theleft in in figure2.Thetemporarycoordinates
usedin thesetupfor theactualtrianglehasbeenobtainedby
first sortingthevertices,andthenshifting themasshown in
thesamefigure to the right. Screenspacecoordinateswere
usedwherethe top left corneris � 0 
 0� . Thecoefficientsfor
a bivariatepolynomialover the left, in somesensewell be-
haved triangle,is first computedusingthesamplepointsin
figure1:

a � 2 � L � M � 2Q� 
 (5)

b � 2 � L � N � 2R� 
 (6)

c � 4 � L � S � R � Q� 
 (7)

d � M � L � a 
 (8)

e � N � L � b 
 (9)

f � L 
 (10)

where:

Φ � au2 � bv2 � cuv
�

du
�

ev
�

f � (11)

A mappingfrom theactualtriangleto theortho-normalized
triangleis neededin orderto obtainthecoefficientsfor equa-
tion (4). This transformationis derivedin 12.

For any point � x 
 y� ontheactualtriangle,acorresponding
point � u 
 v� onthenormalizedtrianglecanbeobtainedby the
following transformation:

u � xαu
�

yβu 
 (12)

v � xαv
�

yβv 
 (13)

where:

αu
� y2ω 
 (14)

βu
� � x2ω 
 (15)

αv
� � y1ω 
 (16)

βv
� x1ω 
 (17)

and:

ω � 1
x1y2 � x2y1

� (18)

Thecoefficientsfor equation(4) is obtainedby substitut-
ing equation(12)and(13) into (11).

This fastversionof quadraticinterpolationwill be used
to computethe L

�
and H

�
vectors,which will be closeto

have unit length.For a toruswith 288 polygonsthe differ-
encein lengthbetweenthequadraticallyinterpolatedvector
andtheunit lengthvectorwason average0 � 45%andmaxi-
mum3 � 2%.

Sincewe arequadraticallyinterpolatingvectors,we must
interpolateeachelementseparately. Thesevectorsmustbe
obtainedatall six samplepoints.At theverticesthey areob-
tainedin the sameway aspreviously described.But at the
edgemidpointswe have to constructnew framesandcom-
puteboth vectorsagain.Thenormalsandtangentson mid-
points can be computedas the normalizedaverageof the
normalsandtangentson thecorrespondingverticesrespec-
tively. Whereasthebinormalagaincanbe computedasthe
crossproductof thetangentandnormal.Thus,a total of six
normalizationsarenecessary. Anotherapproachwouldbeto
computeL

�
andH

�
on themidpointof theedgesasthenor-

malizedaverageof thecorrespondingvectorsonthevertices.
Still six normalizationsarenecessary, but it is notnecessary
to computethebinormalfor theedges.

Figure3 shows a 512polygonbumpmappedTorususing
quadraticinterpolation.

3. Linear Interpolation

Linear interpolationis neededboth for vector interpolation
with normalizationaswell asfor Gouraudshading9 andZ-
buffer interpolation.Herewe cancomputethe gradientsin
the scanline directionandin the directionalongthe edges
asshown by for exampleNarayanaswami 22. We will now
show how the previously describedtransformationmethod
canbeusedfor computingthesegradientsaswell.

Let φ bea bivariatelinearfunction:

Φ � au
�

bv
�

c � (19)

The coefficients for a bivariatepolynomial over this trian-
gle is first computedby settingup the following systemof
equations:

Φ � M
�
K 
 (20)
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Figure 3: Bumpmapped512polygonTorus,usingquadratic
interpolation.

where:

Φ ��� L 
 M 
 N � T 
 (21)

K ��� a 
 b 
 c� T � (22)

Thematrix M is:

M � ��
0 0 1
0 1 1
1 0 1

��
� (23)

Thesolutionfor K � M � 1Φ is:

a � M � L 
 (24)

b � N � L 
 (25)

c � L � (26)

Usethebasisvectorsin orderto do thetransformationfrom� x 
 y� to � u 
 v� whenusingequation(19):

φ � a � αux
� βuy� � b � αvx

� βvy� � c (27)� � aαu
�

bαv � x � � aβu
�

bβv � y � c � (28)

Whenmoving down alongtheedges, equation(19) only
requiresoneadditionsperscanline. While they-valueis in-
creasedby 1 for eachnew scanline, the x value must be
increasedby theslopeof theedge.For thepolygonin figure
2 theslopeof theleft edgeis k � x2 � y2. Theslopeof theup-
per right sideis k � x1 � y1 andtheslopefor the lower right
sideis k � � x2 � x1 � � � y2 � y1 � . For theedgeof then’ th scan
line thebivariatepolynomialis:

Φn
� � aαu

�
bαv � nk

� � aβu
�

bβv � n � c� n � k � aαu
�

bαv � � � aβu
�

bβv ��� � c � (29)

Thevalueof thepolynomialfor them’ th pixel alongthe

Figure 4: Bumpmapped512 polygonTorus, using linear
interpolation.

n’ th scanline beginningat nk is:

Φ � n  m! � a � nk
�

m� � bm
�

c� a � αu � nk
�

m� � βun� � (30)

b � αv � nk
�

m� � βvn� � c� a � αunk
� βun� � (31)

b � αvnk
� βvn� � c

�
aαum

�
bαvm� φn

�
m� aαu

�
bαu � (32)

Pseudocodefor aGouraudshaderusingthedescribedap-
proach:

p=L;
k=x2/y2;
kk=x1/y1;

dr=a*alpha_u+b*alpha_v;
dp=k*dr+a*beta_u+b*beta_v;

for(y=y0; y<y2; y++)
r=p;
for(x=xs; x<xe; x++)

intensity=r;
r+=dr;

p+=dp;
xs+=k;
xe+=kk;

Note,thatwe have to changethevaluefor k for thelower
part of the triangle if the polygonis orientedso that it has
two edgeson the left. This is not donein the pseudocode
above.

Figure4 shows thatthehighlight obtainedwith linear in-
terpolationis corruptedcomparedto thehighlight obtained
by usingquadraticinterpolation.
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4. Vector interpolation with Normalization

Phong24 usesbilinear interpolationof the normalsat the
edges,to obtainintermediatenormalsfor eachpixel. These
normalsarethenusedin theilluminationcomputation.Duff
7 shows how thecomputationcanbe implementedin anef-
ficient way, requiringonly threeadditions,onedivision and
onesquareroot per pixel for Phongshading.However, we
do not want to computethe dot productdirectly, sincethe
interpolatedvectorshouldbe multiplied with the perturbed
normal.Therequiredcalculationis:

L
� �

N
�"

L
� " � � Ax

�
By

�
C � � N �#

Dx2 � Ey2 � Fxy
�

Gx
�

Hy
�

I
� (33)

NotethatA 
 B andC arevectors.Thuswe have to compute
threedifferentlinearequations.Thesecaneachbeefficiently
computedwith oneadditionper pixel usinga forward dif-
ference.Thebivariatequadraticfunctionin thedenominator
canbecomputedby two additionsperpixel. Thesamecal-
culationmustbeperformedfor thespecularlight aswell.

Duff ’smethodfor vectorinterpolationwith normalization
canbe usedalso for Bump mappingandwe will compare
this with bothlinearandquadraticinterpolation.For thede-
nominatorin equation(33)we have:"

L
� " �%$ L

� �
L
�

(34)� # Dx2 � Ey2 � Fxy
�

Gx
�

Hy
�

I � (35)

It turnsout that themethoddescribedin 12 makesthesetup
for Phongshadingfaster. Onceagainwedonotneedto make
the transformation,insteadwe computethe setupvariables
directly, usingtheortho-normalizedtriangle.If L

�
is linearly

interpolatedby Au
�

Bv
�

C, thenL
�&�

L
�
is:

Au
�

Bv
�

C � (36)

A2u2 � B2v2 � 2ABuv
�

2ACu
�

2BCv
�

C �
Thecoefficientsfor phongshadingthusis:

a � A2 
 (37)

b � B2 
 (38)

c � 2AB 
 (39)

d � 2AC 
 (40)

e � 2BC 
 (41)

f � C � (42)

Thecoefficientsarecomputedin thesameway asusualfor
Phongshading,exceptthatthetransformationis notdone.

Timing of setupvariablesneededfor the quadraticde-
nominatorfor Phongshadingwasperformed.Thetiming of
quadraticsetupvariablesdescribedin 2 comparedto setup
variablesdescribedin 12 but modifiedfor computationof the
quadraticdenominatoris shown in table1. The setupvari-
ablesare different for a polygon with only one left edge
comparedto if thereare two edgeson the left side.Both

Figure 5: Bumpmapped512 polygonTorus, using vector
interpolationwith normalization.

casesareshown in thetable.It canbeaddedthatthetiming
of anemptyloop was0.24sec.

Table 1: Timingin secondsof onehundredmillion triangles,
comparingthe computationof just the coefficientsand the
computationof setupvariablesusingtheactualtriangleand
ortho-normalizedtriangle, for bothorientationsof triangles,
ona 1.8GHzPentium4 processor.

Edges Actual triangle Ortho-norm.triangle

1 24.7 16.1
2 26.2 16.4

It is clearfrom the result in the tablethat the setupvari-
ablesneededfor the quadraticdenominatoris computed
fasterwith the proposedmethod.However, this is mostly
of academicinterestsince Phongshadingis seldomused
anyway. Nevertheless,theortho-normalizedtrianglesetupis
usedin this papersothatwe usethesameapproacheswhen
comparingquadraticinterpolationwith vectorinterpolation
usingnormalization.

Thecomputationneededfor bumpmappingusingVector
interpolationwith normalizationis easyto derive.Thethree
rotatedvectorsin the direction to the light sourcewill be
denotedL

�
1, L

�
2 andL

�
3. Let:

A � L
�
2 � L

�
1 
 (43)

B � L
�
3 � L

�
1 
 (44)

C � L
�
1 � (45)

Thenuseequation(37) to equation(42) for computingthe
coefficients.

Figure5 showstheTorusagainwith vectornormalization.
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Figure 6: Bumpmapped288 polygonTorus, using linear
interpolation.

Figure 7: Bumpmapped288polygonTorus,usingquadratic
interpolation.

thehighlightsareverymuchthesameasfor quadraticinter-
polation.

5. Comparison of Algorithms

Timing was conductedof the three main algorithms as
shown in table2. First an emptyloop wastimedwherethe
readingof the bump map and rotation of an 800 polygon
torusareperformed,aswell ascalling theshadingfunction
which immediatelyreturns.For the threemain methodsno
framebuffer updateandlighting calculationsaredone.Only
thesetupandthecomputationin thetwo innerloopsaswell
asZ-buffer computationsaredone.

Takingtheemptyloop into accountthevectornormaliza-
tion algorithmtakesabout37% longertime to run thanthe

Figure 8: Bumpmapped288 polygonTorus, using vector
interpolationwith normalization.

Table 2: Timingof therotationof a bumpmappedtoruscom-
paring theexecutionof differentmethods

Empty Linear Quadratic Vectornorm.

8.0 15.7 18.1 22.0

quadraticinterpolationalgorithm.If the Z-buffer computa-
tionsareremoved,thedifferencewould beeven larger. It is
quiteclearthatquadraticinterpolationis a computationally
more attractive alternative. Also when it comesto quality
it is a goodalternative. As statedearlier, the differencebe-
tweenthequadraticallyinterpolatednormalandaunit length
normalis in mostcasesvery small.This canbeclearlyseen
whencomparingfigure7 and8. Notethatthehighlightsare
almostidenticalon theflat partof thetorus,while thehigh-
light is corruptedfor linearinterpolationin figure6.

6. Discussion

We did not usecubemapsin our testswith linear interpo-
latedbump mapping.Table look-upsaresurprisinglyslow
in software and it would not be fair to compareit with
quadraticinterpolation.Wedid notusehardwareaccelerated
cubemapsin our tests,sinceour intent is not to proposeal-
gorithmsthatwork well with existing hardware.Insteadwe
proposean algorithm that could be implementedin future
hardware.Quadraticinterpolationshouldbeattractiveto im-
plementsincethereareno divisionsnor squarerootsin the
two innerloops.Insteadtherearea numberof additionsthat
couldbeparallelizedin hardware.Hence,quadraticinterpo-
lationbecomesvery fast.

c
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6.1. Future Work

Theproposedalgorithmshouldbeimplementedin hardware
in orderto make a fair comparison.

Otherquadraticinterpolationschemesshouldbe investi-
gated.Theschemeschosenin thispaperareall basedonper
vertex computations.It shouldbeexaminedif scanline setup
algorithmslike theoneproposedin 10 arefasterin somesit-
uations.
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