Sephen J. Guy et al. / PLEdestrians

Appendix A. Derivations and Proofs

A.1l. Proof of Lemma 1 (Nature of Min. Energy Path)
Proof: Consider a small segment of lengtlx along the

path. Assuming a speed @k along that segment, the to-

tal energy expended to traverse the distadgeis equal

to: Ex = M (es+ ew|vx|?)dt = m(es+ ew|vx|?) (dx/|vx|) =

m(es/|Vx| +ew|vx|)dx. In order to minimize the energg%

= 0 implies m(—es/|vx|? + ey)dx = 0. Therefore,|vy| =

\/(es/ew). In order to minimize the total energy expended,

the agent needs to traverse each segment of lehgfand

hence the whole path) at a speed+g{es/ey). For a to-

taI path Iength oL, the total energy expended evaluates to
(esew) ++/(esew))L = 2mL/(esew). The above state-

traverses CO-continuous trajectory. In order to provettat
velocity of the agent is CO-continuous, we need to prove that
our energy minimization formulation (Eqn. 4) computes ve-
locities that vary in a CO-continuous fashion.

Consider the agerk. We assume that the region of per-
missible velocities changes in a CO-fashion (i.e. for any
boundary curve ofPVa, and a point on that curve, the
path traced out by that point, with change in time, is CO-
continuous). Furthermore, the boundary curves themselves
are continuous, with at least CO continuity at their end fsoin

Consider the boundary segment along which the energy
function is minimized. Note that all the coefficients in E4n.
are either constant or vary with the positions of the agedt an

ment also implies that the agent needs to take the shortestits neighbors. To minimize Eqn. 4, we set the partial deriva-

path available from its source to destination in order to re-
duce the total distance traversed, and correspondingly the
total effort (or energy) expended.

A.2. Objective Function of Eqn. 4 isa convex function
Refer to Section 3.1 for notations and figur&syv,®")

Mt (&5 + ew |V |2) +2m/Ga — pa — V| /(esew)
= mues + muey Vi |2 + 2muy/(esew \V —(Ga—pa)/T|

It follows from first pr|n0|ples of convex function8j04]
that |[Vi®"|2 and [vi®' — (Ga — pa)/1| are individually con-

vex functions. A weighted sum (with all positive weights) of
convex functions is also@nvex function. Since bothmtey
andnm/(esew) are greater tharero, E(Vi®) is convex.

A.3. Minimaof Eqgn. 4 lieson the boundary of PVa
It follows from Lemma 1 that/‘m =/ (es/ew)(Ga—pa)-

Let Vi@ = (xy). To find the minima of the objective func-
tion, we set"E(VA ) =0 and%;) = 0, which impliesx/y

= (G~ Pa)x/(Ga— Pa)y. Also, X2 +y? = es/ey. Hence,
VAW =va®.In case/fi“sgz PVa, we need to compute the opti-
mal point within the region of permissible velocitie®y).
We now provevi® lies on a linear boundary segment by
contradiction. Assume the optimal velocity (= Vi?") lies
strlctly |nS|de thePVa region. Consider the segment joining
V' to v . SinceE(vi®") is convex, its projection function
along any line would also be conveBY04]. SmcevdAes is
theglobal minimum, E(vi)®") is strictly increasing along the
line segment fronvd“s toV'. SinceV’ is insidePV,, the seg-
ment intersects thé’VA at a point for which the objective
function evaluates to a smaller value. Hertes not the op-
timal value, and we have arrived at a contradiction.

A.4. Proofsof Lemma2and Lemma 3
Proof of smoothnesd_emma 2). Proof: To show that the

trajectories generated are C1l-continuous, we need to prove
that the paths are CO-continuous, and their derivativeyge
locity) is also CO-continuous. We first assume that discrete
time steps of the underlying simulation approach zero in the
limit. Our simulation displaces the agent by the product of
the instantaneous agent velocity and the time change (Eu-
ler integration). Since time varies CO-continuously, therg
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tive of the objective function of Eqn. 4 to be equal to zero.
This results in finding the roots of a polynomial equation,
whose coefficients trace a CO-continuous path. A polyno-
mial equation with CO-continuous coefficients also has CO-
continuous roots@oo0d. Hence as long as the minimum
lies on a specific boundary curve, the path traced by the ve-
locity is CO-continuous. Furthermore, as the minima change
from one boundary curve to another curve, the partial deriva
tive at their common end point should also evaluate to zero
(follows from the CO-continuity of th®Va boundary curves

at their end points).

Lemma 3: The total effort expended by an agent us-
ing our optimization formulation iguaranteed to be within
(1/2)/(1— p) of its optimal total expended effort.

Proof: Assume there exists a straight line path from the
source to the destination of length Furthermore, we as-
sume that the start and the goal positions of the agent are
not congested. During the course of the simulation, the
agent moves through phases of non-congestion (at speed

(es/ew)) and congestion (fop of the simulation time).
During non-congestion, the agent makes progress by ex-
pending the minimum amount of energy towards its goal.
During congestion, the underlying collision avoidance al-
gorithm provides a set of velocities to make progress to-
wards the goal. Although the velocity may not be directed
towards the goal, we assume that the system assures forward
progress. In the worst case, the agent may move in a direc-
tion tangential to the desired one — thereby traversing &sem
circle. Hence, the total distance traversed by the agenbenay
(172) times greater than the shortest possible distancee Sinc
the agent is in congestion for a fractipnof total simula-
tion time, the total amount of expended energy is less than
2L/ (esew))(172)/(1-p), which is not more thanm(2)/(1p)
times the least possible energy possible.

References

[BV0O4] BoYD S., VANDENBERGHEL.:
Cambridge University Press, 2004.

[Co008] GooLIDGEJ. L.: The continuity of the roots of an al-
gebraic equation. Ifhe Annals of Mathematics (1908), vol. 9,
pp. 116-118.

Convex Optimization.



