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Abstract
After almostthreedecadesand several improvements,Gouraud shadingis still more oftenusedfor interactive
computergraphicsthan Phongshading. One of the main reasonsfor this is of course that Phongshadingis
computationallymore expensive. Quadratic polynomialapproximationtechniqueslike Bishop’s methodcould
reducethe amountof computationin the inner loop to just the doubleof what is donein Gouraud shading. By
usingEuler’s methodweget anotherquadratic polynomialapproximationtechniquewhich is just as fast in the
inner loop, but it will alsogivecorrect intensitieson theedges,which wewill not get with Bishop’s method.By
computingthemaximumdifferenceovera scanline betweenGouraudshadingandtheproposedmethod,wecould
decideif Gouraudwill suffice. It is alsoshownthat linearly interpolatednormalsare normalizedby a symmetric
function.Thismeansthatwecouldreducetheamountof square rootsby thehalf in Phongshading.
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1. Introduction

Sincecurvedsurfacesarecommonlyrepresentedby a mesh
of polygons,a shadingalgorithmis usedto prevent thesur-
facefrom appearingfaceted.The fastestshadingtechnique
is known asGouraudshading5. In thisalgorithm, theinten-
sitiesat theverticesof thepolygonarecalculatedfirst. Then
the intensityof interior pixelsarecalculatedby usingbilin-
earinterpolation.This canbe doneby a forwarddifference
or recurrencesequencein just1 additionin theinnerloopfor
thediffuseintensity. For largerpolygonsGouraudshadingis
of limited usefor calculatingthespecularintensity, sinceit
tendsto smearout thehighlight over a polygon.If thehigh-
light fallsonto theinteriorof apolygon,it maynotbevisible
at all. Anotherdisadvantagewith Gouraudshadingis that it
tendsto producemoremachbandsthanPhongshading.An-
otherundesirableeffect is producedwhentheintensityat the

verticeshappento bethesame.Thentheintensitywill bethe
sameover thewholepolygon.

Phongshading8 overcomestheseproblemsby interpolat-
ing the normalsat the verticesover the edges.Thenthese
normalsare againlinearly interpolatedover the scanline.
Hence,we will have a normal at eachpixel, which can
be usedin the lighting calculation,and therefore,we will
get moreaccuratediffuseaswell asmoreaccuratespecu-
lar light. This takes,of course,significantlymoretime than
Gouraudshading,not at leastdependingon thesquareroot
neededin thenormalizationprocess.

A methodwhich is a compromiseis known as fence 1

shading.Normalsarelinearly interpolatedat the edgesand
arethenusedfor Gouraudshadingof thescanlines.Hence,
morecorrectintensitiesfor theedgesareobtainedandhigh-
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Figure 1: Difference in intensity between Phong and
Gouraudshadingalonga scanline

lightswill bemodeledbetterin thatthey aresmearedout for
eachscanline ratherthanon thewholepolygon.

The difference betweenPhong and Gouraud shading
along a scanline is shown in Figure 1 wherewe clearly
seethat Gouraudproducesa linearly interpolatedintensity,
whereasPhongwill producea curve. In this andthefollow-
ing diagramswe usenormalsthathave anangleof 60� be-
tweenthem.This is usedhereto make theillustrateddiffer-
encesmoreclear.

In Phong’s illuminationmodel,theintensityat eachpixel
on thepolygonscanbemodeledby summingtheintensities
of thediffuseandspecularcomponents,asfollows:

I � Kd
�
N � L ��� Ks

�
N � H � n � (1)

whereKd andKs arematerialconstantsfor the diffuseand
specularpropertyof the surface,respectively, N is the nor-
malvectorfor thesurface,L is avectorpointingin thedirec-
tion to the light source,H is the halfway vectorintroduced
by Blinn 3, which is thedirectionof the normalthatwould
givemaximumhighlight,andfinally n is theshininessvalue
whichaffectsthesizeof thehighlightedarea.

Similar modelscan be used,and someincludeambient
light and the intensity of the light source.Sometimesa
distanceterm is used,sincethe intensityof light becomes
smallerwith increaseddistance.PhongusedIs � �

R � V � n for
thespecularintensityinsteadof

�
N � H � n. But sinceBlinn’s

equationis adot productbetweenthenormalandaconstant
vectorit is similar to thediffuseintensitywhichalsois adot
productbetweenthe normal anda constant.Thereforewe
will focusonthelattersincewewill discusshow wecanuse
ourproposedalgorithmfor computingthespecularintensity
aswell asthediffuseintensity.

2. Previous Work

Duff 4 showedthat thedot productsin N 	 L

N 	 N couldbeeval-

uatedmoreefficiently by usingfinite differences.For suc-
cessive valuesof x it couldbeevaluatedwith 3 additions,1
divisionandonesquarerootperpixel.

BishopandWeimer2 tookadvantageof thefactthatmany
times an approximationis sufficient. They derived a Tay-
lor seriesfrom Duff ’s equation.This quadraticpolynomial
couldbeevaluatedwith only 2 additionsperpixel. Thead-
vantagewith this methodis thatwe do not needto compute
the squareroot at eachpixel. The disadvantageis that we
getanapproximationthatwill becorrectfor thepixel at the
middle of the polygon,but will get further away from the
correctintensityvalueasweinterpolatetheintensitytowards
theedges.Therefore,the intensityat theedgecouldbesig-
nificantly differentat thetwo polygonssharingthatedge.It
shouldalsobenotedthattheintensityis not calculatedon a
scanline basis.Their methodhasa large setup beforethe
intensitiesarecalculated,but thenwe canmove, bothalong
a scanline andbetweenscanlines,with just 2 additionsfor
eachstep.

Another quadraticinterpolationmethodwas introduced
by Seiler9, whichalsorequires2 additionsperpixel. In this
approacha shadingfunction is definedthatevaluatesto the
specifiedintensitiesat six samplepoints(the threevertexes
andeachedgemidpoint).

Otherapproacheshave beenintroducedby Kuijk6 andby
OuyangandMaynard7. Thefirst approachis basedonangu-
lar interpolationandwill give approximationsto thePhong
curve.Thelatterwill producecorrectPhongshadingbut by
usinga clever trick thenumberof squarerootswill be less,
andthereforeit is fasterthanPhongshading.

2.1. Fast Phong Shading

Let us first examinehow Duff ’s methodcould be imple-
mentedfor eachscanline, ratherthanfor a wholepolygon.
We want to computeN 	 L�

N
� , whereL is normalizedandN is

not,betweenthenormalsNa andNb on theedges,by using
a recurrence.Let N � kx � m alongthescanline from x1 to
x2, wheren � x2 � x1, k � �

Nb � Na ��
 n andm � Na. Now,
let:

N � L � Ax � B � p � (2)

whereA � k � L andB � m � L. And for thenormalization,
let

N � N � Cx2 � Dx � E � q � (3)

whereC � k2, D � 2
�
k � m � andE � m2. Note thatE � 1,

sincem � Na hasunit length.Thenwehave:

N � L�
N

� � Ax � B�
Cx2 � Dx � E

� p�
q � (4)
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Now wecansetup thefollowing recurrence:

pi � 1 � pi � dpi (5)

qi � 1 � qi � dqi (6)

dqi � 1 � dqi � d2q (7)

wherep0 � B, dp � A, q0 � E � 1, dq0 � C � D andd2q �
2C.

This recurrenceis evaluatedin theinnerloop for thescan
line,alongwith Id � p
 � q, whichis thediffuseintensityfor
thepixel. For eachnew scanline we mustrecalculateA, B,
C, D, p0, q0, dq0 andd2q.

3. Euler Shading

If wehave normalizednormalsat theedgeswewill getcor-
rectintensitiesontheedges,andthenwecanuseaquadratic
polynomialto getapproximationsof theintensityfor thein-
terior of the polygon.To achieve goodapproximationswe
can borrow a methodoriginally usedfor solving differen-
tial equations,known asEuler’s method.It canbe usedto
approximatea curve with a known startpoint anda given
derivative at eachpoint. We begin with the intensityat the
startpoint andaswe proceedin thex directionwe addthe
derivative to this value.Thesmallerthestepwe choosethe
betterwill theapproximationbe,but we will steponepixel
at a time.Therecurrencewewill useis:

yi � 1 � yi � dyi (8)

Thederivativeof Eq. (4) is:

di � d
dx

�
p
 � q��� 1�

q

�
dp
dx � p

2q
dq
dx ��� (9)

This equationstill containsa squareroot so it will not be
efficient to computeit for eachstep.We will thereforeuse
anapproximationfor thederivative.Weshallsimplyusethe
linearinterpolationof thederivativesat theedges.Notethat
q � 1 ontheedges,thereforethederivativesat theedgesare:

dia � �
dpa

dx � pa

2
dqa

dx � (10)

dib � �
dpb

dx � pb

2
dqb

dx � � (11)

wherepa � Na � L, pb � Nb � L, dpa � dpb � A anddqa �
D. At the other edgewe will have dqb � 2nC � D. Then
we usetherecurrencesi � 1 � si � ds to evaluatethederiva-
tive with initial values:s0 � dia andds � �

dib � dia ��
 n. Fi-
nally theEulermethodfor approximatingthePhongshading
curve will be

pi � 1 � pi � si (12)

si � 1 � si � ds� (13)

This approachrequiresthat the normalsat the edgesare
normalized.So, in somesense,this is an improved version
of fenceshading.

Figure 2: Differencein intensitybetweenPhongandEuler
shadingalonga scanline

3.1. Compensating for the Error

Sincethederivativeweuseis only anapproximationandthe
Eulermethoditself producesanapproximation,wewill end
upwith anothervaluefor pn thanpb on theotheredge.This
is shown in Figure 2 wherewe canobserve thedeviation at
theright edge.

If we couldcomputetheerror in advance,thenwe could
linearly interpolatefrom 0 at the first edgeto the pre cal-
culatederrorat the otheredgeandsubtractthis valuefrom
our approximationsothatwewill have correctvaluesat the
edges.Sincepi is calculatedasa recurrencewe know that
wewill endupwith thefollowing value

pn � pa � ndia � n2 � n
2

ds� (14)

Note that, aswe addds to p we alsoaddds to s, yielding

theseries
�
1 � 2 � 3 � ����� � �

n � 1��� ds � n2 � n
2 ds� Hence,we

know thattheerrorwill be:

ε � pn � pb � (15)

And thenwehaveto computeId aspi � εi aswell asεi itself.
Herewecandoasimplificationbysettingupthisrecurrence:

pi � 1 � pi � ti (16)

ti � 1 � ti � ds� (17)

wheredε � ε 
 N andt0 � dia � dε.

This will make surethat we will have correctvaluesat
the edgesas shown in Figure 3. Note, that we still get a
quadraticapproximation.The reasonfor this is that if we

c
�

TheEurographicsAssociation2001.



Hast,Barrera andBengtsson/ EulerShading

Figure 3: Differencein intensitybetweenPhongand cor-
rectedEulershadingalonga scanline

subtracta linear functionfrom a quadraticfunctionwe will
still haveaquadraticfunctionastheresult.

3.2. Faster Computation

Therearesomepossibleimprovementsthat will make this
algorithmfaster. Wemustcomputedqb � 2nC � D for each
scanline,andwewill prove thatdqb � � dqa whichis faster
to computesinceweonly have to invert thesignof dqa.

Proof We have dqa � D � 2k � Na anddqb � 2nC � D �
2nk2 � 2k � Na. Wealsohave k � �

Nb � Na ��
 n, clearly:

Na � k � � Nb � k � (18)

Usethis fact:

dqb � 2nk2 � 2k � Nb (19)

Expandnk2:

nk2 � n

�
Nb � Na � � Nb � Na �

n2� 2
1 � Na � Nb

n
� 2k � Nb

(20)

Substitutefor this in Eq.(19), then:

dqb � 4k � Nb � 2k � Nb � 2k � Nb (21)

Finally Eq.(18) gives:

dqb � � 2k � Na (22)

We mustalsokeepin mind that we have to computethe
normalizednormalsat theedges.Therefore,wedo not have
to usethismethodfor scanlineswith only oneor two pixels,
sincewecanusethesenormalsdirectly.

Wecouldalsoeasilytabulate n2 � n
2 sothatwedonotneed

to computeit for eachscanline.

4. Symmetry of the Normalization

We have proven that dqb � � dqa. This meansthat dq � 0
in the middle of the scanline sincethe derivative of q is a
straightline. But qa � qb � 1, andq is a quadraticcurve.
Sowe have a quadraticcurve over the scanline with same
valuesat theedgesandwith theextremepoint in themiddle
of thescanline. Sincesucha curve mustbesymmetric,we
do not have to computeq for the wholescanline sincewe
canreusethesevaluesfor the secondpart of the scanline.
Moreover thismeansthatin Phongshadingweonly needto
compute

�
q for the first half of the scanline andthenuse

the samevaluesfor the secondpart. We could do that by
shadingthescanline bothfrom left to themiddleandat the
sametimeform right to themiddle.In thiswaywealsoneed
only half theamountof loopincrements.Thismustspeedup
Phongshadingsignificantly.

In ourapproachwecouldmakeuseof thesymmetrywhen
wecomputethenormalizednormalsat theedges.

5. Adaptive shading

An interestingfact is that sometimesthe Phongmethod
will producethe samediscretecolor valueasthe Gouraud
methodover thewholescanline.An empiricaltestwasdone
wherethedifferenceof PhongandGouraudintensitieswas
multiplied with 255 andthentruncated,andthe numberof
scanlineswhichhadthesamecolor alongthescanline was
counted.Weusedatoruswhichwasmodeledwith adifferent
numberof polygons.Eachtoruswasrenderedin 200frames
androtatedin thex, y andzdirections.Table1 shows in per-
centhow many of thescanlinescouldhave beencomputed
with Gouraudinsteadof correctedEuler, with thesamere-
sult.

Polygons Scanlines

288 54.9%
512 69.3%
800 80.9%
1152 89.0%

Table 1: Percentageof scanlinesthatcouldhavebeencom-
putedwith Gouraudinsteadof correctedEuler

The maximum differencebetweencorrectedEuler and
Gouraudalong a scanline could be found by differentiat-
ing the differencebetweentheir functions.Wherethis dif-
ferenceis zerowe have our extremepoint. The derivative
for Gouraudis dp andthe derivative for correctedEuler is
t0 � nds. Solvingfor n gives:

n � dp � t0
ds

(23)
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Figure 4: Torus with 800 polygonsshadedwith the cor-
rectedEulermethod

Sincewe have a recursionwe needa n which is an integer.
Thereforewe needto truncateit anadd1 to make surethat
the whole ’step’ is done.Use this n to find the difference
betweenthefunctions:

δ � ndp � �
nt0 � n2 � n

2
ds� (24)

If � δ � 255 � Kd � � 1 � 0 then the diffuse intensitycould be
computedjustaswell with Gouraudinsteadof correctedEu-
ler, sincethey wouldgive thesameresult.

6. Evaluation of the Proposed Method

Sincewe will get anapproximationof thePhongcurve we
would like to know how closethis approximationis to the
correctPhongvalue.Sincewewill transformthisvalueinto
a discretecolor value in the frame buffer, we could mul-
tiply our intensity value with 255 and then truncateit to
get an eightbit color depth.In Table 2 we have computed
theaverageandmaximumdeviation for Gouraud,Eulerand
correctedEulercomparedto thecorrectPhongvalue.Once
again,eachtoruswasrenderedin 200framesandrotatedin
x, y andz directions.About4 million pixelswhererendered
for eachobject.

It is obviousthatthecorrectedEulermethodnotonly per-
form muchbetterthanGouraud,it alsocomevery closeto
the Phongvalue.An maximumdeviation of 1 is not much.
Wecouldevengetthatfrom roundingerrorsbetweendiffer-
ent implementationsof thesamemethod.And a maximum
deviationof 3 is still notmuch,but in thiscasethetoruswill
not look goodanyway, sinceit hastoo few polygons.And
this is truebothfor PhongshadingandcorrectedEulershad-

Figure 5: Phongshadedtoruswith 800polygons

Gouraud Euler Corr. Euler
Polygons dev. max dev. max dev. max

288 1.08 15 0.75 21 0.081 3
512 0.60 9 0.42 10 0.033 1
800 0.38 6 0.28 6 0.016 1
1152 0.26 4 0.21 5 0.009 1

Table 2: Average and maximumdeviation betweenthe
Phongcurveandothermethods

ing. Thetablealsoshows that thecorrectionis necessaryto
produceagoodapproximation.

6.1. Highlights

Is the proposedmethodalsosuitablefor computingN � H?
In Figure 4 we have usedthe correctedEuler methodfor
boththediffuseandspecularintensity. In Figure5 we have
usedDuff ’s methodfor boththediffuseandspecularinten-
sity. Sincethe correctedEuler methodwill produceinten-
sitiesthat lie very closeto whatDuff ’s methodproduces,it
shouldwork well for specularcomputationsaswell. And the
figuresshows thatthis is true.

7. Conclusions

By usingtheproposedmethodwecouldevaluateaquadratic
polynomial approximationfor the Phongcurve in 2 addi-
tionsperpixel for bothdiffuseandspecularlight.

The methodwill produceresultsthat arewithin a single
intensitylevel from Phongshadingunlessthe differencein
anglefor the normalsat the edgesis large. The setup for
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eachscanline in theproposedmethodrequiresthenormals
at the edgesto be normalized.The computationalcost for
this canbedecreasedby half by usingthesymmetryof the
interpolatingnormalizingfunction.As asidecommentit has
beenpointedout that this symmetryalsocanbeusedto de-
creasethecomputationalcostfor conventionalPhongshad-
ing.

7.1. Future work

This method should be more extensively experimentally
comparedto othermethodssuchasthosementionedin the
introduction.Is it really fasterandwill it producebetterre-
sults?For anexample,Bishop’smethodwill notgivecorrect
valuesat theedgesandhavea largesetupfor thepolygon.

Sincewehave thederivative for thespecularlight, maybe
wecouldusethis to makesomedecisionwhetherwehaveto
computethespecularintensityfor ascanline atall.

Maybe we also could gain somethingif we computed�
N � H � 2 in order to get rid of the squareroot. The deriva-

tivewill thenbesimpler.
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