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Abstract
Tabulated Sphere Subsets (TSSs) provide a fast way to approximate collision tests between objects whose motion
is constrained. A TSS is a subset of a set of spheres that approximate the shape of two objects that might collide.
The subset represents only those spheres that can collide under the constrained motion.
A TSS is created in three steps: 1) approximating the mesh with spheres; 2) searching the space of possible motion
to find which spheres may collide: 3) extracting the spheres required for collision tests and building the table.
We applied TSSs to jaw motion and skin/muscle interaction in a model dog and measured the number of spheres
generated and the number of calculations needed for collision tests. In these cases TSSs outperforms several
standard techniques.

Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Three Dimensional Graphics and Realism]:
Animation, I.3.5 [Computational Geometry and Object Modelling]: Physically Based Modelling

1. Introduction

Object interaction often implies collision detection. Colli-
sion detection is important in computer graphics. In games,
it needs to be fast. The most used strategies for collision de-
tection in polygonal meshes are hierarchical bounding vol-
umes and axis aligned bounding volumes [HEV∗04]. It is
suggested that methods based on boxes bound the geome-
try more tightly implying fewer hierarchical levels and faster
performance [GLM96].

However, the intersection test between spheres is simple
and an object can be approximated with spheres successfully
[Hub96]. O’Rourke and Badler [OB79] present an algorithm
to tightly approximate an object with spheres by anchoring
big spheres to points on the object and shrinking the spheres
until they just fit inside. Hubbard [Hub96] and Bradshaw
and O’Sullivan [BO02] use automatically generated sphere
hierarchies for an effective search structure which tightly
approximates the mesh. They approximate the medial axis
to guide spheres’ placement (medial axes are more accurate
than spatial subdivision [BO02]). The medial axis can be ap-
proximated using Voronoi diagrams [SFM05]. Construction
of one sphere can be done in several ways. Welzl [Wel91]
offers a permutation technique to find optimal spheres from
a set of points. Hierarchies require the construction of the
spheres surrounding a set of spheres for merging adjacent

spheres [BO02]. Fischer and Gärtner [FG03] use rational
arithmetic and Kumar et.al. [KMY03] use core sets to find
minimal spheres from other spheres. In a sphere hierarchy,
an initial bounding volume test is followed by rejection of
non colliding objects or identification of regions of potential
collisions using a sphere tree which approximates the geom-
etry. Then, the actual geometry of the object is tested in the
regions identified.

We introduce TSSs, a technique for constrained interact-
ing bodies which has the advantages of: 1) reducing the num-
ber of tests and computations; 2) relying on a simple opera-
tion; 3) using a simple data structure; 4) providing flexibil-
ity. It has three phases: spheres generation; colliding spheres
search; spheres reduction and tabulation.

2. Tabulated Spheres Subsets

TSSs are a tabulated selection of the colliding spheres from
the spheres’ approximation of two interacting meshes with
constrained degrees of freedom (DOF). A TSS indicates
which spheres from one mesh must be tested for collision
with which spheres from another mesh. Figure 1a shows ob-
jects A and B with 1 DOF. Here, Ms is the spheres’ approxi-
mation of a mesh. Figure 1b shows the subset Msc of spheres
which collide on motion. Figure 1c shows the smallest sub-
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set found, Msm (several redundant colliding spheres were re-
moved). Figure 1d shows the minimal subset Mss (only non
redundant colliding spheres). The typical tabulated sphere
subset of the two objects is the table TSSAB = MA

sm ×MB
sm.

Ms can be volumetric (Figure 1a) or surface (Figure 1e). The
steps for generating a TSS are described next.

Sphere generation: Sphere generation can be done in
many ways. We use a simple algorithm. For volumetric Mss
we use a heuristic method to avoid inside / outside tests
and random number generation. Radius growth is calculated
along a line as in Figure 1f. Here, δt is found heuristically.
In Figure 1g, we take the first point as a middle point from a
triangle in the mesh (m1) and grow the radius (r) towards a
direction opposite to the normal (N). In Figure 1h, once we
find the second point (m2, middle point in other triangle),
we obtain the middle point (mL) between m1 and m2 and
grow the sphere in a direction which goes from mL to the
centre of the old sphere (c). In Figure 1i, once we find the
third point (m3, middle point in other triangle), we obtain
the middle point (mT ) of the triangle formed by m1, m2 and
m3 and grow the sphere in a direction which goes from mT
to the centre of the old sphere (c). The algorithm stops when
a fourth point or a threshold radius is reached. For surface
Mss we associate each vertex of the mesh with a sphere.

Colliding spheres search: this phase requires knowledge
of the kinematics of the interacting objects to explore the
space of motion and creates a table with all the collisions that
occurred. In the case of the dog skull - mandible complex,
kinematics can be implemented with two angles which con-
sider opening / closing and lateral motion. The space is ex-
plored from many directions to diminish unexplored holes.
In the case of the skin - Frontalis interaction, kinematics can
be implemented contracting and expanding the muscle in all
anatomically possible directions.

Spheres reduction and tabulation: after discarding the
non colliding spheres, we create a collisions table (Tc). It in-
dicates for each sphere in object A, which spheres in object
B need to be tested. There are two cases: 1) spheres positions
remain constant with respect to the meshes (rigid objects). 2)
spheres positions are changed and interacting objects are de-
formed. For the latter, Tc is the TSS. For the former, if Ns

spheres collided in object B, we create a Ns ×Ns table (Ta).
Then, we search in Tc how many times a sphere from object
B is present and how many times every other sphere from
object B is present at the same time. Results are counted and
stored in Ta while Tc is searched . Once this is done, Ta con-
tains all the information about the number of times that the
spheres from object B have appeared. In Ta a sphere Si is
removed if the number of times it appears is the same as the
number of times it appears together with some other sphere
S j (The number of times Si appeared is stored in Ta[Si][Si]
and the number of times that Si appeared together with S j
is stored in Ta[S j][Si]). Finally, we remove the redundant
spheres from object A by searching in Tc for rows containing

exactly the same spheres from object B. Results are stored in
a TSS.

3. Results

TSSs were developed as a part of a virtual expressive dog
head [NNWM08]. We tested them with two couples of in-
teracting bodies: 1) the dog skull mandible complex; 2) the
dog’s facial skin and the Frontalis muscle. We generated an
approximation with spheres for each body. Then, we covered
the space of motion of the interacting bodies using dog’s jaw
kinematics (Couple 1) and muscle actuations (Couple 2). Fi-
nally, for each sphere, we identified with which ones it col-
lides and created a collision table. We measured the number
of spheres, tests and calculations done. We compared TSSs
with sphere trees, angular regions and sphere - ellipsoid in-
tersection.

For the dog skull and mandible, we generated volumet-
ric spheres using the following parameters (refer to figures
from 1f to 1i): δt = 0.01 for 0.01 ≤ Ti ≤ 0.101 and a max-
imum radius of 0.02 (the use of a threshold value for the
radii focused sphere generation on narrow regions). Figure
2a shows the initial set of spheres and Figure 2b the reduced
subset. For the dog skin and the Frontalis we generated the
surface spheres, one at each vertex. Figure 2c shows the ini-
tial set of spheres and Figure 2d the reduced subset. There
was a significant decrease in the number of spheres for each
case. The resulting TSSs made the collisions test very effi-
cient requiring 22 tests per time step for jaw motion and 268
tests per time step for Frontalis skin interaction.

TSSs take advantage of inherent motion constraints from
interacting bodies and reduce the number of collision tests.
TSSs can be compared with sphere trees; constrained angles
of motion or; allowed motion paths. Sphere trees are better
for general collision detection; however, we evaluated them
in a constrained environment. Constrained angles are not ap-
propriate for a number of cases. For example, using 2DOF
kinematics with the model in Figure 2e can cause problems
in the highlighted region because rotation along Y can pro-
duce teeth interpenetration. However, one solution can be to
define one angular region of collision testing and one free of
collisions. Finally, pre definition of allowed paths is limited
and every possible path of motion should be stored.

TSSs vs. Sphere trees: in a TSS the number of collision
tests Ttss is ∑i=1

n ki ≤ n×m (n = number of spheres in ob-
ject A; m = number of spheres in object B; ki = number of
spheres from B that need to be tested against a sphere i from
A) and is constant at every time step. The number of colli-
sion tests in a sphere tree varies every time step. Sphere trees
require a tight approximation at each level and enhance col-
liding sphere search by focusing tests only on the colliding
branches. However, higher memory storage is required. Ex-
cellent sphere trees studies can be found in Bradshaw and
O’Sullivan [BO04]. We analysed two cases. 1) A sphere tree
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is obtained from the low level mesh’s spheres approxima-
tion. Even at Level 1 the number of spheres is high (e.g. Fig
1 from Bradshaw and O’Sullivan [BO04] or, Figure 2f). In
a sphere tree, Level 0 encloses all spheres at Level 1. In a
complex constrained pair, where meshes are very close to
each other, these root spheres are likely to collide every time
step. This enforces a full collision test at Level 1. Let N1
and M1 be the number of spheres at Level 1 for meshes A
and B. It is likely that N1 ×M1 ≥ Ttss and the sphere tree
will perform worse. In general, in a sphere tree the number
of collision tests Tst is ∑i=1

L Gi (L = number of levels in the
tree; Gi = number of spheres colliding at Level i). Whenever
Tst ≥ Ttss, TSSs will behave better. 2) A tight sphere tree is
obtained using Msm (figures 1c and 2h). Figure 2j shows the
comparison of the performance of this tree with that from
the TSS. Here, MA

sm has 9 spheres, and MB
sm has 22 spheres.

TSSs vs. Angular region of collision: in Figure 2i, us-
ing TSSs, the total number of collision tests is T ×Ttss and;
using angular regions of collisions, it is (T − τ)(n×m). In
general Ttss is much lower than n×m. For example, in the
dog’s mandible skull, 0.111(n x m) = (0.111)(9x22) = 22 =
Ttss using Msm. In consequence, to achieve (T −τ)(n×m) =
0.11× T (n×m); we require that τ = 0.89, leaving 11% of
time steps falling in the collision region. In practice we got
about 22% of time steps falling in the collision region. Thus,
TSSs behave better.

TSSs vs. Sphere - Ellipsoid intersection: we used bent
ellipsoids for representing the muscles. For instance, an al-
ternative method for skin / Frontalis interaction could be
solving the characteristic polynomial described by Wang
et.al. [WWK01] for at least each one of the 70 selected
spheres (Figure 2d). Using TSSs we required 268 tests with
4 products each, for a total of 1072 product computations.
With sphere - ellipsoid intersection (with 70 spheres) we
require an unbending operation for the ellipsoid plus 2870
product / division computations (70 X 41). Figure 2g shows
the deformation produced in the skin using TSSs.

4. Discussion and further work

TSSs are fast and appropriate for constrained object inter-
action. They rely on a simple test; only consider spheres
and regions of the mesh which will collide and only test
a sphere with the spheres with which it is most likely to
collide. They use significantly fewer spheres than other ap-
proaches; and no hierarchy is required. TSSs are intended
for approximate collision tests and do not deal with polygon
to polygon tests. Exact polygon / polygon tests take much
longer. TSSs perform better than sphere trees, angular re-
gions and intersection calculations for the example appli-
cations we have shown here (constrained interaction). Even
though in deformable bodies a few more spheres were re-
quired to produce more detail; TSSs are a good alternative
for skin muscle interaction which uses fewer collision tests.
We will apply TSSs to the rest of the dog’s facial muscles

and extend the concept to be able to deform the ears and the
lips.
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Figure 1: a)b)c)d) n is the number of spheres in A, m is the number of spheres in B. Note that TSSs perform TTSS tests which is
lower than m X n. Also, Mss ⊂ Msm ⊂ Msc ⊂ Ms. a) A and B approximated with volumetric spheres. b) The non colliding spheres
are removed. c) The typical subset of spheres found (a few redundancies remain). d) Minimal subset with no redundancies. e)
A and B approximated with surface spheres. f) The growth of a line between points mi and mi+i can be obtained from the
parametric equation of a line in 3D space mi +Ti × (mi+1 −mi) by varying Ti by some δt. g) Growing radius (searching for the
second point). h) Growing radius (searching for the third point). i) Growing radius (searching for the fourth point).

Figure 2: a) Mandible: 812 spheres, skull: 1158 Spheres. b) Mandible: 22 spheres, skull: 9 spheres. c) Skin: 1426 spheres,
Frontalis: 280 spheres. d) Skin: 70 spheres, Frontalis: 190 spheres. e) Problematic region. f) Two level of the sphere tree. g)
Deformation of skin using TSSs. h) Tight sphere tree. i) The collision region is (T-τ), assume that the skull has n spheres and the
mandible m. j) Performance of a sphere tree versus that of TSSs.
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