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Abstract. Photo-realisticrenderingalgorithmssuchasMonte Carlo ray trac-
ing sampleindividual pathsto computeimages.Noiseandaliasingartefactsare
usually reducedby supersampling.Knowledgeaboutthe neighborhoodof the
path,suchasanestimatedfootprint,canbeusedto reducetheseartefactswithout
having to traceadditionalpaths. The recentlyintroducedray differentialsesti-
matesucha footprint for classicalray tracing,by computingray derivativeswith
respectto the imageplane. The footprint proves to be useful for filtering tex-
tureslocally on surfaces.In this paper, we generalizetheuseof thesederivatives
to arbitrarypathsampling,includinggeneralreflectionandrefractionfunctions.
Samplingnew directionsintroducesadditionalpartial derivatives,which areall
combinedinto a footprint estimate.Additionally thepathgradientis introduced;
it givestherateof changeof thepathcontribution. Whenthischangeis toosteep
the sizeof the footprint is reduced.The resultingfootprint canbe usedin any
global illumination algorithmthat is basedon pathsampling.Two applications
show its potential: texturefiltering in distributedray tracinganda novel hierar-
chicalapproachto particletracingradiosity.

1 Intr oduction

The traditional imagepipelineprocessesthe sceneprimitivesoneby oneandrenders
themon screen.Raytracingon theotherhandtakespoint sampleson theimageplane,
and tracesinfinitely thin rays throughthe scene. This allows an easysimulationof
reflectionandrefractioneffects. ExtensionssuchasMonte Carlo ray tracinghandle
arbitrarybidirectionalreflectionfunctions(BRDF’s) for evenmorephoto-realisticim-
ages.

Thesemethodsstill useray tracingasthe engineto computelight transport.Be-
causea ray (anda path)is apoint sample,with no informationaboutits neighborhood,
thesealgorithmsareproneto aliasingor noise.Thecommonsolutionis supersampling,
averagingthe evaluationof many paths.This is expensive, andresearchershave tried
to exploit coherencein theneighborhoodof theraysto reducealiasingor noise.

Beamtracing [6], Conetracing [1] and pencil tracing [11] all extend a ray to a
finite width. Lighting calculationscanbe donecoherentlyover the extent of the ray,
but intersection,reflectionand refractioncalculationsare much more difficult. The
combinationof physicallybasedBRDF’s with thesemethodsis a difficult problem.

Collins [4] explicitly maintainsconnectivity betweenneighboringpathswhenthey
aretracedthroughthescene.Thedistanceto neighboringraysservesasa kernelsize
for splattingin acausticlightmap.Connectivity is lost,however, whenadjacentrayshit
differentobjectsleadingto differentray trees.Stochasticsamplingis possiblebut may
divergetheray treesevenmore.

Oneparticularlyinterestingapproachpresentedby Igehy [7] computesray differ-
entials,partialderivativesof a ray with respectto thepositionon theimageplane.The
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footprint of a ray is approximatedby the differential vectors: the partial derivatives
multiplied by a finite distanceon theimageplane.Thedifferentialsgive anideaabout
thedistanceto neighboringrays. This provesto bevery effective for filtering textures
locally over the footprint. Only perfectlyspecularreflectionsandrefractionsaresup-
ported,limiting thetechniqueto classicalray tracing.Theuseof derivativesalleviates
many of theproblemsof previously mentionedtechniques.Becausedifferentialcalcu-
lus is used,a ray or pathstaysinfinitely thin.

ChenandArvo [3] presentanotherinterestinguseof pathderivatives. They com-
putefirst andsecondorderderivativesof specularreflectionpaths. Thesederivatives
allow anefficient computationof smallpathperturbations,thataccuratelyapproximate
neighboringpaths.An applicationusesperturbationsof a sparsesetof known pathsto
efficiently approximatereflectionson implicit surfaces.

In this paperwe extendtheconceptof ray differentialsto arbitrarysampledpaths,
includingarbitraryreflectionandrefractionfunctionsandarealight sourcesampling.A
key observationis thatthesamplingof BRDF’sor light sourcesintroducesnew degrees
of freedomin the generationof the path. This gives rise to extra partial derivatives
anddifferentialvectorsthat mustall be combinedinto a usefulestimateof the paths
footprint. Wewill show how to computethenew partialderivativesandpresentasimple
heuristicto deriveausefulfootprint from thesederivatives.

Wealsoproposeto trackpath evaluation derivatives,thattell ushow fastthe(image)
contribution changesover thedifferentialvectors.This path gradient is usedto refine
thefootprintestimate;a smallerfootprint is usedfor largegradients.

The combinedresult forms a convenientfootprint estimatefor arbitrarysampled
eye-pathsandlight-paths.Thereforeour techniquescanbeappliedto any global illu-
minationalgorithmthatis basedonpathsampling.

Two applicationsdemonstratethepotentialof themethod:� Texture Filtering: A classicalray traceris extendedwith glossyreflectionsand
refractions. Texturesarefiltered locally over the estimatedfootprint to reduce
noise.� Particle Tracing: A hierarchicalrefinementcriterionfor particletracingradios-
ity is presented.Theestimatedfootprintof singlepathsis sufficient to determine
anappropriatelevel of subdivision.

Many otherapplicationsarepossible.Somepossibilitiesarediscussedin the conclu-
sions(Section5).

Section2 explainstheframework for computingpartialderivativesanddifferentials
for arbitrarysampledpaths. Section3 shows how to computethe pathgradientand
Section4 demonstratesapplications.

2 Path differentials

2.1 Path samplingand path footprint

Stochasticray tracingconstructspathsby sampling.Newly sampleddirections(or ver-
tices)dependon the previousdirectionsandverticesandpossiblyon somenew vari-
ables. Figure1 shows a shorteye pathwhereD1 andV1 dependon variablesx1 � x2,
a positionon the imageplane. The reflecteddirectionD2 dependson x1 � x2 aswell,
but alsoon new variablesx3 � x4 determinedby the BRDF sampling. In stochasticray
tracingrandomnumbersareusedto instantiatethevariablesandcorrespondingpaths.
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For a certainvertex V (or a direction)in thepathonecansaythat:

V � g � x1 � x2 ��
�
�
�� xk � � g � Xk � (1)

with g thepath generation function, andk thenumberof variablesthatV dependson.
A smallperturbationε j appliedto a variablex j slightly movesvertex V:

V � δV j � g � x1 ��
�
�
�� x j � ε j ��
�
�
�� xk � (2)

Thischangecanbeapproximatedby a first orderTaylorexpansion:

δV j � ∂g � x1 ��
�
�
�� x j ��
�
�
�� xk �
∂x j

ε j (3)

Themagnitudeof the partialderivative determinesthesensitivity of V in termsof x j.
Simultaneousperturbationof severalvariablescorrespondsto a δV � ∑ j δV j.

If we considerall perturbationsε j ����� ∆x j � 2 � ∆x j � 2� thenthesetof perturbedver-
ticesδV j formsa line segmentdefinedby a vectorcenteredaroundV:

∆V j � ∂g � x1 ��
�
�
�� xk �
∂x j

∆x j (4)

We will call thesethedifferential vectors.
Givena perturbationinterval ∆x j for eachvariableandallowing simultaneousper-

turbationof the variables,the setof all possibleperturbedverticesV � δV forms an
area1. We call this areathe footprint of thepathfor vertex V.

Theshapeof thefootprintisapolygonwith thedifferentialvectorsasedges(see2.5).
In Igehy’sapproachonly two variablesexist, theimageplanecoordinates.Thefootprint
is a parallelogramformedby thetwo differentialvectors.

Giventheperturbationintervals∆x j, thefootprint estimatestheregionof influence
or the sensitivity of the path in a vertex V. A suitablechoicefor ∆x j shouldensure
coherenceover the footprint while being large enoughto reducenoiseand aliasing
(see2.4and3). Thecomputationthepartialderivativesthemselvesis detailedin 2.3.

Otherdefinitionsof a pathfootprint arealsopossible.For instancea filter kernel
couldbedefinedfor eachdifferentialvector. Theresulting’footprint’ filter wouldbethe
convolutionof thesefilter kernels.UsingGaussiankernelsturnsout to beinterestingas
theconvolutionof elliptic Gaussiansis againanelliptic Gaussian[2].

1Partial derivatives of a vertex do lie in a planeperpendicularto the surfacenormaldueto ray transfer
computation(see2.3)



2.2 SamplingDomain

Thesetof variablesx j determinesthedomainof all possiblepaths.We choosea unit
interval � 0 � 1� asthedomainof eachx j, correspondingto therandomnumbersthatare
usedin stochasticsampling. Importancesamplingcanbe usedto transformvariables
with a different,desireddistribution.

The domainof all possiblepathswith M degreesof freedom(g � XM � )is the M-
dimensionalunit hypercube.A point in thedomaindeterminesa path.Sucha uniform
domainwill simplify thechoiceof ∆x j ’swhenconstructingdifferentialsfrom thepartial
derivatives(see2.4).

2.3 Partial derivatives

Tracingpathsinvolvessamplingof new directionsandvertices.For stochasticsampling
acertainprobabilitydensityfunction(pdf) determinesthedistributionof thenew direc-
tion or vertex. Importancesampling[9] is awell known procedureto sampleaccording
to a given pdf. In generalsamplinga new direction (or vertex) with an importance
samplingprocedureh derivedfrom thepdf gives:

D ��� h � D � V � x � y � (5)

whereD � is anew directiondependenton thepreviousdirectionandvertex (if theseex-
ist) andsomenew randomvariablesx � y (a 2D samplingin mostcases).Partial deriva-
tivesof D � canbecomputedby simply deriving h for all randomvariablesx j � x � y. Note
that D andV dependon previous x j. We will briefly describeall relevant sampling
events.More detailson thederivativecomputationcanbefoundin [13].

Pixel sampling: The initial vertex V0 of a pathis the eye. (This could alreadybe a
samplingevent, but is not consideredassuchhere.) Pixel samplinggeneratesa ray
directionD1 basedon a randomlychosenpoint in a certainpixel. Computationof the
two derivativesof D1 is givenin [7].

Transfer: Transfercomputesa new point in thepathby tracinga ray: V � � V � tD,
with t thetraveleddistance.No new samplingoccurs,soexisting derivativesof V and
D areusedto computed∂V �

∂x j
. All partialderivativesof V � lie in theplaneperpendicular

to thegeometricnormal.See[7] for adetailedcomputation.

Scattering: Scatteringin a vertex V givenanincomingdirectionD determinesa new
directionD � . Thepdf for directionsamplingis usuallychosenproportionalto theBRDF
or ’BRDF � cosine’. Partial derivativesof the resultingsamplingproceduremustbe
computed.

An examplefor a glossyphongBRDF is shown in figure2. Thenew directionD �
is distributedaccordingto cosSα aroundthe perfectlyreflecteddirectionR. SinceD �
dependsonR andR on D, ∂D �

∂x j
canbedifferentfrom zero.

Thenew derivatives ∂D �
∂x � y dependon thespecificsamplingprocedure.For example

for uniform samplingof ahemisphere:

φ � 2πx � cos � θ � � 1 � y
D � � h � x � y � ��� cos � φ � sin � θ ��� sin � φ � sin � θ ��� cos � θ ��� (6)

Partial derivativesof h � x � y � areeasilycomputed.



For perfectlyspecularreflectionor refraction(deterministic!)no new randomvari-
ablesareintroduced.Thiscasewashandledin [7].

Light sampling: Whenlight pathsareconstructed,astartingpointmustbechosenon
a light anda light directionmustbesampled.Again partialderivativesof thespecific
samplingprocedureareeasilycomputed.

Any othersamplingeventnot coveredhere,canusuallybeeasilyderivedfrom the
samplingprocedure.

2.4 Choiceof ∆x j

Givena vertex V we havecomputeda numberof partialderivatives ∂V
∂x j

. In this section

we will derive a heuristicfor choosingintervals ∆x j that correspondto the expected
distanceto a neighboringsample(theclosestsample� x1 
�
�
 xk � differingonly in x j).

Multiplying thedeltaswith thecorrespondingderivative resultsin differentialvec-
torsthatapproximatetheexpecteddistanceto a neighboringsimilar path.For example
differentialvectorsfrom samplinga Lambertianreflectionwill usuallybe largercom-
paredto a glossyPhongreflection,becausethepartialderivativesarelargerwhile the
deltasarethesame.Theraysget’spreadout’ more.

The footprint is inversely proportionalto the expecteddensity of similar paths
arounda vertex.

For classicalray tracing [7] only two differential vectorshave to be considered:
thosewith respectto thepositionon the imageplane.Thedeltasarechosento be the
sizeof apixel, thedistanceto thenext sampleon theimageplane.

In our casewe have to make a choicefor eachx j possiblycomingfrom very dif-
ferentsamplingevents.As said,eachvariablehasa unit interval domain.We consider
two approachesfor choosingdeltas.

Local deltas: Each∆x j dependson thenumberof samplesthatwasusedin thesam-
pling event that introducedx j. For exampleif N samplesper pixel are traced,these
samplesaredistributedover theunit square.∆x0 shouldbechosenasanapproximate
distanceto a neighboringsample.For regularsamplingthis distanceis 1�� N for both
∆x0 and∆x1 andwehave foundthis distanceto beusefulfor stochasticsamplingalso.

If extra informationaboutthesamplingprocessis known (e.g.nonuniformstratifi-
cation),differentvaluesfor ∆x0 and∆x1 maybebetter.

For scattering,a 2D sampling,a splitting factorN � determineshow many scattered
samplesarespawn. Again we choosedeltasto be1�  N � . If many samplesarespawn,
thecorrespondingdifferentialswill besmaller.

Global deltas: Thepreviousapproachdoesnot work well with pathtracing,wherea
largenumberof samplesperpixel is used,but thesplitting factoris 1.

In this casewe considerthe completeM-dimensionaldomainof a path,andcon-
sidererthesamplesevenly distributedover thedomain.An estimateof thedistanceto
a neighboringsamplein onedimensionis now given by 1� M N. All ∆x j arechosen
equallylarge.

Longerpathswill have a larger delta,asN sampleshave to be distributedover a
higherdimensionaldomain.

Russian roulette, anunbiasedwayto limit thelengthof paths,canbeincorporatedin
this approach.AbsorptionprobabilitiesPrr areaccumulatedalongthepath,anddeltas
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Fig. 3. Eachpathvertex hasseveraldifferentialvectorslying in thesameplane ! a " . Thesevectors
describethefootprintof thepath.By transformingto theX # Y plane ! b " , thispolygonalfootprint
canbeconstructedby combiningthevectorsin a particularorder ! c " . A goodapproximationis
givenby vectors∆A and∆B.

arecomputedas1 
 0� M$ N � ∏i Prr � Vi � . Thusthenumberof samplesfor ’ this kind of
path’ is decreasedby theabsorptionprobabilities,anddeltasgrow larger.

Thisapproachworkswell for pathtracingandalsoparticletracingasdemonstrated
in thesecondapplication.

2.5 Differ ential vectorsto footprint

Considera vertex V and its (planar)differential vectors∆V j (Fig. 3). As said the
footprint of the pathin V is the areareachableby perturbationof the pathwithin the
chosen∆x j ’s.

Thisareacanbeconstructedfrom theline segmentsdefinedby thedifferentialvec-
tors.Any perturbedvertex V � is acombinationof pointson theline segments.Thearea
definedby asetof line segmentsis theMinkowski sum( % ) of thesesegments(centered
aroundV): &

j

∆V j �(' V �)� ∑
j

γ j∆V j * � 0 
 5 + γi + 0 
 5 , (7)

For two differentialsthis sumis a parallelogramformedby thetwo vectors.In general
theMinkowski sumformsa polygonwhereeachvectorappearstwiceasanedge.This
polygoncanbeconstructedasfollows(seefig. 3):� Transformthedifferentialvectorsto the2D X � Y plane.(a to b)� Sortthesegmentsaccordingto theanglemadewith X (b)� Add the sortedvectorsoneby oneasedgesof thepolygon(reachingthe top of

thepolygon)(c solid)� Add edgesby subtractingthevectorsin thesameorder, startingat thetop of the
polygon(c dashed)

To performoperationssuchastexture filtering over the footprint, a convenientrepre-
sentationis needed.For morethantwo differentialvectorstheareaexpressionbecomes
impractical. Thereforewe computetwo representative vectors∆A and∆B that give a
goodapproximationof thecoveredarea(see3 � c � ):� T � thesumof all differentialvectors� PT � avectorperpendicularto T� ∆A � sumof all vectors∆V j thathave∆V j - PT . 0� ∆B � T � ∆A



Constructingthe representative vectorsprocessesall differentialvectorstwice (For T
and∆A; no sort is needed).This is a linearoperationin termsof thenumberof differ-
entials.

∆A and∆B now providea convenientestimateof thefootprintof thepathin V.

3 Path gradient

In the previous section,∆x j werechosento approximatethe distanceto neighboring
samples.In this sectionwe proposeanalternative choicefor ∆x j basedon therateof
changeof thepathcontributionwhenperturbationsareapplied.

Any function definedon a path is a function of the generatingvariablesx j. In
this sectionwe computepartial derivativesof the path evaluation, the function that
determinesthecontribution to thequantity(e.g.pixel flux) wewantto compute.

We presentthetechniquefor eyepaths,but it is equallyapplicableto light paths.

3.1 Renderingequation

The light flux reachingthe eye V0 througha certainpixel is given asan integral of a
pixel weightingfunctionWe andtheincomingradiance(seefig. 1 for notations):

Φpix �0/
Apix

dApixWe � V0 1 D1 � L � V0 2 D1 � (8)

L is unknown andcanbeexpandedusingtherenderingequation:

Φpix � /
Apix

dApix /
Ω

dω We � V0 1 D1 � fr � D1 � V1 � D2 � cos � θ1 � L � V1 2 D2 �
with fr theBRDF andcos � θ1 � � N1 - D2.

Eachnew reflectionor refractionintroducesan fr andcosinefactor. To simplify
notationwe definethepotentialfunctionWi of a pathof lengthi asthe productof We
andall subsequentfr andcosinefactors.Now thepath evaluation F (theintegrand)of
apathis simply:

F � Wi � Vi 1 Di 3 1 � - L � Vi 2 Di 3 1 � (9)

And Wi 3 1 is:

Wi 3 1 � Wi � Vi 1 Di 3 1 � fr � Di 3 1 � Vi 3 1 � Di 3 2 � cos � θi 3 1 � (10)

Actual contributionsto theimagearemadewhena light sourceis hit or by directsam-
pling of thelight sources.

3.2 Relativepartial derivatives

Thepartialderivativesof a pathevaluationare:

∂F
∂x j

� ∂Wi

∂x j
L � Wi

∂L
∂x j

(11)

We computerelative partial derivatives by dividing this expressionby F :

∂F
∂x j

� F � ∂Wi

∂x j
� Wi � ∂L

∂x j
� L (12)



Thisexpressiongivestherelativerateof changeof F in termsof x j.
Becausecommonfactorscancelout it alsoprovidesa convenientway for tracking

partialderivativesof Wi whenextendingapath:

∂Wi 3 1

∂x j
� Wi 3 1 � ∂Wi

∂x j
� Wi � ∂ fr

∂x j
� fr � ∂cos � θ �

∂x j
� cos � θ �

Justtherelativepartialderivativesof theindividual factorsmustbeaddedto theknown
∂Wi
∂x j

� Wi. To starta path ∂We
∂x j

mustbecomputed,which is 0 for constantWe.

Thecomputationof thesederivativesisstraightforward,astheBRDFevaluationand
thecosinefactorcanbeexpressedin termsof Vi, Di andNi for which derivativeshave
alreadybeencomputedfor the differentialvectors. Considerfor examplethe cosine
factor:

∂cosθi

∂x j
� ∂ � NiDi 3 1 �

∂x j
� ∂Ni

∂x j
Di 3 1 � Ni

∂Di 3 1

∂x j

Bothderivativesof Ni andDi 3 1 werecomputedbefore.
Whenanactualradiancecontribution from a light sourceis computed,∂L

∂x j
� L must

be addedto ∂Wi
∂x j

� Wi to get ∂F
∂x j

/F. Computationdependson the light sourcesampling.

Currentlyweconsiderthechangeof thelight sourcecontributionto beconstant,sothat
its derivative is zero. For moderatelydistantlight sources,this approximationis well
acceptable.

3.3 Choosing∆x j

Whena perturbation∆x j is appliedto a pathX , therelative changeof thecontribution
F � X � canbeapproximatedas:

∆FR j � � ∂F
∂x j

� X � � F � X � � - ∆x j (13)

For examplea gradient∆FR j of 300%meansthecontribution of theperturbedpathis
approximatelythreetimeshigher(or lower) thanF � X � .

Now considera vertex V in a path.Thedifferentialvectors∆V j � ∂V
∂x j

∆x j definea

maximalallowedperturbationof V whenchangingx j. Sincethesame∆x j is usedasin
equation13, this maximalperturbationcorrespondsto therelativechange∆FR j of the
pathcontribution.

In our applicationswe considerthecontribution F to beconstantover thedifferen-
tial vectors.Of courseF doeschangeand∆FR j indicateshow much.By constraining
therelative change∆FR j to besmallerthana maximumthreshold∆FRmax, deltascan
becomputedfrom equation13:

∆x j � ∆FRmax
∂F
∂x j
� F (14)

Using thesedeltasfor the vertex differential vectorsresultsin smallervectors(and
resultingfootprint) when the gradientis large. The thresholdcontrolsthe allowable
error.



A very small gradient,however, canleadto arbitrarylarge footprints. We usethe
local or global deltaheuristic(Section2.4) asan upperlimit for the deltascomputed
usingthegradient.Thisgivesgoodresults,but thechoiceof ∆FRmax (thatcontrolsover
theerror)is not obvious.

3.4 Discussion

Otherfunctionsof a pathcanalsobecandidatesfor derivativecomputation.Thescore
function of a path 4 in MonteCarlointegrationis F �54 � � p �54 � , wherep is thepdf used
for generatingthe path. It is in fact the scorefunction that is evaluatedandaveraged
whencomputingpixel fluxeswith MonteCarloraytracing.Thiscouldbeaninteresting
choicefor trackingderivatives.

Usuallypdf’s for directionsamplingarechosenproportionallyto theBRDF or the
cosine.Thesefactorscancelout andthescorefunctiononly containsfactorsnot used
in pathsampling.

Wehavechosento computederivativesof F itself sothatthesepathsamplingfactors
areexplicitly included. It canbe shown that (for separablepdf’s) derivativesof these
factorsarerelatedto thesecondorderderivative of footprint. However, a full analysis
is beyondthescopeof this paper.

Both choicesdo includefactorsnot presentin the pathsampling,so thatbadpath
samplingis counteredwith large∆Fj.

For classicalray tracingWi 3 1 � Wi - fs with fs the constant specularreflectionor
refractioncoefficient. Derivativesof fs arezerosothepathgradientdoesnot yield any
extra informationfor themethodpresentedby Igehy.

4 Applications

Thedifferentials,gradientsandfootprint estimationwereimplementedin RenderPark.
Derivativesaresupportedfor diffusereflection,phongreflectionandrefraction,area
light sourcesandpixel sampling.

4.1 TextureFiltering

In a first applicationweextendaray tracerwith glossyreflectionsandrefractions.The
computedfootprint is usedfor filtering textureslocally on surfacesto reducenoise.

Igehy presentedthe sameapplicationfor classicalray tracing. Comparisonwith
otherfiltering approachescanbefoundin [7]. Weusetrilinear interpolatedmipmapped
texturesandanisotropicfiltering. The smallestrepresentative vector in the footprint
determinesthe mipmaplevel, andseveral samplesareaveragedalongthe largeraxis.
We useda boxfilter, but weightedfiltering might giveevenbetterresults.

Thescenecontainsseveral texturedsurfaces;the two ’playing pieces’consistof a
squashedsphereon a diffusebase.Oneis reflective, the otherrefractive. Both usea
glossyphonglobe for scattering.For all but the referenceimagewe usedonesample
perpixel and4 stratifiedsamplesfor eachscattering.

Figure 5 shows standarddistributed ray tracing. The reflectionsand refractions
show a lot of noise,as4 is a low samplingrate.

Figure 6 shows filtering with the local delta heuristic(2.4). Using only 4 scat-
teringsamples,theestimateddistanceto a neighboringray is quite largeThefiltering
reducesthe noiseof theglossyscatterings,but it sometimesover-blurs,especiallyfor
themultiple refractionsin theglassobject.



Fig. 4. Hierarchicalparticle tracing radiosity (400k paths)using the areadefinedby the path
differentialsasarefinementoracle.

For figure 7 the path gradientwas usedfor estimatingdeltas. Over-blurring is
reducedbecausethe glossyphonglobesgive rise to high gradients. The noisestill
remainsa lot lower as in image5. The thresholdvalueFRmax, that restrictsrelative
changesover thedifferentialvectors,waschosento be70%. This choicewasnot very
critical, anything from 50%to 100%workedwell.

A referenceimageusing81 samplesperpixel is givenin figure8.
Note that only texturesarefiltered; ’edge’ noisedueto scatteredrayshitting dif-

ferentobjectsis not reduced(e.g. thetableedgeseenin themetalpiece).An adaptive
samplingschemecould direct moresamplestowardsedges,but not towardsvarying
textures.

Theoverheadintroducedby differentialcomputationwasrelatively small ( + 10%
for thisexample).ComputingBRDFdifferentialsis aboutasexpensiveassamplingand
evaluatingtheBRDF itself. As a pathgrows longer, however, moredifferentialshave
to be computed,andthe overheadis not negligible. Reducingthe differentialvectors
to a few representativesbeforeprolonging the path, keepingthe amountof tracked
differentialsconstant,couldbeaninterestingline of research.

4.2 Particle tracing

Particletracingconstructspathsstartingfrom thelight sources.This MonteCarlosim-
ulation of light transportis usedin many global illumination algorithms,e.g. radios-
ity [5, 10], densityestimation[12] andphotonmapconstruction[8].

Wepresentahierarchicalradiosityapplicationto demonstratetheusefulnessof path
differentialsfor particletracing,but it canbeusedaswell for theotheralgorithms.

A hierarchicalversionof particle radiosity was presentedin [5] and [14]. Both
methodsaccumulatethehits (the radiance)on elementsandsubdivide if the variation
over the elementis too large. In [14] hits arestoredsimultaneouslyon the two lower
levelsof thehierarchy. Someremarksthatarevalid for bothalgorithms:� While the radiositysolutionis hierarchical,the light transportitself is not. All

particlescontribute to the mostdetailedor the two most detailedlevels in the
hierarchy.� Whensubdivisionoccurs,theradianceinformationof thediscardedlevel is thrown
away, becauseit is equal(andinadequate)for its children.



We usepathdifferentialsto estimatea footprint for eachindividual particle. The
areadefinedby thetwo representativevectors(∆A � ∆B) givesanideaaboutthedensity
of similarpathsin theneighborhood.

Our refinementoracle looks for the largestelementthat is just smaller than the
footprint, subdividing as necessary. The contribution is madeto this elementin the
hierarchy. The level in the hierarchycan be different for eachparticle so the light
transportis hierarchical.No previouspathsarethrown away.

While this refinementoraclebasedon a singleparticlehasinterestingadvantages,
we do not claim it to bethebestoraclein existence.Themainpurposeis to show the
behavior andusefulnessof thepathdifferentialsfor particletracing.

The implementationof our radiosityalgorithmusesclusteringandconstantbasis
functions. We usedthe gradientto determinedeltasandthe globaldeltasasan upper
bound.

Figure4 showstheradiositysolutionfor asimpleroomwith a table,adiffuseanda
glossyrefractiveball (phongexponent40). Notethattherefractiveball showsupblack
asit hasno diffusecomponent.

Severalinterestingthingsto notein theimage:� A correctcausticis visible on the table. The fine subdivision is dueto a large
gradient(andsmalldelta). Merely usingtheglobaldeltaheuristicbarelyshows
thecaustic.Theoverall subdivisiondueto direct light anddiffuseinterreflection
is lessinfluencedby the gradient.Thegradientfor thesepathsis small andthe
globaldeltaupperlimit is used(exceptin corners).� Only 400� 000pathsweretraced,resultingin a relatively noiselesssolution.This
is becauseglobaldeltasdependon thenumberof samples.Only wherethegra-
dientis used(e.g.thecaustic)morenoisecanbeseen.� Theceiling is lit by diffuseinterreflection.A diffusereflection(usingcosθ sam-
pling) resultsin relatively largederivativesfor thesampleddirection.Transferto
the ceiling resultsin a large footprint andthusa coarsersubdivision. Nearthe
bright spoton the backwall thougha finer subdivision canbe seenandsome
color bleeding.

5 Conclusions

In this work ray differentialsare generalizedto arbitrarily sampledpaths,including
generalBRDF’s. Eachsamplingintroducesnew partialderivativesthatareall combined
in a footprintestimate.

We alsointroducedthecomputationof a pathgradient,thechangeof thepathcon-
tribution over thedifferentialvectors.It is usedto restrictthefootprint in caseof high
gradients.

We successfullyusedthe footprint estimationfor texture filtering in ray tracing
with glossymaterialsandin a novel refinementoraclein hierarchicalparticletracing
radiosity.

Sinceour framework allows arbitrary samplingmany other methodscan benefit
from pathdifferentials,in particularMonteCarloglobalilluminationmethods:� In photonmapsthe footprint of eye pathscan determinethe areaover which

photonsmustbe consideredfor illumination reconstruction.If too few photons
arefoundthepathcanbeextended.� Importancecalculationscanalsobeperformed.Thefootprint of aneye ray indi-
catesthedensityof similar paths.A small footprint indicatesa high importance,



for exampleby magnificationthroughglass.

Anotherinterestingline of researchwouldbeto introducevisibility into theframework.
As thefootprint is still basedon a point sample,nearbyvisibility changesareignored.
It would beinterestingto adjustthefootprintby selectivevisibility tests.

We exploredonly onepossibledefinitionof a pathfootprint: theareamadeup by
a setof perturbedvertices. Other interestingapproachesarepossiblesuchasusinga
convolutionof kernelfiltersdefinedover thedifferentialvectors.
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Fig. 5. Imageof a scenewith glossymaterialswithout theuseof texturefiltering. Glossyreflec-
tionsandrefractionsarenoisy.

Fig. 6. For this imagetexture filtering is used,basedon the footprint of the path. In somere-
gionsthefootprint is over-estimated,causingtoomuchblurring(especiallytheglossytransparent
squashedsphere,asshown in themagnification).

Fig. 7. For this imagethe pathgradientwasusedto reduceover-estimatedfootprintsandthe
excessive blurring is effectively reduced.

Fig. 8. Referenceimageusingmany moresamples.


