EUROGRAPHICS2001/ JonatharC. Roberts

ShortPresentations

Approximated Phong Shading by using the Euler Method

AndersHast

Creatve MediaLab
University of Gavle,Kungsbacksvageti7, S-80176 Gavle,Swedenaht@hig.se

Tony Barrera

CycoreAB
Dragarbrunnsgatadb, P.O. Box 1401,S-75144 UppsalaSweden

Ewert Bengtsson

Centrefor ImageAnalysis
University of Uppsalalagerhyddsvageh7. S-75237, UppsalaSwedenewert@chuu.se

Abstract

After almostthree decadesand several improvementsGouraud shadingis still more oftenusedfor interactive
computergraphicsthan Phongshading One of the main reasonsfor this is of course that Phongshadingis

computationallymore expensive Quadmtic polynomial approximationtedniqueslike Bishops methodcould

reducethe amountof computationin the inner loop to just the doubleof whatis donein Gouraud shading By

using Euler's methodwe get anotherquadiatic polynomialappoximationtechniquewhich is just asfastin the

inner loop, but it will also give correctintensitieson the edges,which we will not get with Bishops method By
computinghemaximundifferenceover a scanline betweerGouraudshadingandtheproposednethodwecould
decideif Gouraudwill sufice It is alsoshownthat linearly interpolatednormalsare normalizedby a symmetric
function. Thismeanghatwe couldreducethe amountof squae rootsby the half in Phongshading
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1. Introduction

Sincecurved surfacesarecommonlyrepresentetly a mesh
of polygons,a shadingalgorithmis usedto preventthe sur
facefrom appearingaceted The fastesshadingtechnique
is knowvn asGouraudshading. In this algorithm, theinten-
sitiesattheverticesof the polygonarecalculatedirst. Then
theintensityof interior pixels arecalculatedoy usingbilin-
earinterpolation.This canbe doneby a forward difference
orrecurrencasequencé just1 additionin theinnerloopfor
thediffuseintensity For largerpolygonsGouraudshadings
of limited usefor calculatingthe speculaiintensity sinceit
tendsto smearout the highlight over a polygon.If the high-
light fallsonto theinterior of apolygon,it maynotbevisible
atall. Anotherdisadwantagewith Gouraudshadings thatit
tendsto producemoremachbandshanPhongshading An-
otherundesirableffectis producedvhentheintensityatthe
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verticeshapperto bethesameThentheintensitywill bethe
sameoverthewhole polygon.

Phongshading® overcomegheseproblemsby interpolat-
ing the normalsat the verticesover the edges.Thenthese
normalsare againlinearly interpolatedover the scanline.
Hence,we will have a normal at eachpixel, which can
be usedin the lighting calculation,and therefore,we will
get more accuratediffuse aswell as more accuratespecu-
lar light. This takes,of course significantlymoretime than
Gouraudshading not at leastdependingn the squareroot
neededn thenormalizatiorprocess.

A methodwhich is a compromiseis knowvn asfence?
shading Normalsare linearly interpolatedat the edgesand
arethenusedfor Gouraudshadingof the scanlines.Hence,
morecorrectintensitiesfor the edgesareobtainedandhigh-
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Figure 1: Difference in intensity between Phong and
Gouraudshadingalonga scanline

lightswill bemodeledbetterin thatthey aresmeareautfor
eachscanline ratherthanon thewhole polygon.

The difference betweenPhong and Gouraud shading
along a scanline is shavn in Figure 1 wherewe clearly
seethat Gouraudproducesa linearly interpolatedintensity
wherea$?hongwill producea curve. In this andthe follow-
ing diagramswe usenormalsthat have anangleof 60° be-
tweenthem.This is usedhereto male theillustrateddiffer-
encedanoreclear

In Phongs illumination model,theintensityat eachpixel
onthe polygonscanbe modeledby summingtheintensities
of thediffuseandspeculacomponentsasfollows:

| = Kg(N-L)+Ks(N-H)", @

whereKy andKs are materialconstantdor the diffuseand
speculapropertyof the surface,respectrely, N is the nor-

malvectorfor thesurface,L is avectorpointingin thedirec-
tion to the light source H is the halfway vectorintroduced
by Blinn 3, which is the directionof the normalthatwould

give maximumhighlight, andfinally nis the shinineswvalue
which affectsthe sizeof the highlightedarea.

Similar modelscan be used,and someinclude ambient
light and the intensity of the light source.Sometimesa
distanceterm is used,sincethe intensity of light becomes
smallerwith increasedlistancePhonguseds = (R- V)" for
the speculaiintensityinsteadof (N - H)". But sinceBlinn’s
equations adot productbetweerthe normalanda constant
vectorit is similarto thediffuseintensitywhich alsois adot
productbetweenthe normal and a constant.Thereforewe
will focusonthelattersincewewill discushow we canuse
our proposedalgorithmfor computingthe speculaintensity
aswell asthediffuseintensity

2. Previous Work

4 i N-L .
Duff shwvedthatthedotproductsnmcouldbeeval

uatedmore efficiently by usingfinite differencesFor suc-
cessie valuesof x it could be evaluatedwith 3 additions,1
divisionandonesquareoot perpixel.

BishopandWeimer? took adwantageof thefactthatmary
times an approximationis sufiicient. They derived a Tay-
lor seriesfrom Duff’s equation.This quadraticpolynomial
could be evaluatedwith only 2 additionsper pixel. The ad-
vantagewith this methodis thatwe do not needto compute
the squareroot at eachpixel. The disadwantageis that we
getanapproximatiorthatwill be correctfor the pixel atthe
middle of the polygon, but will get further away from the
correctintensityvalueasweinterpolateheintensitytowards
theedgesTherefore the intensityat the edgecould be sig-
nificantly differentat the two polygonssharingthatedge.It
shouldalsobe notedthattheintensityis not calculatecon a
scanline basis.Their methodhasa large setup beforethe
intensitiesarecalculatedput thenwe canmove, bothalong
ascanline andbetweerscanlines,with just 2 additionsfor
eachstep.

Another quadraticinterpolationmethodwas introduced
by Seiler?, which alsorequires2 additionsper pixel. In this
approacha shadingfunctionis definedthat evaluatesto the
specifiedintensitiesat six samplepoints(the threevertexes
andeachedgemidpoint).

Otherapproachebave beenintroducedby Kuijké andby
OuyangandMaynard. Thefirst approachs basednangu-
lar interpolationandwill give approximationgo the Phong
cune. Thelatterwill producecorrectPhongshadingbut by
usinga clever trick the numberof squarerootswill beless,
andthereforeit is fasterthanPhongshading.

2.1. Fast Phong Shading

Let us first examine hov Duff’s methodcould be imple-
mentedfor eachscanline, ratherthanfor a whole polygon.
We wantto compute%, wherelL is normalizedandN is
not, betweerthe normalsNa andNy, onthe edgeshy using
arecurrencelLet N = kx+ m alongthe scanline from x; to
X2, Wheren = X, — X1, k = (Np — Na)/n andm = Na. Now,
let:

N-L=Ax+B=p, 3

whereA=k-L andB =m-L. And for the normalization,
let

N-N=Cx*+Dx+E =q, 3)

whereC = k?, D = 2(k-m) andE = m?. NotethatE = 1,
sincem = Na hasunit length.Thenwe have:
N-L Ax+B p

N[~ Ve iDx+E A

(4)
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Now we cansetup thefollowing recurrence:

Pi+1= pi +dp; (5)
Gi+1 = g +dg (6)
doj41 = dg; +d’q @

wherepg =B, dp=A, go = E = 1,dgg = C+ D andd’q =
2C.

Thisrecurrences evaluatedn theinnerloopfor the scan
line, alongwith |q = p/,/G, whichis thediffuseintensityfor
the pixel. For eachnew scanline we mustrecalculate, B,
C, D, po, G, dgo andd?q.

3. Euler Shading

If we have normalizedhormalsatthe edgeswve will getcor

rectintensitiesontheedgesandthenwe canuseaquadratic
polynomialto getapproximation®f theintensityfor thein-

terior of the polygon.To achieve good approximationsve

canborrav a methodoriginally usedfor solving differen-
tial equationsknown as Euler's method.It canbe usedto

approximatea curve with a knowvn startpoint anda given
derivative at eachpoint. We begin with the intensity at the
startpoint andaswe proceedn the x directionwe addthe
deriative to this value. The smallerthe stepwe choosethe
betterwill the approximatiorbe, but we will steponepixel

atatime. Therecurrenceve will useis:

Yit1 = Yi +dyi (8

Thederivative of Eq. (4) is:

. d _ 1 (dp pdq
d'—&(p/\/q)—ﬁ(&—jq&) ©)

This equationstill containsa squareroot so it will not be
efficient to computeit for eachstep.We will thereforeuse
anapproximatiorfor thedervative. We shallsimply usethe
linearinterpolationof the derivativesat the edgesNote that
g= 1lontheedgesthereforeghederivativesattheedgesare:

i _ (9pPa_ padda
dia = ( dx 2 dx (10)
i _ (9Po _ Ppdap
dlb_(dx 2 dx )’ (11)

wherepa=Na-L, pp=Np-L,dpa=dpp,=Aanddga =
D. At the otheredgewe will have dg, = 2nC + D. Then
we usetherecurrences 1 = 5 + ds to evaluatethe deriva-
tive with initial valuessy = dia andds = (diy, — dia)/n. Fi-
nally the Eulermethodfor approximatinghe Phongshading
cune will be

Pi+1=Pi+S (12)
St1=§+ds (13)

This approactrequiresthat the normalsat the edgesare
normalized.So, in somesensethis is animproved version
of fenceshading
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Figure 2: Differencein intensitybetweerPhongand Euler
shadingalonga scanline

3.1. Compensating for the Error

Sincethederiative we useis only anapproximatiorandthe
Eulermethoditself producesanapproximationwe will end
up with anothewaluefor pn thanp, ontheotheredge.This
is shavn in Figure 2 wherewe canobsere the deviation at
theright edge.

If we could computethe errorin advance thenwe could
linearly interpolatefrom 0O at the first edgeto the pre cal-
culatederror at the otheredgeand subtractthis value from
our approximatiorsothatwe will have correctvaluesatthe
edgesSincep; is calculatedasa recurrenceve know that
we will endup with thefollowing value

n?—n

pn = pa+ ndia+ ds. (14)

Note that,aswe addds to p we alsoaddds to s, yielding

theserie(1+2+3+...+(n—1))ds= “Zz_“ds Hencewe
know thattheerrorwill be:

€= Pn—Po. (15)

Andthenwe haveto computdy asp; — € aswell asg; itself.
Herewe candoasimplificationby settingupthisrecurrence:

Pi+1= P+t (16)
tip1 =ti+ds, (17)

wherede = €/N andtg = dia — de.

This will make surethat we will have correctvaluesat
the edgesas shavn in Figure 3. Note, that we still geta
quadraticapproximation.The reasonfor this is that if we
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Figure 3: Differencein intensitybetweenPhongand cor-
rectedEulershadingalonga scanline

subtracta linearfunction from a quadraticunction we will
still have a quadratidunctionastheresult.

3.2. Faster Computation

Thereare somepossibleimprovementsthat will male this
algorithmfaster We mustcomputedq, = 2nC + D for each
scanline, andwe will provethatdg, = —dga Whichis faster
to computesincewe only have to invertthe signof dga.

Proof We have dga = D = 2k - Na anddg, = 2nC+D =
2nk? + 2k - Na. We alsohave k = (N, — Na)/n, clearly:

Na-k = —Np-k. (18)
Usethisfact:
dgs = 2nk?® — 2Kk - Np, (19)
Expandnk?:
nk?=n (N = Nag]ng —Ne) 20
_2! Nna.Nb—Zk-N 2

Substitutefor thisin Eq.(19), then:
dgp = 4k - Np — 2k - Ny = 2k - Np, (21)
Finally Eq.(18) gives:
dop = —2k - Na (22)
O

We mustalsokeepin mind thatwe have to computethe
normalizedhormalsat the edgesTherefore we do nothave
to usethismethodfor scanlineswith only oneor two pixels,
sincewe canusethesenormalsdirectly.

. 2
We couldalsoeasilytatulate ™" sothatwe donotneed

to computeit for eachscanline.

4. Symmetry of the Normalization

We have proven thatdq, = —dda. This meansthatdq =0

in the middle of the scanline sincethe derivative of q is a

straightline. But ga = g, = 1, and q is a quadraticcure.

Sowe have a quadraticcurve over the scanline with same
valuesattheedgesandwith the extremepointin themiddle
of the scanline. Sincesucha curve mustbe symmetric we

do not have to computeq for the whole scanline sincewe

canreusethesevaluesfor the secondpart of the scanline.

Moreover this meanghatin Phongshadingwe only needto

compute,/q for thefirst half of the scanline andthenuse
the samevaluesfor the secondpart. We could do that by

shadingthe scanline bothfrom left to themiddleandatthe

sametime form right to themiddle.In thisway we alsoneed
only halftheamountof loopincrementsThis mustspeedip

Phongshadingsignificantly

In ourapproactwe couldmake useof thesymmetrywhen
we computethenormalizedhormalsatthe edges.

5. Adaptive shading

An interestingfact is that sometimesthe Phong method
will producethe samediscretecolor value asthe Gouraud
methodoverthewholescarline. An empiricaltestwasdone
wherethe differenceof Phongand Gouraudintensitieswas
multiplied with 255 andthentruncated and the numberof
scanlineswhich hadthe samecolor alongthe scanline was
countedWe usedatoruswhichwasmodeledwith adifferent
numberof polygons Eachtoruswasrenderedn 200frames
androtatedin thex, y andz directions.Tablel shavsin per
centhow mary of the scanlines could have beencomputed
with Gouraudinsteadof correctedEuler, with the samere-
sult.

Polygons Scanlines

288 54.9%
512 69.3%
800 80.9%
1152 89.0%

Table 1: Percentaye of scanlinesthat couldhavebeencom-
putedwith Gouraudinsteadof correctedEuler

The maximum differencebetweencorrectedEuler and
Gouraudalong a scanline could be found by differentiat-
ing the differencebetweentheir functions.Wherethis dif-
ferenceis zerowe have our extreme point. The deriative
for Gouraudis dp andthe derivative for correctedEuleris
to + nds. Solvingfor n gives:

_dp—tg

n ds

(23)
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Figure 4: Torus with 800 polygonsshadedwith the cor-
rectedEuler method

Sincewe have a recursionwe needa n which is aninteger.
Thereforewe needto truncateit anadd1 to make surethat
the whole 'step’ is done.Use this n to find the difference
betweerthefunctions:

n2

-n
5 ds) (24)

If | 8% 255% Ky |< 1.0 thenthe diffuse intensity could be
computedustaswell with Gouraudnsteadf correctedEu-
ler, sincethey would give the sameresult.

o= ndp—(nt()-l-

6. Evaluation of the Proposed M ethod

Sincewe will getanapproximatiorof the Phongcurve we
would like to know how closethis approximationis to the
correctPhongvalue.Sincewe will transformthis valueinto
a discretecolor value in the frame buffer, we could mul-
tiply our intensity value with 255 and then truncateit to
getaneightbit color depth.In Table 2 we have computed
theaverageandmaximumdeviation for Gouraud Eulerand
correctedEulercomparedo the correctPhongvalue.Once
again,eachtoruswasrenderedn 200framesandrotatedin
X, y andz directions. About 4 million pixelswhererendered
for eachobject.

It is obviousthatthe correctedEulermethodnotonly per
form muchbetterthan Gouraud,it alsocomevery closeto
the Phongvalue. An maximumdeviation of 1 is not much.
We couldevengetthatfrom roundingerrorsbetweerdiffer-
entimplementation®f the samemethod.And a maximum
deviation of 3is still notmuch,butin this casethetoruswill
not look goodaryway, sinceit hastoo few polygons.And
thisis truebothfor PhongshadingandcorrectecEulershad-
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Figure5: Phongshadedoruswith 800polygons

Gouraud Euler Corr. Euler
Polygons dev. max dev. max dev. max
288 1.08 15 0.75 21 0.081 3
512 0.60 9 042 10 0.033 1
800 0.38 6 0.28 6 0.016 1
1152 0.26 4 021 5 0.009 1

Table 2: Average and maximumdeviation betweenthe
Phongcurveandothermethods

ing. Thetablealsoshavs thatthe correctionis necessaryo
producea goodapproximation.

6.1. Highlights

Is the proposedmethodalso suitablefor computingN - H?
In Figure 4 we have usedthe correctedEuler methodfor
boththe diffuseandspeculaiintensity In Figure5 we have
usedDuff’s methodfor boththe diffuseandspeculainten-
sity. Sincethe correctedEuler methodwill produceinten-
sitiesthatlie very closeto what Duff’s methodproducesit
shouldwork well for speculacomputationsswell. And the
figuresshaws thatthisis true.

7. Conclusions

By usingtheproposednethodwe couldevaluatea quadratic
polynomial approximationfor the Phongcure in 2 addi-
tionsperpixel for bothdiffuseandspeculatight.

The methodwill produceresultsthatarewithin a single
intensitylevel from Phongshadingunlessthe differencein
anglefor the normalsat the edgesis large. The setup for
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eachscanline in the proposednethodrequiresthe normals
at the edgesto be normalized.The computationakostfor

this canbe decreasety half by usingthe symmetryof the
interpolatingnormalizingfunction.As asidecommenit has
beenpointedout thatthis symmetryalsocanbe usedto de-
creasahe computationatostfor corventionalPhongshad-

ing.

7.1. Futurework

This method should be more extensively experimentally
comparedo othermethodssuchasthosementionedn the
introduction.Is it really fasterandwill it producebetterre-
sults?For anexample Bishops methodwill notgive correct
valuesattheedgesandhave a large setupfor the polygon.

Sincewe have thederivative for thespeculatight, maybe
we couldusethisto make somedecisiorwhethemwe have to
computethe speculaintensityfor ascanline atall.

Maybe we also could gain somethingif we computed
(N-H)? in orderto getrid of the squareroot. The deriva-
tive will thenbesimpler

References

1. U. Behrens.Graphics GemslV, pp. 404-409(1994,
Boston).AcademicPressEditedby Paul Heckbert. 1

2. G.Bishop,D. M. Weimer Fast PhongShadingCom-
puterGraphicsvol. 20,No 4, 1986. 2

3. J. F Blinn, Modelsof Light Reflectionfor Computer
SynthesizeRicturesComputeiGraphics 11 (2) 192-8,
1977. 2

4. T. Duff, SmoothlyShadedRenderingsof Polyhedal
Objectson RasterDisplaysACM, ComputerGraphics,
Vol. 13,1979,270-275. 2

5. H. Gouraud,ContinuosShadingof Curved Surfaces
IEEE transaction®n computersvol. ¢c-20,No 6, June
1971. 1

6. A. A. M. Kuijk, E. H. Blake, Faster Phong Shading
via Angular Interpolation ComputerGraphicsForum,
8315-3241989. 2

7. S.Ouyang,D. E. Maynard,PhongShadingby Binary
InterpolationComput.& Graphicsvol. 20,No 6, 1996,
pp.839-848.2

8. B.T.Phong]lluminationfor ComputeiGenertedPic-
turesCommunicationsf theACM, Vol. 18,No 6, June
1975. 1

9. L. Seiler Quadiatic Interpolation for NearPhong
Quality Shading Proceedingsof the conferenceon
SIGGRAPH98: conferencabstractandapplications,
1998,Page268.

(© TheEurographicssociatior2001.



Hast,Barrera andBengtssor Euler Shading

(© TheEurographicssociatior2001.



