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Abstract. Photo-realisticenderingalgorithmssuchasMonte Carlo ray trac-
ing sampleindividual pathsto computeimages.Noiseandaliasingartefactsare
usually reducedby supersampling.Knowledge aboutthe neighborhoodf the
path,suchasanestimatedootprint, canbeusedto reducetheseartefactswithout
having to traceadditionalpaths. The recentlyintroducedray differentialsesti-
matesucha footprintfor classicaray tracing,by computingray derivativeswith
respectto the imageplane. The footprint provesto be usefulfor filtering tex-
tureslocally on surfaces.In this paper we generalizehe useof thesederiatives
to arbitrarypathsampling,including generalreflectionandrefractionfunctions.
Samplingnew directionsintroducesadditionalpartial derivatives, which areall
combinednto afootprint estimate Additionally the pathgradientis introduced;
it givestherateof changeof the pathcontritution. Whenthis changes too steep
the size of the footprint is reduced. The resultingfootprint canbe usedin ary
globalillumination algorithmthatis basedon pathsampling. Two applications
shaw its potential: texture filtering in distributedray tracinganda novel hierar
chicalapproacho particletracingradiosity

1 Intr oduction

Thetraditionalimagepipeline processeshe sceneprimitivesone by oneandrenders
themon screenRaytracingon the otherhandtakespoint samplen theimageplane,
and tracesinfinitely thin raysthroughthe scene. This allows an easysimulation of
reflectionand refractioneffects. Extensionssuchas Monte Carlo ray tracing handle
arbitrarybidirectionalreflectionfunctions(BRDF's) for evenmore photo-realistiam-

ages.

Thesemethodsstill useray tracingasthe engineto computelight transport. Be-

causearay (andapath)is a point samplewith no informationaboutits neighborhood,
thesealgorithmsareproneto aliasingor noise. Thecommonsolutionis supersampling,

averagingthe evaluationof mary paths. This is expensve, andresearcherhave tried

to exploit coherencén the neighborhoof theraysto reducealiasingor noise.

Beamtracing [6], Conetracing[1] and pencil tracing[11] all extenda ray to a
finite width. Lighting calculationscanbe donecoherentlyover the extent of the ray,
but intersection,reflection and refraction calculationsare much more difficult. The
combinationof physicallybasedBRDF'’s with thesemethodss a difficult problem.

Collins [4] explicitly maintainsconnectvity betweemeighboringpathswhenthey
aretracedthroughthe scene.The distanceto neighboringrayssenesasa kernelsize
for splattingin acaustidightmap.Connectvity is lost, however, whenadjacentayshit
differentobjectsleadingto differentray trees.Stochasticamplingis possiblebut may

divergetheray treesevenmore.

Oneparticularlyinterestingapproachpresentedy Igehy[7] computesay differ-
entials,partial derivativesof aray with respecto the positionon theimageplane.The
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footprint of a ray is approximateddy the differential vectors: the partial derivatives
multiplied by afinite distanceon theimageplane. The differentialsgive anideaabout
the distanceto neighboringrays. This provesto be very effective for filtering textures
locally over the footprint. Only perfectly speculareflectionsandrefractionsare sup-
ported,limiting thetechniqueto classicalay tracing. The useof derivativesalleviates
mary of the problemsof previously mentionedechniquesBecausalifferentialcalcu-
lusis used,aray or pathstaysinfinitely thin.

ChenandArvo [3] presentanotherinterestinguseof pathderivatives. They com-
putefirst and secondorderderivativesof specularreflectionpaths. Thesederivatives
allow anefficient computatiorof smallpathperturbationsthataccuratelyapproximate
neighboringpaths.An applicationusesperturbation®of a sparsesetof known pathsto
efficiently approximateeflectionsonimplicit surfaces.

In this paperwe extendthe conceptof ray differentialsto arbitrarysampledpaths,
includingarbitraryreflectionandrefractionfunctionsandarealight sourcesampling.A
key obsenationis thatthesamplingof BRDF's or light sourcesntroducesew degrees
of freedomin the generationof the path. This givesrise to extra partial derivatives
anddifferential vectorsthat mustall be combinedinto a usefulestimateof the paths
footprint. Wewill shav how to computehenew partialderivativesandpresenasimple
heuristicto derive ausefulfootprintfrom thesederivatives.

We alsoproposeo trackpath evaluation derivatives thattell ushow fastthe(image)
contribution changesver the differentialvectors. This path gradient is usedto refine
thefootprint estimate a smallerfootprintis usedfor largegradients.

The combinedresultforms a convenientfootprint estimatefor arbitrary sampled
eye-pathsandlight-paths. Thereforeour techniquesanbe appliedto any globalillu-
minationalgorithmthatis basedn pathsampling.

Two applicationgdemonstratéhe potentialof themethod:

e Texture Filtering: A classicakay traceris extendedwith glossyreflectionsand
refractions. Texturesarefiltered locally over the estimatedfootprint to reduce
noise.

e Particle Tracing: A hierarchicarefinementcriterionfor particletracingradios-
ity is presentedTheestimatedootprint of singlepathsis sufficientto determine
anappropriatdevel of subdvision.

Many otherapplicationsare possible. Somepossibilitiesare discussedn the conclu-
sions(Sectionb).

Section? explainstheframework for computingpartialderivativesanddifferentials
for arbitrary sampledpaths. Section3 shovs how to computethe path gradientand
Section4 demonstrateapplications.

2 Path differ entials

2.1 Path samplingand path footprint

Stochastiaay tracingconstructgpathsby sampling.Newly sampledirections(or ver-
tices)dependon the previous directionsandverticesand possiblyon somenew vari-
ables. Figure 1 shawvs a shorteye pathwhereD; andV; dependon variablesxy, X,
a position on the imageplane. The reflecteddirection D, dependon xi,x, aswell,
but alsoon new variablesxs, x4 determinedoy the BRDF sampling. In stochastiaay
tracingrandomnumbersareusedto instantiatehevariablesandcorrespondingaths.
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Fig. 1. Tracinganeyerayandascatteredayin- Fig. 2. Partial derivativesfor phonglobe sam-
troducesew variablesx; in thepath,for which pling. D’ hasderivativesfor previous sampling
partialderivativesneedto be computed. variablesx; but alsofor new variablesx,y from
BRDF sampling

For a certainvertex V (or adirection)in the pathonecansaythat:

V = g(X1,X2,-- -, %) = 9(X) 1)

with g the path generation function, andk the numberof variableshatV dependon.
A smallperturbatiorej appliedto avariablex; slightly movesvertex V:

V+OVj=0(Xt,...,Xj+Ej..., %) 2
This changecanbe approximatedy afirst orderTaylor expansion:

00(X1y -+« s Xjyeery Xk
sv; ~ 29 - Je, 3)

The magnitudeof the partial derivative determineghe sensitvity of V in termsof x;.
Simultaneouperturbatiorof severalvariablescorrespondso adV =y ; dVj.

If we considerall perturbationg; € [-Ax;/2,Ax;/2] thenthe setof perturbedver-
ticesdV j formsaline segmentdefinedby avectorcenteredaroundV:

ag(xl, .. ,Xk)
AVj = o AX; ()
We will call thesethedifferential vectors.

Givena perturbationinterval Ax; for eachvariableandallowing simultaneouper
turbationof the variables,the setof all possibleperturbedverticesV + &V forms an
ared. We call this areathe footprint of the pathfor vertex V.

Theshapeof thefootprintis apolygonwith thedifferentialvectorsasedgegsee?.5).
In Igehy’sapproactonly two variablesxist, theimageplanecoordinatesThefootprint
is aparallelogranformedby the two differentialvectors.

Giventhe perturbatiorintervals Axj, the footprint estimateshe region of influence
or the sensitvity of the pathin a vertex V. A suitablechoicefor Ax; shouldensure
coherenceover the footprint while being large enoughto reducenoise and aliasing
(see2.4and3). The computatiorthe partial derivativesthemselesis detailedin 2.3.

Otherdefinitionsof a pathfootprint are also possible. For instancea filter kernel
couldbedefinedfor eachdifferentialvector Theresulting'footprint’ filter would bethe
convolution of thesefilter kernels.Using Gaussiarkernelsturnsoutto beinterestingas
the cornvolution of elliptic Gaussiansgs againanelliptic Gaussiarf2].

Partial derivatives of a vertex do lie in a planeperpendiculato the surfacenormaldueto ray transfer
computation(see2.3)



2.2 Sampling Domain

The setof variablesx; determineshe domainof all possiblepaths. \We choosea unit
interval [0, 1] asthe domainof eachx;j, correspondingo therandomnumbershatare
usedin stochasticcampling. Importancesamplingcanbe usedto transformvariables
with a different,desireddistribution.

The domainof all possiblepathswith M degreesof freedom(g(Xwm))is the M-
dimensionalnit hypercube A pointin the domaindetermines path. Sucha uniform
domainwill simplify thechoiceof Ax;’swhenconstructinglifferentialsfrom the partial
derivatives(see2.4).

2.3 Partial derivatives

Tracingpathsinvolvessamplingof new directionsandvertices.For stochasticsampling
acertainprobabilitydensityfunction(pdf) determineshedistribution of thenew direc-
tion or vertex. Importancesampling[9] is awell known procedurego sampleaccording
to a given pdf. In generalsamplinga new direction (or vertex) with animportance
samplingproceduréh derivedfrom the pdf gives:

D'=h(D,V,xy) (5)

whereD’ is anew directiondependenon the previousdirectionandvertex (if theseex-
ist) andsomenew randomvariablesx,y (a 2D samplingin mostcases) Partial deriva-
tivesof D’ canbe computedoy simply deriving h for all randomvariablesj,x,y. Note
thatD andV dependon previous x;. We will briefly describeall relevant sampling
events.More detailson thederivative computatiorcanbefoundin [13].

Pixel sampling: Theinitial vertex Vg of a pathis the eye. (This could alreadybe a
samplingevent, but is not consideredas suchhere.) Pixel samplinggenerates ray
directionD1 basedon arandomlychoserpointin a certainpixel. Computationof the
two derivativesof Dy is givenin [7].

Transfer: Transfercomputesa new pointin the pathby tracingaray: V' =V +1tD,
with t thetraveleddistance.No new samplingoccurs,so existing derivativesof V and

D areusedto computedgTVj'. All partialderivativesof V' lie in the planeperpendicular
to thegeometricnormal. See[7] for adetailedcomputation.

Scattering: Scatteringn avertex V givenanincomingdirectionD determines new
directionD’. Thepdffor directionsamplingis usuallychoserproportionakotheBRDF
or 'BRDF x cosine’. Partial derivativesof the resultingsamplingproceduremustbe
computed.

An examplefor a glossyphongBRDF is shavn in figure 2. The new directionD’
is distributed accordingto cos>a aroundthe perfectlyreflecteddirectionR. SinceD’

depend®nR andR onD, 3_51, canbedifferentfrom zero.
The new derivatives gg, dependon the specificsamplingprocedure.For example

for uniform samplingof a hemisphere:

@=21%, cos(B)=1-y 6
D' = h(x,y) = (cos(@)sin(6),sin(@)sin(8), cos(8)) ©

Partial derivativesof h(x,y) areeasilycomputed.



For perfectlyspeculareflectionor refraction(deterministic!)no new randomvari-
ablesareintroduced.This casewashandledn [7].

Light sampling: Whenlight pathsareconstructeda startingpointmustbe choseron
alight anda light directionmustbe sampled.Again partial derivativesof the specific
samplingprocedureareeasilycomputed.

Any othersamplingeventnot coveredhere,canusuallybe easilyderivedfrom the
samplingprocedure.

2.4 Choiceof Ax;j

Givenavertex V we have computeda numberof partial derivativesg—)‘(’j . In this section

we will derive a heuristicfor choosingintervals Ax; that correspondo the expected
distanceto a neighboringsample(the closestsample(x; ... x) differingonly in x;).

Multiplying the deltaswith the correspondinglerivative resultsin differentialvec-
torsthatapproximatehe expecteddistanceto a neighboringsimilar path. For example
differentialvectorsfrom samplinga Lambertianreflectionwill usuallybe largercom-
paredto a glossyPhongreflection,becausehe partial derivativesarelarger while the
deltasarethe same.Theraysget’spreadout’ more.

The footprint is inversely proportionalto the expecteddensity of similar paths
arounda vertex.

For classicalray tracing [7] only two differential vectorshave to be considered:
thosewith respecto the positionon theimageplane. The deltasarechoseno bethe
sizeof apixel, thedistanceo thenext sampleontheimageplane.

In our casewe have to make a choicefor eachx; possiblycomingfrom very dif-
ferentsamplingevents.As said,eachvariablehasa unit interval domain.We consider
two approachefor choosingdeltas.

Local deltas: EachAx; dependsonthe numberof sampleshatwasusedin the sam-
pling eventthatintroducedx;. For exampleif N samplesper pixel are traced,these
samplesaredistributedover the unit square.Axy shouldbe chosenasan approximate
distanceto a neighboringsample.For regularsamplingthis distances 1/+/N for both
Axg andAx; andwe have foundthis distanceto be usefulfor stochasticamplingalso.

If extrainformationaboutthe samplingprocesss known (e.g. nonuniformstratifi-
cation),differentvaluesfor Axg andAx; maybebetter

For scatteringa 2D sampling,a splitting factorN’ determinesiow mary scattered
samplesarespavn. Again we choosedeltasto be 1/+/N’. If mary samplesarespawn,
thecorrespondinglifferentialswill besmaller

Global deltas: Thepreviousapproactdoesnot work well with pathtracing,wherea
large numberof samplegperpixel is used but the splitting factoris 1.

In this casewe considerthe completeM-dimensionaldomainof a path,andcon-
sidererthe samplesvenly distributedover the domain. An estimateof the distanceto
a neighboringsamplein one dimensionis now givenby 1/ ¥/N. All Ax; arechosen
equallylarge.

Longerpathswill have alarger delta,asN sampleshave to be distributed over a
higherdimensionablomain.

Russian roulette, anunbiasedvayto limit thelengthof pathscanbeincorporatedn
this approach AbsorptionprobabilitiesP,, areaccumulatedlongthe path,anddeltas
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Fig. 3. Eachpathvertex hasseveraldifferentialvectordlying in thesameplane(a). Thesevectors
describehefootprintof thepath.By transformingo theX —Y plane(b), this polygonalfootprint
canbe constructedy combiningthe vectorsin a particularorder(c). A goodapproximatioris
givenby vectorsAA andAB.

arecomputedas1.0/ X/N x [7; Prr (Vi). Thusthe numberof samplesfor 'this kind of
path’is decreasetly the absorptiorprobabilities,anddeltasgrow larger.

This approactworkswell for pathtracingandalsoparticletracingasdemonstrated
in the secondapplication.

2.5 Differ ential vectorsto footprint

Considera vertex V andits (planar) differential vectorsAV; (Fig. 3). As saidthe
footprint of the pathin V is the areareachabléby perturbationof the pathwithin the
chosemx;’s.

This areacanbe constructedrom theline sggmentsdefinedby the differentialvec-
tors. Any perturbedvertex V/ is acombinationof pointsontheline sggments.Thearea
definedby a setof line segmentds the Minkowski sum(®) of thesesegmentycentered
aroundv):

PDav; ={V' =S yjAVj| -0.5<y < 0.5} @)
i ]

For two differentialsthis sumis a parallelogranformedby the two vectors.In general
the Minkowski sumformsa polygonwhereeachvectorappeardwice asanedge.This
polygoncanbe constructedsfollows (seefig. 3):

Transformthedifferentialvectorsto the2D X — Y plane.(ato b)
Sortthesegmentsaccordingto theanglemadewith X (b)

Add the sortedvectorsoneby oneasedgesof the polygon (reachingthe top of
the polygon)(c solid)

Add edgedy subtractinghe vectorsin the sameorder, startingat the top of the
polygon(c dashed)

To performoperationssuchastexture filtering over the footprint, a corvenientrepre-

sentatioris neededFor morethantwo differentialvectorsthe areaexpressiorbecomes
impractical. Thereforewe computetwo representatie vectorsAA and AB that give a

goodapproximatiorof the coveredarea(see3 (c)):

T = thesumof all differentialvectors

PT = avectorperpendiculato T

AA = sumof all vectorsAVj thathave AV - PT > 0
AB=T-AA



Constructingthe representatie vectorsprocessesill differentialvectorstwice (For T
andAA; no sortis needed).Thisis alinear operationin termsof the numberof differ-
entials.

AA andAB now provide a cornvenientestimateof thefootprint of the pathin V.

3 Path gradient

In the previous section,Ax; were chosento approximatethe distanceto neighboring
samples.In this sectionwe proposean alternatve choicefor Ax; basedon the rate of
changeof the pathcontribution whenperturbationareapplied.

Any function definedon a pathis a function of the generatingvariablesx;. In
this sectionwe computepartial derivatives of the path evaluation, the function that
determineghe contribution to the quantity(e.g. pixel flux) we wantto compute.

We presenthetechniqueor eye paths but it is equallyapplicableto light paths.

3.1 Renderingequation

Thelight flux reachingthe eye V througha certainpixel is given asan integral of a
pixel weightingfunctionW, andtheincomingradiance(seefig. 1 for notations):

Opix = /A dAmW(Vo — D1)L(Vo < D) ®)
pix

L is unknaovn andcanbe expandedusingtherenderingequation:
Opx = /A dAgix /Q deWe(Vo — D1) fr (D1, V1, D2)c08(81)L(V1 « Dy)
pix

with f, theBRDF andcos(61) = N1 - D2.

Eachnew reflectionor refractionintroducesan f, andcosinefactor To simplify
notationwe definethe potentialfunctionW of a pathof lengthi asthe productof W
andall subsequent, andcosinefactors.Now the path evaluation F (theintegrand)of
apathis simply:

F =W(V; = Djt+1) - L(Vi + Dit1) (9)

AndW_ 1 is:

Wi+1 =W(Vi = Dit1) fr(Dit1, Vit1, Diy2)cos(0i41) (10)
Actual contributionsto theimagearemadewhena light sourceis hit or by directsam-
pling of thelight sources.
3.2 Relative partial derivatives
The partialderivativesof a pathevaluationare:

oF oW oL
a_Xj = a_XJ +\N|6_XJ (11)

We computerelative partial derivatives by dividing this expressiorby F:

oOF _ _am,. oL
a—Xj/F—a—Xj/V\/I+a—Xj/L (12)



This expressiorgivestherelative rateof changeof F in termsof ;.
Becausecommonfactorscancelout it alsoprovidesa convenientway for tracking
partialderivativesof W whenextendinga path:

oW1
an

0w of; dcos(0)
M1 = a_><j/""'+a_><,-/f’+ o /cos(8)

Justtherelative partialderivativesof theindividual factorsmustbeaddedo theknown
5MXJ'/W|. To starta path %‘9 mustbe computedwhichis O for constani\k.

Thecomputatiorof thesederivativesis straightforward,astheBRDF evaluationand
the cosinefactorcanbe expressedn termsof V;, D; andN; for which derivativeshave
alreadybeencomputedfor the differential vectors. Considerfor examplethe cosine
factor:

0cosh; O(NiDj+1) _ ON;

= = —Dip1+Ni—=
6Xj 6Xj an +1+ N

Both derivativesof N; andD;1 werecomputedbefore.

Whenanactualradiancecontritution from a light sourceis computed,g—XLj/L must

be addedto ;,MXJ'/WI to get gTFj/F. Computationdependson the light sourcesampling.
Currentlywe considetthe changeof thelight sourcecontributionto be constantsothat

its derivative is zero. For moderatelydistantlight sourcesthis approximationis well
acceptable.

3.3 ChoosingAx;

Whena perturbatiomx; is appliedto a pathX, therelatve changeof the contribution
F(X) canbeapproximateds:

AFR; ~ [g—fj(xwxn Ax, (13)

For examplea gradientAF R; of 300%meanshe contribution of the perturbedpathis
approximatelythreetimeshigher(or lower) thanF (X).

Now consideravertex V in a path. The differentialvectorsAV; = g—)\(/jAXj definea

maximalallowedperturbatiorof V whenchangingx;. Sincethe sameAx; is usedasin
equationl3, this maximalperturbatiorcorrespondso the relative changeAF R; of the
pathcontrikbution.

In our applicationswve considerthe contribution F to be constanboverthe differen-
tial vectors.Of courseF doeschangeandAFR; indicateshow much. By constraining
therelative changeAF R; to be smallerthana maximumthresholdAF Rya, deltascan
be computedrom equationl3:

AF Ryax
= e
0X;

Using thesedeltasfor the vertex differential vectorsresultsin smallervectors(and
resultingfootprint) when the gradientis large. The thresholdcontrolsthe allowable
error.

(14)



A very small gradient,however, canleadto arbitrarylarge footprints. We usethe
local or global delta heuristic(Section2.4) asan upperlimit for the deltascomputed
usingthegradient.This givesgoodresults put the choiceof AF Ry« (thatcontrolsover
theerror)is not obvious.

3.4 Discussion

Otherfunctionsof a pathcanalsobe candidatedor derivative computation.The score
function of a path? in Monte Carlointegrationis F (?)/p(®?), wherep is the pdf used
for generatinghe path. It is in factthe scorefunctionthatis evaluatedand averaged
whencomputingpixel fluxeswith Monte Carloraytracing. Thiscouldbeaninteresting
choicefor trackingderiatives.

Usually pdf's for directionsamplingarechoserproportionallyto the BRDF or the
cosine. Thesefactorscancelout andthe scorefunction only containsfactorsnot used
in pathsampling.

We have choserto computederivativesof F itself sothatthesepathsamplingfactors
areexplicitly included. It canbe shown that (for separablegdf’s) derivativesof these
factorsarerelatedto the secondorderderivative of footprint. However, a full analysis
is beyondthe scopeof this paper

Both choicesdo includefactorsnot presentn the pathsampling,so that bad path
samplingis counteredvith largeAF;.

For classicalray tracingW1 =W - fs with fs the constant specularreflectionor
refractioncoeficient. Derivativesof fs arezerosothepathgradientdoesnotyield any
extrainformationfor themethodpresentedy Igehy.

4 Applications

Thedifferentials,gradientsandfootprint estimationwereimplementedn RenderRrk.
Derivativesare supportedor diffuse reflection,phongreflectionandrefraction,area
light sourcesandpixel sampling.

4.1 TextureFiltering

In afirst applicationwe extendaray tracerwith glossyreflectionsandrefractions.The
computedootprintis usedfor filtering textureslocally on surfacesto reducenoise.

Igehy presentedhe sameapplicationfor classicalray tracing. Comparisorwith
otherfiltering approachesanbefoundin [7]. We usetrilinearinterpolatednipmapped
texturesand anisotropicfiltering. The smallestrepresentatie vectorin the footprint
determineghe mipmaplevel, and several samplesare averagedalongthe larger axis.
We useda box filter, but weightedfiltering might give evenbetterresults.

The scenecontainsseveral textured surfaces;the two 'playing pieces’consistof a
squashedphereon a diffusebase. Oneis reflective, the otherrefractive. Both usea
glossyphonglobe for scattering.For all but the referencémagewe usedonesample
perpixel and4 stratifiedsampledor eachscattering.

Figure 5 shaws standarddistributed ray tracing. The reflectionsand refractions
shawv alot of noise,as4 is alow samplingrate.

Figure 6 shows filtering with the local delta heuristic(2.4). Using only 4 scat-
tering samplesthe estimatedlistanceto a neighboringray is quite large The filtering
reduceghe noiseof the glossyscatteringsput it sometimesver-blurs, especiallyfor
themultiple refractionsin the glassobject.



Fig. 4. Hierarchicalparticle tracing radiosity (400k paths)using the areadefinedby the path
differentialsasarefinemenbracle.

For figure 7 the path gradientwas usedfor estimatingdeltas. Over-blurring is
reducedbecausehe glossyphonglobesgive rise to high gradients. The noise still
remainsa lot lower asin image5. The thresholdvalue FRyax, that restrictsrelative
changeoverthedifferentialvectors,waschoserto be 70%. This choicewasnot very
critical, anything from 50%to 100%workedwell.

A referencémageusing81 sampleger pixel is givenin figure 8.

Note that only texturesarefiltered; 'edge’ noisedueto scatteredays hitting dif-
ferentobjectsis not reducede.g. the tableedgeseenin the metalpiece). An adaptve
samplingschemecould direct more samplestowardsedges,but not towardsvarying
textures.

The overheadntroducedby differential computationwasrelatively small (< 10%
for thisexample).ComputingBRDF differentialsis aboutasexpensive assamplingand
evaluatingthe BRDF itself. As a pathgrows longer however, moredifferentialshave
to be computedandthe overheads not negligible. Reducingthe differentialvectors
to a few representaties before prolonging the path, keepingthe amountof tracked
differentialsconstantcouldbeaninterestingine of research.

4.2 Particle tracing

Particle tracingconstructgathsstartingfrom thelight sourcesThis Monte Carlosim-
ulation of light transportis usedin mary globalillumination algorithms,e.g. radios-
ity [5, 10], densityestimation[12] andphotonmapconstructior[8].

We present hierarchicaradiosityapplicationto demonstratéhe usefulnessf path
differentialsfor particletracing,but it canbe usedaswell for the otheralgorithms.

A hierarchicalversionof particle radiosity was presentedn [5] and[14]. Both
methodsaccumulatehe hits (the radiance)on elementsandsubdvide if the variation
over the elementis too large. In [14] hits are storedsimultaneouslyon the two lower
levelsof thehierarchy Someremarksthatarevalid for bothalgorithms:

e While the radiosity solutionis hierarchical the light transportitself is not. All
particlescontribute to the mostdetailedor the two mostdetailedlevelsin the
hierarchy

¢ Whensubdvisionoccurstheradiancénformationof thediscardedevel is thrown
away, becausét is equal(andinadequatejor its children.



We usepathdifferentialsto estimatea footprint for eachindividual particle. The
areadefinedby thetwo representatie vectors(AA x AB) givesanideaaboutthedensity
of similar pathsin the neighborhood.

Our refinementoraclelooks for the largestelementthat is just smallerthanthe
footprint, subdviding as necessary The contribution is madeto this elementin the
hierarchy The level in the hierarchycan be different for eachparticle so the light
transportis hierarchical No previouspathsarethrown away.

While this refinemeniraclebasedon a single particle hasinterestingadvantages,
we do not claim it to be the bestoraclein existence.The main purposeis to shav the
behaior andusefulnes®f the pathdifferentialsfor particletracing.

The implementatiorof our radiosity algorithm usesclusteringand constantbasis
functions. We usedthe gradientto determinedeltasandthe global deltasasan upper
bound.

Figure4 shownstheradiositysolutionfor a simpleroomwith atable,a diffuseanda
glossyrefractive ball (phongexponent40). Notethattherefractive ball shovs up black
asit hasno diffusecomponent.

Severalinterestingthingsto notein theimage:

e A correctcausticis visible on the table. The fine subdvision is dueto a large
gradient(andsmall delta). Merely usingthe global deltaheuristicbarely shavs
the caustic.Theoverall subdvision dueto directlight anddiffuseinterreflection
is lessinfluencedby the gradient. The gradientfor thesepathsis smallandthe
globaldeltaupperlimit is used(exceptin corners).

e Only 400,000pathsweretraced resultingin arelatively noiselessolution. This
is becausglobal deltasdependon the numberof samples.Only wherethe gra-
dientis used(e.g.the caustic)morenoisecanbe seen.

e Theceilingis lit by diffuseinterreflection.A diffusereflection(usingcosd sam-
pling) resultsin relatively large derivativesfor the sampleddirection. Transferto
the ceiling resultsin a large footprint andthus a coarsersubdiision. Nearthe
bright spoton the backwall thougha finer subdvision canbe seenand some
colorbleeding.

5 Conclusions

In this work ray differentialsare generalizedo arbitrarily sampledpaths,including
generaBRDF's. Eachsamplingntroducesew partialderivativesthatareall combined
in afootprintestimate.

We alsointroducedthe computatiorof a pathgradient the changeof the pathcon-
tribution over the differentialvectors.lIt is usedto restrictthe footprintin caseof high
gradients.

We successfullyusedthe footprint estimationfor texture filtering in ray tracing
with glossymaterialsandin a novel refinementoraclein hierarchicalparticletracing
radiosity

Since our framework allows arbitrary samplingmary other methodscan benefit
from pathdifferentials,in particularMonte Carloglobalillumination methods:

¢ In photon mapsthe footprint of eye pathscan determinethe areaover which
photonsmustbe consideredor illumination reconstruction.If too few photons
arefoundthe pathcanbe extended.

e Importancecalculationscanalsobe performed.Thefootprint of aneye ray indi-
catesthe densityof similar paths.A smallfootprintindicatesa highimportance,



for exampleby magnificationthroughglass.

Anotherinterestindine of researchwould beto introducevisibility into theframework.
As thefootprintis still basedon a point sample nearbyvisibility changesreignored.
It would beinterestingto adjustthe footprint by selectve visibility tests.

We exploredonly onepossibledefinition of a pathfootprint: the areamadeup by
a setof perturbedvertices. Otherinterestingapproachesre possiblesuchasusinga
convolution of kernelfilters definedover the differentialvectors.
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Fig. 5. Imageofascéﬁé)vi glossy' aterialswithout the useof texturefiltering. Glossyreflec-
tionsandrefractionsarenoisy

Fig. 6. For this imagetexturefiltering is used,basedon the footprint of the path. In somere-
gionsthefootprintis over-estimatedcausingoo muchblurring (especiallytheglossytransparent

squashedphereasshavn in the magnification).
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Fig. 7. For this imagethe path gradientwas usedto reduceover-estimatedootprints andthe
excessve blurring is effectively reduced.

F|gS Referehcémageusingmary moresamples.



