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Abstract

Theuseof hyperpatbesasa methodor solid modellinghasa problem:thevalidity of themodelis notguaranteed.
Theproblemof ensuringthevalidity of hyperpatt representationsf solidsis discussedh thiswork,anda validity
conditionfor cubic uniform b-splinehyperpatbesis presentedOur validity conditionis basedon comparisons

amongpoints,andit is robustandeasyto implement.

1. Intr oduction

A volumetricdatasets a specialkind of non-homogeneous
solid in which eachpoint of its interior hasa differentprop-
erty valuevarying continuously Volumetricdatasetsanbe
usedto modelvolumetricsolidswith smoothshapes.

Hyperpatchegan be usedas a modelling tool with the
adwantageof beingableto modeltheinterior aswell asthe
boundarysurfaces.Also, hyperpatchesanbe editedeasily
by moving control pointsthat make themsuitablefor inter-
active design.

In ary representatioschemeyalidity is a very important
property-2 3, asit ensureghatwe cannot obtainrepresen-
tationsof meaninglessbjects.To applyalgorithmsto anin-
valid representatioof a solid may producebadresults.lt is
notagoodideato rely on humanoperatorgo ensurethe va-
lidity of themodel,becaus¢hecompleity of themodelcan
male it impossibleto checkits validity withoutthehelpof a
computerOntheotherhand,modelsarenot alwayscreated
by humansand,in this case,visual checkingof validity is
impossible.

Asvalidity isaveryimportantpropertyof arepresentation
schemeijt is essentiato develop an automaticconditionto
ensurethe validity of our hyperpatchesThis paperexplains
a simpleconditionof validity for uniform b-splinetri-cubic
hyperpatches.

2. Previouswork

There are several referencegdealing with the problem of
checkingif a hyperpatchis invalid. In this sectionwe out-
line them.
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The earlywork of Sederbeg andParry* focusedon free-
formdeformatiorstateghatthejacobianis averyinteresting
tool to determinetheinnerdistribution of pointsin theinte-
rior of a hyperpatchThey don't usethejacobianfor check-
ing validity, but to ensurethata deformationis volumepre-
serving.

Joy and Duchainea®, in the context of finding the sur
facesthat representthe boundary of a trivariate tensor
productb-splinesolid, proposea methodbasedon the Ja-
cobianthatcanbe seenasavalidity test.

They arenotinterestedn checkingif a solid is or is not
valid, but in finding the correctboundarysurfacesof that
solid. Using the implicit function theorem,they statethat
therealboundaryof thesolidis a subsebf theunionof aset
of parametrido-splinepatchesandthe isosurbcewherethe
determinanbf thejacobianis zero.They approximatéheja-
cobianby usingintenal techniquesndadaptve subdvision
of thedomainspace.

Gairf, in the contet of free-form deformationderivates
a validity testfor hyperpatcheshat is very similar to the
work of Joy andDuchaineauGain, like Joy, realizeshatthe
jacobianis zeroif andonly if thethreepartial derivativesof
the solid arelinearly dependentandthey usea conic-hull
hodographo boundthesederivatives.

The proposednethodworks by comparingrelative posi-
tions of the control pointsof the hyperpatchHis methodis
a sufiicient conditionandso, it restrictsthe rangeof allow-
ablefree-formdeformationsbut it canbeusedrepeatedlyn
shortstepsto achieze the sameresultwithout obtainingan
invalid deformation.

Anotherslightly differentapproachs provided by Choi
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Figure 1: Uniform cubic b-splineblendingfunctions.Each functionis nonzeo only in four intervals of length 1. Moreover,

ead functionis a shiftedcopyof oneanother

andLe€’. They areinterestedin developing an injectivity
(validity) conditionto be usedin the context of 3D morph-
ing. And so, their conditionis basedon control points dis-
placementatherthanin positionsof thatcontrolpoints.

ChoiandLeedonotusea conic-hullhodograptto bound
the columnsof the jacobiandeterminantjnsteadthey use
3D regionsto boundits rows. Thatallows themto derivatea
sufficient conditionto determindf the hyperpatchis invalid
in termsof pointsdisplacement.

Another interestingwork dealing with the validity of
sweptgeometricentitiesbasedf thejacobianis®.

3. Mathematical preliminaries

Hyperpatchesrewell knovn mathematicatools, andthey
have beensuccessfullyappliedto solid modellind. Priorto
exposingour work, let us explore someknown conceptge-
lated to hyperpatchega more detailedexplanationcan be
found in 19), and define someuseful terminology that we
emplag laterin this paper

A hyperpatch(also called parametricsolid) is a set of
pointslimited by patchesThe coordinatesf thesepoints
aregivenby threecontinuoussingle-aluedfunctionsof the
form:

X = X(UWW) ¥ = y(U W) 2= 2(u,%w)

wherethe parametricvariablesu, v andw are constrained
to the intenal [0, 1], therefore,a hyperpatchis a paramet-
ric mappingof a solid domain (a unit cube) into three-
dimensionalspace.The domain of the mappingis called
parametricspacel andhasaxesU, V andW, andits range
is calledmodellingspaceR® andhasaxesX, Y andZ.

The shape of the hyperpatchis given by a three-
dimensionalgrid I of arrangedthree-dimensionapoints
Gijk € R® called geometric coeficients or contmol points
anda setof blendingfunctionsthat appliesover the control
points.

Thecoeficientsin I areorderedaccordingto its indices,

thus, we can establisha coordinatesystem (called index
spacg | with axesl, J andK in which the coeficientsare
ordered.Let g, jx andg;,jk be two pointsin I', we saythat
Gi,jk is lessthang;,jk with respectto the axis I, and note
i jk <), Gizjks if i1 < i,. Similarly we canestablisranorder
in theothertwo axisJ andK.

Fixing the value of one of the parametricvariablesre-
sultsin a surface on the hyperpatchin termsof the other
two variableswhich remainfree. Thesesurfacesare called
iso-surfacesTherearethreefamilies of iso-surbiceswhich
areobtainedby fixing eachoneof thethreeparametriovari-
ables.If the hyperpatchS(u, v, w) is valid, only onesurface
of eachfamily passeshrougheachpointp = S(u, v, w). Two
iso-surficesthat have fixed the samecoordinateare called
parallel, andthey arecalledperpendiculaiif thefixedcoor
dinateis differentin eachone.

Theiso-curvesarefunctionsof oneof thethreeparamet-
ric variables We obtainthemby fixing two of the variables
while thethird oneremaindree.Again, therearethreefam-
ilies of iso-cunesand, if the hyperpatchS(u, v,w) is valid,
only oneiso-cune of eachfamily passeshrougheachpoint
in the solid p = S(u,v,w). We call Cp(d) to aniso-cune
which hasthe parametridirectionD € U = {U,V,W} free,
de[0,1],d € {u,v,w}.

Thetangentvectorof a hyperpatctS(u, v,w) in onepara-
metric direction D € U = {U,V,W} evaluatedin a point
u = (u,v,w) , S°(u,v,w), is the vector that we obtain by
evaluatingthe parametriaeriative:

0S(u, v, w)

SD _ ) Vy

whered € {u,v,w}. Therearethreefamiliesof tangentvec-
tors which are obtainedby derivating with respectto each
oneof thethreeparametriccoordinates.

We candefinedifferentblendingfunctionsto obtaina hy-
perpatchwith differentfeaturesWe areinterestedn hexag-
onal uniform tricubic b-splinefunctionsbecauseahey have
thefollowing features:
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Figure 2: In ead unitinterval only four uniform cubic b-splineblendingfunctionsare nonzeo. Thisfigure showsthe portion
of eadh blendingfunctionthat appliesin a giveninterval (left), andthe derivativesof thesefunctions(right).

e The degree of the mappingis cubic in eachparametric
variable,sothehyperpatchtequatioris atricubic function.
A setof cubicblendingfunctionscombinesghe effectsof
I x mx n geometriccoeficients gjjk, with I,m,n> 4 to
obtainthe shapeof the hyperpatchWe have chosercubic
blendingfunctionsbecaus¢hey have enoughlexibility to
modelcomplex shapest the sametime asthey maintain
numericstability.

e The b-spline blending functions are piecavise polyno-
mial, this meanghatwe have local controlover theshape
of the hyperpatch.Let S(u,v,w) be a uniform tricubic
hyperpatchdefinedby | x m x n geometriccoeficients,
it is formedby (I —3) x (m— 3) x (n— 3) polynomial
segmentsS;jk(u,v,w), i =0,...,1 =3, j=0,...,m=3,
k=0,...,n— 3, calledsub-hyperpatoes
Eachblendingfunctionis nonzeroonly over four succes-
sive sggments thereforethe effects of eachcoeficientis
limited to only four sggments(seefigure1). Theshapeof
eachsub-hyperpatcrs givenby only 64 (4 x 4 x 4) of the
coeficientsin I'. We call ' j to thesubgridof coeficients
thatdefinethe shapeof the sub-hyperpatciS;jk(u, v, w).

e Uniform blendingfunctionsimply thatthe functionsare
all translate®f oneanother(seefigure 1), this corvention
allows usto usethe sameformulasin computingeachhy-
perpatchsegment(sub-hyperpatch)n eachsegmentfour
shiftedblendingfunctionsareappliedfor eachparametric
variable. The equationsof the blendingfunctionswhich
areappliedin agivensegmentare:

bog(u) = §(1-u)®
bya(u) = 1(4—6u +3u3)
bpa(u) = 5(—3u®+3u? +-3u+1)
b 3(u) = 3u®

andtheir derivativesare:
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b 3(u) = I%(l u)?

/

1.3(u) = 3(—4u+3u%)
b) 3(u) = 3(1+2u—3u°)
b5 3(u) = 3u?

e The hexagonaluniform tricubic b-spline functions pro-
vide a wide set of solids for designpurposesOne can
easilydefinemary polygonalsolidsandcloseaproxima-
tionsto spheres This is suficient for the kind of solids
we areinterestingon.
seefigure 2.

For corveniencewe supposethat all are constrainedo
the intenval [0,1], thus, the equationof a sub-hyperpatch
Sijk(u, v w) is:

3 3 3

Sijk(u,v,w) = ZO Z) Z)br,S(U)bS,S(V)bt,3(W)gi+r, j+sktt
r=0s=0t=

whereGijk = {Gitr,j+sk+t / St =0,...,3}.

Definition 1 Spanof coeficients
Let Sijk(u,v,w) beasub-hyperpatclefinedby the 64 coef-
ficientsin I'jjx. We call spanof coeficientsa to eachsubset
of four coeficientsthatwe obtainby fixing the valueof two
of theindicesin | while thethird index remainsfree, (see
figure 3). For example: cr kt is the spanof coeficients of
[ijk formedby thepoints:

Clr] t = {941, j+skst,5=0,...,3}
theminussign(-) indicatestheindex thatremainsftree.
We considetthataspanof coeficientsa is locally orderedif
thecoordinatesn themodellingspaceR® of thecoeficients
in o areorderedin the sameway thanthe coordinatesn the
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Figure 3: This picture showsthe grid I' of geometriccoef-
ficientsof a hyperpatb and someof the spansdefinedin it
(thick lines).

index spacel. For simplicity we call gq to the four coefi-
cientsof the spanag, thuswe saythato is locally ordered
if:
vqe {0,1,2}
(g <xg+1VXg > Xgt1) A
(Ya <VYg+1VYq > Ygr1) A
(29 L Zg41VZq > Zg41)

Definition 2 Slice of coeficients

Let Sjk(u,v,w) beasub-hyperpatchefinedby the 64 coef-
ficientsin k. We call slice of coeficients to eachsubset
of sixteencoeficientsthatwe obtainby fixing the value of
one of the indicesin | while the othertwo indicesremain
free, (seefigure4). For e<amp|ezz'jkft is theslice of coefi-
cientsof I'jjx formedby the points:

ik
ZI—J—t = {Gi4r,j+skst 1,S=0,...,3}

theminussign (-) indicategheindicesthatremainfree.
Using the orderdefinedin the index spacel, we canorder
theslicesof coeficients. Thuswe saythat:

ijk ijk
s < Zoe
if $1 < 5. Andif thedistancd s, — s, |= 1 we saythatslices
Z'_'ksl_ andZ'_’kSZ_ arecontiguous

Two slicesthat have fixed the sameindex are called paral-
lel, andtwo slicesthathave differentfixedindicesarecalled
perpendicular

Eachslice definesa uniform bicubicb-splinesurfaceS. The
geometriccoeficientsof S arethe sixteenpointsthatform
thesliceZ.

If we take the four surfacesdefinedby the four slicesthat
have fixed the sameindex, and we evaluatethosesurfaces
by usingthe samevaluesfor its two parametriccoordinates,
we obtainfour pointsthat are the geometriccoeficients of
aniso-cune C. This iso-cune is perpendiculato the four
surfaces thatis, the free coordinatesn C correspondvith

Figure 4: Thispicture showsthegrid I' of geometriccoefi-
cientsof an hyperpatt. Thefour sliceswith the index | fix
are markedwith thick lines.

Figure 5: This figure depicts four slices of coeficients,
the four uniform bicubic b-spline surfacesthat they define
(shadedin grey), and one iso-curveC (thick line) defined
by four pointsobtainedby evaluatingthe surfaceausingthe
sameparametricvalues.

thefix indicesin theslicesthatdefinethesurfaceqseefigure
5).

Definition 3 Sliceskin of coeficients

A slice skin 2k, is the surfacedefinedby the nine bilinear

patcheghatwe obtainby taking groupsof four contiguous
coeficientsin Z, (seefigure 6). For example:Zk'_”;_ is the

bilinearsurfacedefinedby theninepatchesvith coeficients:

Gitr,j+sktts Gigr+1,j+sk+ts
Gitr,j+skrt+1s Gitr+1, j+sk+t+1
withr,t =0,...,2.
Two slice skinsthat have the samefixed indicesare called

parallel, andtwo slice skinsthathave differentfixedindices
arecalledperpendicular

(© TheEurographic#ssociation2001.
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Figure 6: Each slice skin is a hilinear surfaceformedby
ninebilinear patthes.Thispicture showsthefour slice skins
with theindex | fix.

4. Validity condition

A uniform tricubic b-splinehyperpatchis invalid whenthe
parametridunctionS(u, v,w) is notsingle-valued(notinjec-

tive) over the domainU. Therearetwo differentsituations
in which S(u,v,w) is not injective’: First, whentwo differ-

ent injective sub-hyperpatcheimtersect,and secondwhen
anindividual sub-hyperpatcks notinjective. Let usexplore
thesesituationsseparately

4.1. Intersection of two valid sub-hyperpatches

Two valid sub-hyperpatche§;, j.x, and§;,j,k, intersectif
their borderiso-surfcesintersector if one sub-hyperpatch
is completelyinsidethe other

If thesub-hyperpatchearecontiguousthatis, if:

(|T2=i1]=1Aj1=j2Aki = kp)V
(ii=i2A[j2—J1|= 1Ak =ka)V
(i1=i2Aj1=j2A ke —ki|=1)

it is clearthatthey do notintersectbecausehey sharethree
slicesof coeficients. Thus, we can avoid to checkthe in-
tersectionof a sub-hyperpatchvith its six contiguoussub-
hyperpatches.

If they arenotcontiguousve canperformtheintersection
testvery fastif we usethefollowing hierarchyof tests:

1. If theintersectionof the boundingboxes alignedto the
main axes X, Y and Z of the geometriccoeficientsin
Gi,jik, @andGj,j,k, is empty thenthe sub-hyperpatches
Si,jik, andS,j,x, donotintersect.

This happensecausehe uniform tricubic b-splinehy-
perpatcheshold the strong corvex-hull property (that
statesthat eachsub-hyperpatclis completelyinside of
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the corvex-hull formed by the 64 coeficients that de-
fine its shape),and becausehe corvex-hull of a sub-
hyperpatchs completelyinside of the boundbox of its
coeficients.

In mostcaseghisis theonly testthatwe needto perform.
If thistestfails, we performthe next test.

2. If the intersectionof the convex-hulls of the geometric
coeficientsin Gj, j,k, andG;,j,k, is empty thenthe sub-
hyperpatches§;, j,, andS;, j,k, donotintersect.

Again this is true dueto the strongcorvex-hull property
of theuniformtricubic b-splinehyperpatches.

3. If testsl and2 fail, we have to calculatetheintersection
of theborderiso-surfices.

4.2. Validity of a sub-hyperpatch

The validity of a sub-hyperpatclis not easyto check.Al-

thoughwe canthink that if noneof the slice skins Zk of
coeficientsof a sub-hyperpatcintersectary otherparallel
slice skin, then, the sub-hyperpatclis injective, this is not
true.A sub-hyperpatchanloseits injectivity evenalthough
its parallelslice skinsdon't intersect(seefigure 7), soa va-
lidity conditionis needed.

Theorem 1 Thevalidity condition

Let Sjjk be a uniform tricubic b-splinesub-hyperpatctthe
sub-hyperpatclg;ji is valid if it holdsthe following condi-
tions:

1. All its spanso of geometriccoeficientsarelocally or-
dered.
2. Noneof its parallelslice skinsZk intersecto eachother

Proof

We aregoingto prove the theoremby contradiction Let us
supposethat the sub-hyperpatct;jx holds the conditions
statecby thetheorembut it is invalid.

Applying the implicit functiontheoremthe jacobiandeter
minantof thefunction§jx is zeroin somepointof the para-
metricdomainU.

OXijk  OXijk  OXijk

JueU / [A(Sjkuyww)|=| B A Tk =0

This jacobiandeterminantanonly be zeroat u if andonly
if in thepointu = (u,v, w) of theparametricspacelJ thevec-
OXijk OYijk 0z OXijk OYijk 0z OXijk OYijk 0z

tors (a0 “au > au ) (Cav's v av ) @NACH5 s aw )
arelinearly dependent.

As these vectors are the tangent vectors of the sub-
hyperpatctevaluatedn u, SiDjk(u), in eachparametriairec-
tion D € U = {U,V,W}, this meanghatthe jacobiandeter
minantcanonly be zeroif someof thefollowing conditions



Condeand Torres/ Validity Conditionfor B-SplineHyperpatbes

Figure 7: Thisfigure showsan exampleof a sub-hyperpatethatis invalid althoughnoneof their slice skinsintersectanyother
parallel sliceskin.Left we canseetheentire sub-hyperpate andright we canseeonly a slice of sixteencoeficientsfor clarity.

Figure 8: Thisfigure showsan exampleof a sub-hyperpate that is invalid althoughall their spansof coeficientsare locally
ordered. Left we can seethe entire sub-hyperpate andright we canseeonly a slice of sixteencoeficientsfor clarity.

occurs:onetangentis zero,or the threetangentdie in the
sameplane.Let usstudythesesituationsseparately

1.

OnetangenwectorSP(u) is zero.

This meansthat the first derivative of the iso-cune Cp
passinghroughu is alsozero,(Cp is notregular).

The derative of aniso-cune Cp(d) canbe expressed
as:

dCp — lim CD(d+Ad)—CD(d)

“ad  ad—o Ad

If dCp/ad is zero,thisimpliesthatcloseto u, alittle in-
cremenf d, Ad in the parametricspacecannotproduce
anincrementin the modellingspacd?3.

Thepointsover aniso-cune Cp aretheblendof thegeo-
metric coeficientsof thatiso-cune by usingthe uniform
cubic b-splineblendingfunctions.As we canseein fig-
ure2 (left), all theportionsof the blendingfunctionsthat
applyin aniso-cure aremonotonic.

Thefirst two blendingfunctions,(thosethatapplyto the
first two geometriccoeficientsof theiso-cune), arede-
creasing,while the last two blendingfunctions, (those
thatapplyto thelasttwo coeficients),areincreasing At

the sametime asd increasesthe blendingfunctionsthat
apply over the two first coeficientshave a minor value,
while the blendingfunctionsthatapply over the two last
coeficientshave agreatevalue.

The geometriccoeficients that define the shapeof the
iso-cune arelocally orderedbecauseahey arethe result
of blendingof the coeficientsin four slicesof the sub-
hyperpatchthataccordingto thetheoremarelocally or-
deredand do not intersect.Therefore the speedof that
iso-cune cannotbe zerosincethe curwe is the blend of
coeficientslocally orderedblendedby functionsthatare
monotonic.The only way thatthe iso-cune be not regu-
lar is thatthe coeficientsbenotlocally ordered.

Thus we reacha contradiction,due to the fact that we

(© TheEurographic#ssociation2001.
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supposethat onetangentvectorsD is zeroin the sub-
hyperpatch.

. The threetangentvector evaluatedin u € U lie in the

sameplane.

Let P be the planecontainingthe threetangentvectors
&Y (u), 8'(u) andsV (u).

The three tangentsshould be linearly independente-
causethey correspondo perpendiculaparametriairec-
tions. If they are coplanariesn u this is dueto the fact
that sometangenthasbeenreorientedandis locatedin
theplaneP formedby the othertwo tangentsWe arego-
ing to call D to thedirectionof thereorientedangent.

If SP isonthe planeP thentheiso-cune Cp thatpasses
throughu intersectgheplaneP morethanonce.Theuni-
form cubichb-splinecurveshold thevariationdiminishing
property!, henceit follows thatthe control polygonalof
Cp mustintersectthe planeP alsomorethanonce.And
thisimpliesthatthecontrolpolygonalof Cp is notlocally
ordered.

But the control pointsthatdefinethe shapeof Cp arethe
blendof the coeficientsin four slicesthat, applyingthe
theorem,arelocally orderedanddo not intersectsothe
controlpolygonalof Cp is locally ordered.

Again we reacha contradiction,dueto the factthatwe
supposehatonetangent/ectorSD isontheplanedefined
by the othertwo tangentvectors.

O

Conclusions

The conditionpresenteds suficient but not necessaryThis
meanghatsomesub-hyperpatchdbatarevalid donothold

it.
1.

Evenso, it is avery usefulconditionsince:

It is robustbecausé¢herearenot specialcasesandso, it
worksfine on all the sub-hyperpatches.

. It works by testing relative positions betweencontrol

points and not testing displacementof control points.
This makes it very useful not only to determineif the
movementof a control point hasviolatedthe injectivity
of the sub-hyperpatchbut alsoto determineif a given
hyperpatchs valid or invalid.

. It is suitablefor interactve modellingof solidsbecause

the uniformtricubic b-splinesolidsarelocal, anda mod-
ification over a little setof geometriccoeficients hasa
limited effectin theshapeof thesolid. Thereforethecon-
dition mustbetestedonly on alimited setof coeficients.

. It is simplebecausét works only by comparingrelative

positionsof geometriccoeficients,and so, it is easyto
implementand very fast. This allows us to manageef-

(© TheEurographicsAssociation2001.
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ficiently solids definedby a greatnumberof geometric
coeficients.

. The condition restricts the shape that the sub-

hyperpatchesantake, but it doesnt restrictthe expres-
sive pawer of the representatiormodel since we can
modelall the solidswe needby increasinghe numberof
sub-hyperpatchethat form the hyperpatch Seethe ex-
ampleof figures9, 10and11.
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Figure 9: Thisfigure showshow by increasingthe numberof sub-hyperpattes,we can modelsomeshapeswvhich are almost
identical to thoseonesrejectedby the validity condition.On the left, we can seea rejectedlattice, (someof its spansare not

locally ordered).Ontheright, a similar lattice to theoneontheleft, but acceptedy thevalidity condition.For clarity, weshow
a simplifiedview here. In figures10 and 11 we canseescreenshot®f the currentapplication.

SL (Solid Libvary) v3.0

Chack Completa: this Ayperpatch i vaid I

Figure 10: In this picture we showan actualapplicationof our validity condition. Thisis a perspectiveview of figure 9 (right).

the variationdiminishingpropertyof b-splineapproxi-
mation”, Journal approximationtheory, 37(1), pp.1-4
(1983).
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Figure 11: Thisis a parallel view of figure 9 (right).
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