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Kurzfassung

DirektesVolumenrenderingist eineflexible, aberRechenzeit-intensive Methodefür die Visu-
alisierungvon 3D Volumsdaten.Wegender enormgroßenAnzahl an Voxeln (“volumeele-
ments”),dieverarbeitetwerdenmüssen,ist essogut wie nichtmöglicheinenhochaufl̈osenden
Datenblockmit Hilfe von “brute force” Algorithmenwie klassischemRayCastingoderSplat-
ting aufeinerSingleprozessormaschineinteraktiv zu rendern.

EineAlternative ist, Hardwarebeschleunigungzu verwenden.Bildwiederholfrequenzenin
Echtzeitkönnenerreichtwerden,wennmanparalleleVersionender Standardalgorithmenauf
großenMultiprozessorsystemenausf̈uhrt. DieseLösungist nicht billig und wird daherauch
nichtoft verwendet.

EineweitereAlternativeist, dieBeschleunigungalleinmit speziellenSoftwaretechnikenzu
erreichen,umauchauf low-endPCseineschnelleVolumsdarstellungerreichenzukönnen.Die
Methoden,die diesemAnsatzfolgen,verwendennormalerweiseeinenVorverarbeitungsschritt
um die Volumsdarstellungschnellerzu machen.Zum BeispielkönnenKohärenzenin einen
DatensatzdurchVorverarbeitungausgenutztwerden.

Software-undHardware-Beschleunigungsmethodenrepr̈asentierenparalleleRichtungenin
derVolumenrendering-Forschung,die starkmiteinanderinteragieren.In Hardwareimplemen-
tierteAlgorithmenwerdenoft auchalsreineSoftware-Optimierungenverwendetundüblicher-
weisewerdendieschnellstenSoftwarebeschleunigungstechnikenin Hardwarerealisiert.

Wennmandie oberenAspektebedenkt,folgt dieseArbiet der reinenSoftware-Richtung.
Die neuestenschnellenVolumenrenderingTechnikenwie derklassischeShear-Warp-Algorith-
musoderauf “distancetransformation”basierendeMethodenbeschleunigendie Darstellung,
könnenabernicht in interaktivenAnwendungenverwendetwerden.

DasprimäreZiel dieserArbeit ist die Anwendungs-orientierteOptimierungexistierender
Volumenrenderingmethoden,um interaktiveBildwiederholfrequenzenauchauf low-endRech-
nern zu ermöglichen. NeueTechniken für traditionelles“alpha-blendingrendering”,Ober-
flächenschattierteDarstellung,“maximumintensityprojection”(MIP) undschnelleVoransicht
mit der Möglichkeit, Parameterinteraktiv zu ver̈andern,werdenvorgestellt. Es wird gezeigt,
wie man die ALU einer Singleprozessorarchitekturanstatteiner Parallelprozessoranordnung
verwendenkann,umVoxel parallelzuverarbeiten.Die vorgeschlageneMethodeführtzueinem
allgemeinenWerkzeug,dassowohl “alpha-blendingrendering”als auch“maximumintensity
projection”untersẗutzt.

Weiterswird untersucht,wie mandiezuverarbeitendenDaten,abḧangigvonderverwende-
ten Renderingmethode,reduzierenkann. Zum Beispiel,verschiedeneVorverarbeitungsstarte-
gien für interactive Iso-Fl̈achendarstellungund schnelleVoransicht,basierendauf einemver-
einfachtenVisualisierungsmodell,werdenvorgeschlagen.

Da die in dieserArbeit präsentiertenMethodenkein Supersamplinguntersẗutzen,können
Treppenstufenartefaktein dengeneriertenBildern entstehen.Um diesenNachteilzu kompen-
sieren,wird ein neuesGradientenscḧatzungsverfahren,welcheseineglatteGradientenfunktion
liefert, vorgestellt.
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Abstract

Directvolumerenderingis a flexible but computationallyexpensivemethodfor visualizing3D
sampleddata.Becauseof theenormousnumberof voxels(volumeelements)to beprocessed,it
is hardlypossibleto interactively renderahigh-resolutionvolumeusingbruteforcealgorithms
like theclassicalray castingor splattingona recentsingle-processormachine.

Onealternativeis to applyhardwareacceleration.Real-timeframeratescanbeachievedby
runningtheparallelversionsof thestandardalgorithmson largemulti-processorsystems.This
solutionis not cheap,thereforeit is notwidely used.

Anotheralternative is to developpuresoftware-onlyaccelerationtechniquesto supportfast
volumerenderingevenona low-endPC.Themethodsfollowing this approachusuallyprepro-
cessthevolumein orderto make the renderingprocedurefaster. For example,the coherence
insideadatasetcanbeexploitedin suchapreprocessing.

The softwareandhardwareaccelerationmethodsrepresentparalleldirectionsin volume-
renderingresearchstronglyinteractingwith eachother. Ideasusedin hardwaredevicesareoften
adaptedto puresoftwareoptimizationandusuallythefastestsoftware-accelerationtechniques
areimplementedin hardware,like in thecaseof VolumeProboard.

Takingtheupperaspectsinto account,this thesisfollows thesoftware-onlydirection. The
recentfast volume-renderingtechniqueslike the classicalshear-warp algorithm or methods
basedon distancetransformationspeedup the renderingprocessbut they cannotbe usedin
interactiveapplications.

Theprimarygoalof this thesisis theapplication-orientedoptimizationof existingvolume-
renderingmethodsproviding interactive frame-rateseven on low-endmachines. New tech-
niquesare presentedfor traditionalalpha-blendingrendering,surface-shadeddisplay, maxi-
mumintensityprojection(MIP), andfastpreviewing with fully interactive parametercontrol.
It is shown how to exploit the ALU of a single-processorarchitecturefor parallelprocessing
of voxelsinsteadof usinga parallel-processorarray. Thepresentedidealeadsto a generaltool
supportingalpha-blendingrenderingaswell asmaximumintensityprojection.

It is alsodiscussedhow to reducethe datato beprocesseddependingon the appliedren-
dering method. For example,different preprocessingstrategies are proposedfor interactive
iso-surfacerenderingandfastpreviewing basedonasimplifiedvisualizationmodel.

Sincethepresentedmethodsdonotsupportsupersampling,staircaseartifactscanappearin
thegeneratedimages.In orderto compensatethis drawbacka new gradientestimationscheme
is alsopresentedwhichprovidesasmoothgradientfunction.
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Chapter 1

Intr oduction

In the last two decadesvolumevisualizationbecamea separatedisciplinein computergraph-
ics. In theearlyeighties,asthescanningtechnologiesusedin medicalimaginglike computed
tomography(CT) or magneticresonanceimaging(MRI) becamemoredevelopedandprovided
higher resolutionimages,a naturaldemandaroseto processthe 2D slicesandvisualizethe
entiredatasetin 3D. Previously thedatawasanalyzedby generatingonly cross-sectional2D
imagesof arbitrarydirectionsmappingthe datavaluesonto gray levels of the given display
device.

Althoughthesequenceof slicescarriesspatialinformationthetraditionalcomputergraphics
techniquesarenot directly appropriateto visualizethedatain 3D. Thesemethodsrely on con-
ventionalmodelingdefiningthevirtual sceneby geometricalprimitives. In contrast,a volume
datasetrepresentsthesceneby datavaluesavailableatregularor irregulargrid points.Thefirst
volume-renderingtechniquesweredevelopedin orderto displaymedicaldatabut laterthis re-
searchdirectionleadedto ageneralvisualizationtool. Volumescanbeobtainedby discretizing
geometricalmodelsor usingany other3D scanningtechnology, like measuringgeographical
datato renderdifferentundergroundlayers.

Recently, thereareseveralparalleldirectionsin volumerenderingresearch.Generally, the
mainproblemis how toprocesstheenormousamountof data(amodernCTscannercanprovide
a sliceresolution

�	��
���	��

with 16 bits/voxel precision).Oneapproachis to renderthedata

interactively usinga specializedmulti-processorhardwaresupport.Sincethesedevicesarenot
cheapthey arenot widely usedin practice. Anotheralternative is to preprocessthe volume
in orderto make the visualizationprocedurefaster. Although thereareseveral software-only
accelerationmethodsvolumerenderingon low-endmachinesis still far from interactivity.

This dissertationfollows the latter approach,andpresentsnew fast volumevisualization
techniqueswhichdonot requireany specializedhardwarein orderto achieve interactive frame
rates. Therefore,they canbe widely usedin medicalimagingsystems.Although the main
orientationis themedicalapplicationareamostof theproposedalgorithmsareconsideredto be
accelerationtoolsfor generalvolumerendering.

In Chapter2 thecurrentlyexisting volumevisualizationmethodsareclassifiedinto differ-
ent categories. Chapter3 givesan overview of recentsoftware-onlyaccelerationtechniques
analyzingtheiradvantagesanddisadvantages.Chapter4 containsthemaincontributionof this
thesispresentingnew interactive volume-renderingalgorithmsbasedon application-oriented
optimization.Finally, in Chapter5 thenew resultsaresummarized.
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Chapter 2

Classificationof volume-rendering
methods

Therearetwo fundamentallydifferentapproachesfor displayingvolumetricdata.Onealterna-
tive is indirectvolumerendering,wherein a preprocessingstepthevolumeis convertedto an
intermediaterepresentationwhich canbehandledby the graphicsengine. In contrast,the di-
rectmethodsprocessthevolumewithout generatingany intermediaterepresentationassigning
opticalpropertiesdirectly to thevolumeelements(voxels).

Early indirectmethodsaim at thevisualizationof iso-surfacesdefinedby a certaindensity
threshold.Theprimarygoalis to createatriangularmeshwhichfits to theiso-regionsinsidethe
volume.Thiscanbedoneusingthetraditionalimage-processingtechniques,wherefirstof all an
edgedetectionis performedontheslicesandafterwardsthecontoursareconnected.Having the
contoursdeterminedthecorrespondingcontourpointsin theneighboringslicesareconnected
by triangles. This approachrequiresthe settingof many heuristicparametersthus it is not
flexible enoughto usethemin practicalapplications.A morerobustapproachis the“marching
cubes”iso-surfacereconstruction[38], whichmarchesthroughall thecubiccellsandgenerates
anelementarytriangularmeshwhenever a cell is foundwhich is intersectedby aniso-surface.
Sincethevolumetricdatadefinedin thediscretespaceis convertedto acontinuousgeometrical
model,the conventionalcomputergraphicstechniques,like ray tracingor � -buffering canbe
usedto rendertheiso-surfaces.

Recently, a completelynew indirectvolume-renderingapproachhasbeenproposed,where
the intermediaterepresentationis a 3D Fourier transformof thevolumeratherthana geomet-
rical model [39][57][37]. This techniqueaims at fast density integral calculationalong the
viewing rays. Sincethefinal imageis consideredto beanX-ray simulation,this techniqueis
usefulin medicalimagingapplications.Themainideais to calculatethe3D Fouriertransform
of thevolumein a preprocessingstep.This transformationis ratherexpensivecomputationally
but it hasto beexecutedonly onceindependentlyon theviewing direction.Thefinal imageis
calculatedperformingarelatively cheap2D inverseFouriertransformationonaslicein thefre-
quency domain.Thissliceis perpendicularto thecurrentviewing directionandpassesthrough
theoriginof thecoordinatesystem.Accordingto theFourierprojection-slicetheoremthepixels
of thegeneratedimagerepresentthedensityintegralsalongthecorrespondingviewing rays.

Anotheralternative of volumevisualizationis to renderthedatasetdirectly without using
any intermediaterepresentation.Theopticalattributeslikeacolor, anopacity, oranemissionare
assigneddirectly to thevoxels. Thepixel colorsdependon theopticalpropertiesof thevoxels
intersectedby thecorrespondingviewing rays.Thedirectvolume-renderingtechniquescanbe
classifiedfurther into two categories.Theobject-ordermethodsprocessthevolumevoxel-by-
voxel projectingthemontotheimageplane,while theimage-ordermethodsproducetheimage

9



2.1. INDIRECT VOLUME RENDERING 10

pixel-by-pixel castingraysthrougheachpixel andresamplingthe volumealongthe viewing
rays. Thedirect techniquesrepresenta very flexible androbustway of volumevisualization.
The internalstructuresof thevolumecanberenderedcontrolledby a transferfunctionwhich
assignsdifferentopacityandcolor valuesto the voxels accordingto the original datavalue.
Althoughthereis noneedto generateanintermediaterepresentationdirectvolumerenderingis
rathertime-consumingbecauseof theenormousnumberof voxelsto beprocessed.

VOLUME RENDERING

INDIRECT DIRECT

SURFACE
RECONST-
RUCTION

FREQUENCY
DOMAIN
RENDERING

OBJECT-
ORDER
METHODS

IMAGE- 
ORDER
METHODS

Figure 2.1: Classificationof differentvolume-renderingmethods.

Figure2.1 depictsthe classificationof recentvolume-renderingtechniques.The follow-
ing sectionsdiscussthesealgorithmsin detailpresentingonerepresentative methodfrom each
family andevaluatingtheiradvantagesanddisadvantages.

2.1 Indir ectvolumerendering

In thissectiontwo indirectmethodsarepresented.Thefirst oneis theclassicalmarchingcubes
surface-reconstructionalgorithmwhich convertsthe discretevolumetricdatato a continuous
geometricalmodel. This techniqueis usedfor iso-surfacerendering,which canbeperformed
in real time usingtheconventionalgraphicshardware. Theotherpresentedindirectmethodis
thefrequency-domainvolumerenderingaimingat fastdisplayof simulatedX-ray imagesfrom
arbitraryviewing directions.Herethe intermediaterepresentationis the3D Fourier transform
of the volumewhich is consideredto bea continuous3D densityfunctionsampledat regular
grid points.



2.1. INDIRECT VOLUME RENDERING 11

2.1.1 “Mar ching cubes” - a surface-reconstructiontechnique

In the eightiesthe volume-renderingresearchwasmainly orientedto the developmentof in-
direct methods.At that time no renderingtechniquewasavailablewhich could visualizethe
volumetricdatadirectly without performingany preprocessing.Theexisting computergraph-
ics methods,like ray tracingor z-buffering [54] hadbeendevelopedfor geometricalmodels
ratherthan for volumedatasets. Therefore,the ideaof converting the volumedefinedin a
discretespaceinto a geometricalrepresentationseemedto bequiteobvious.Theearlysurface-
reconstructionmethodswerebasedon thetraditionalimage-processingtechniques[1][58][60],
likeedgedetectionandcontourconnection.Becauseof theheuristicparametersto besetthese
methodswerenot flexible enoughfor practicalapplications.Themostimportantmilestonein
this researchdirectionwas the marching cubesalgorithm [38] which hadbeenproposedby
Lorensen.Thismethoddoesnot rely on imageprocessingperformedon theslicesandrequires
only oneparameterwhich is adensitythresholddefiningtheiso-surface.

Thealgorithmis called“marchingcubes”sinceit marchesthroughall thecubiccells and
generatesa local triangularmeshinsidethosecellswhichareintersectedby aniso-surface.The
mainstepsof thealgorithmarethefollowing:

1. Seta thresholdvaluedefininganiso-surface.

2. Classifyall thecornervoxelscomparingthedensitieswith theiso-surfaceconstant.

3. Marchthroughall theintersectedcells.

4. Calculatean index to a look-up tableaccordingto the classificationof the eight corner
vertices.

5. Usingtheindex look up thelist of edgesfrom a precalculatedtable.

6. Calculateintersectionpointsalongtheedgesusinglinearinterpolation.

7. Calculateunit normalsat eachcubevertex usingcentraldifferences.Interpolatethenor-
malsto eachtrianglevertex.

After having aniso-surfacedefinedby adensitythreshold(Step1.) all thevoxelsareinves-
tigatedwhetherthey arebelow or above thesurface,comparingthedensitieswith thesurface
constant.This binaryclassification(Step2.) assignsthevalueof oneto thevoxelsof densities
higher than the thresholdandthe valueof zero to the othervoxels. The algorithmmarches
throughall the intersectedcells (Step3.), wherethereareat leasttwo cornervoxelsclassified
differently. For suchcellsanindex to alook-uptableis calculatedaccordingto theclassification
of thecornervoxels(Step4.) (Figure2.2).
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Figure 2.2: Calculationof theindex to thelook-uptable.

The index containseightbits associatedwith theeightcornervoxelsof thecubiccell and
their valuesdependon the classificationof the correspondingvoxels. This index addressesa
look-uptablecontainingall the256casesof elementarytriangularmeshes(Step5.). Because
of symmetryreasons,therearejust14 topologicallydistinctcasesamongthesepatternsthusin
practicethelook-uptablecontains14entriesinsteadof 256.Figure2.3showsthetriangulation
of the14patterns.

After having thelist of intersectededgesreadfrom thelook-uptable(Step6.) theintersec-
tion pointsalongtheseedgesarecalculatedusinglinear interpolation.Thepositionof vertex� ��� alongtheedgeconnectingcornerpoints � � and � � is computedasfollows:� ����������������� � �! � �" � �$#%�&��� � �' ��(�) $" � �* ) �+,�&��� � �- ������ � �* � /. (2.1)

assumingthat ��� � �� 102� and ��� � �- 132� , where � is the spatialdensityfunction and � is the
thresholddefiningtheiso-surface.

Sincethe algorithmgeneratesanorientedsurfacewith a normalvectorat eachvertex po-
sition, the laststepis thecalculationof thesurfacenormals(Step7.). First of all, thenormals4 ��56�7.98:��. �<;  at thecubeverticesaredeterminedusingcentral differences:

4 �*56�7.98:�=. �<;  ?> �
 " @AB ������56��CED/.98:��. �<;  ��F����56�HG6D-.98:�<. �<;  ) ������56�I.98:��CEDJ. �<;  ��F����56�I.98:�/G6D9. �<;  ) ������56�I.98:��. �<; CEDK ��F����56�I.98:�=. �<; G6D) ) 
LNMOQP (2.2)

At an intersectionpoint
� ��� along the edgeconnectinggrid points � � and � � the surface

normal R ��� is calculatedusinglinearinterpolationbetweenthecorrespondingnormalsdenoted
by R � and R � respectively:

R ���S�T����������� � �� � �" R �$#%�&��� � �' ����) �" R �* ) �+,�&��� � �' ������ � �! � P (2.3)
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Figure 2.3: Thetriangulatedcells.
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Thecontinuousgeometricalmodelgeneratedby themarchingcubesalgorithmcanberen-
deredusingthetraditionalcomputergraphicstechniques.Theconventionalgraphicsaccelera-
tion deviceswhicharebasedonthehardwareimplementationof the � -bufferinghiddensurface
removal canrendersucha modelin real time usingPhongshadingandGouraudinterpolation
[54]. Figure2.4shows therenderingof thesurfacereconstructedfrom theCT scanof ahuman
head.Thedensityconstantwassetto thethresholdof thebonein orderto visualizethesurface
of theskull.

Figure 2.4: Thesurfaceof a humanskull reconstructedfromCTdatausingthemarchingcubes
algorithm[5].

Themaindisadvantageof themarchingcubesalgorithmis thecomputationallyexpensive
preprocessing.Especiallyhaving high resolutiondatasetsthe numberof the generatedtrian-
glescanbe enormous.Sincethe interactivity is stronglyinfluencedby the complexity of the
modelusuallysomepostprocessingis performedontheinitial meshin orderto simplify it [51].
Furthermorethetriangularmeshis notuniformbecausetheverticesarelocatedon theedgesof
cubiccells,thereforesomemeshrefinementis alsorequired.

However, this methodis capableonly for iso-surfacerenderingthusthe internalstructures
of the volumecannotbe visualized. After the preprocessing,the original datavaluesarenot
availableanymorethuscuttingplanesarenotsupported.Cuttingoperationsareratherimportant
in medicalimagingapplications,wherethe physiciancandefinean arbitrarycrosssectionof
the3D modelandrendertheslicedisplayingtheoriginal gray-scaledatavalues.Furthermore,
themodelingof semi-transparenttissues- which is themostimportantfeatureof directvolume
rendering- is notsupportedeither.
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2.1.2 Frequencydomain volumerendering

In this sectionanotherindirect volumerenderingapproachis presentedwhich hasbeenpro-
posedfor interactive renderingof simulatedX-ray images[39][57][37]. Heretheintermediate
representationis a 3D Fourier transformof the volumewhich is consideredto be a continu-
ousspatialdensityfunctionsampledat regulargrid points.Althoughthecalculationof the3D
Fourier transformis very time-demandingit hasto beperformedonly oncein a preprocessing
step.Afterwards,accordingto theFourier projection-slicetheorem, anarbitraryprojectionof
thevolumecanbegeneratedby arelatively cheap2D inverseFouriertransformationof asingle
slice.This inversetransformationcanberapidlyexecutedevenon low-endhardware.Thefinal
imagecontainsin eachpixel the densityintegral alongthe correspondingviewing ray, thusit
canbeconsideredto beanX-ray simulation.

This approachfor renderingvolumetricdatasetsis basedon theinverseproblemof tomo-
graphicreconstruction[39]. Generally, theaim is to achieve a fastcomputationof thedensity
integralof agiven2D function ���*5U.98V alongaline W �*�/.9XU . TheFourierprojection-slicetheorem
is givenas:

�ZY �%[�!\^]'_a`=bc.)\d`<e 4 bf /. (2.4)

where�gY ��\d is theFouriertransformofh Y �jilkG k ���*5g�*�/.�XU -.98m�*�/.�XU � Kno�/. (2.5)

and ��\p.Jbq definesthe frequency plane. Thusa slice of the Fourier transformof a given
function ����5U.98V atanangleb representstheone-dimensionalFouriertransformof its projectionh Y �*XU . Figure2.5 illustratesthis relationship.

Figure2.5: Illustration of theFourier projection-slicetheoremin 2D.

In 3D, the Fourier projection-slicetheoremcanbe usedfor calculatingthe intensityinte-
gralsof a function ���*5U.�8E. �  at a givenpoint �*X�./r, ontoanorientedprojectionplanealonga
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perpendicularray � . Wegettheintensity eJ�sX�./r, in theimageplaneas:eJ�sX�./r, $�ji kG k ���*5g���/.9X�./rV -.98m�*�/.9X�./r, -. � �*�/.9X�./r, � Knf� P (2.6)

The computedintensitydistribution andits parametersin spatialdomainareillustratedin
Figure2.6.

Figure2.6: Illustration of theFourier projection-slicetheoremin 3D.

The3D Fouriertransformof thespatialdensityfunction ���*5U.�8E. �  is givenby:[�!\tDJ.)\gu<.)\gv/ ?�%i kG k i kG k i kG k ���*5U.�8E. �  )w Gx��uIy{z}|9~f�*CV�K~{�7C,�I~��I� nf5�no8Vn � (2.7)

Accordingto the Fourier projection-slicetheorem[17] [�!\tD9.)\gu<.)\gv/ hasto be computed
alongthe slicing planethroughthe origin definedby two vectors � and � in order to obtain� � � . �  . [l��\?D'� � . �  /.)\gu=� � . �  /.)\gv<� � . �  ) $� � � � . �  $�i kG k i kG k i kG k ���*5U.98�. �  Kw Gx��uIyaz�|9~f�Iz��=� �)��CV��~{��z}�=� �)��C,�7~=��z}�=� �)��� nf5�nx8cn � (2.8)

TheinverseFFTof theresulting2D function
� � � . �  leadsto theintensityintegral (eq.2.6),

of a bundleof parallelraysperpendicularto theplane � � . �  . This imageis consideredto bean
X-ray imageof thevolume.Figure2.7shows two exampleimagesrenderedusingthis volume
renderingtechnique.

The2D inverseFFT canbecalculatedvery fast,thereforehaving the3D Fouriertransform
of theentirevolumeit canberenderedfrom anarbitraryviewing directionachieving interactive
framerates.Sincethefinal imageis just anX-ray simulationthis techniqueis mainly usedin
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Figure 2.7: Exampleimagesrenderedusingfrequencydomainvolumerendering[57].

medicalimagingapplicationsandnot consideredto bea widely usablegeneralvolumerender-
ing method.Themaindrawbackis the lack of depthinformation,sincefor thecalculationof
thedensityintegralsa distance-dependentweightingfunctionor anopacitymanipulationcan-
notbeused.In thenext sectionit will beshown thatdirectvolume-renderingmethodsaremuch
moreflexible in thissensesupportingthemodelingof severalopticalphenomenalikeemission,
reflection,andattenuation.
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2.2 Dir ectvolumerendering

Direct volume-renderingmethodsdo not requireany intermediaterepresentationin order to
visualizethedataset,sinceit is processeddirectly in the renderingpipeline. Thevolume

���� vl� �
is consideredto be a spatialdensityfunction � � ��v� �

sampledat regular grid
points,wherethedensitysamplesaredefinedas:� �H� �K� ; ������� 56�7.98:�=. �<;-�  P (2.9)

In orderto generatean imageof thevolumea viewing ray is castfrom thevirtual camera
locationthrougheachpixel (pictureelement)of theimageplane(Figure2.8). Therayscanbe
definedby theirparametricequation: � ���) $���#�\�":�/. (2.10)

wherelocation � is theorigin, vector \ is theunit directionand � is therayparameter. Each
viewing ray piercingthevolumecanbecharacterizedby a densityprofile h which dependson
thedensityvaluesalongtheraysegmentwhich is intersectedby thevolume:h �*�) $�j��� � �*�) ) $�j���*�l#�\�"<�) P (2.11)

z

x

y

f(x,y,z)

image plane

r(t)

p(t)

viewpoint

Figure2.8: Illustration of thedensityprofileof a viewing ray.

Sincethe volumedatais given asa 3D arrayof samples,the original continuousdensity
functionis not available.In orderto getthevalueh ���) of therayprofileatanarbitraryvalueof
parameter� a3D interpolationmethodhasto beused.

Thecolorof apixel dependson thedensityprofileof thecorrespondingrayandtheapplied
visualizationmodelwhich determineshow to mapthis profile asa one-dimensionalfunction
ontoasinglepixel value.Thefollowing subsectionoverviewsthemostimportantrecentlyused
volume-renderingmodels.



2.2. DIRECT VOLUME RENDERING 19

2.2.1 Different visualization models

The simplestvisualizationmodelsdirectly mapthe densityprofile onto pixel intensities.For
instance,onepossibilityis to calculateeachpixel value

� ���$.)\d asthedensityintegral alongthe
correspondingviewing raydefinedby origin � anddirection \ :� ���$.)\d �� i<� �����#�\�"<�) )nf� P (2.12)

Thismodelis equivalentwith theFouriervolumerenderingresultingin simulatedX-ray im-
ages.Similarvisualeffectcanbeachievedapproximatingthedensityintegralsby themaximum
densityvaluealongtheviewing rays:� ���$.)\d ����¡ f5 � �����#�\�"<�) P (2.13)

This modelis well known in medicalimagingasmaximumintensityprojection(MIP) and
it is mainly usedfor visualizationof blood-vesselstructures.Assumingthata trilinear filter is
appliedfor functionreconstructiontheexactmaximumdensitiescanbeanalyticallycalculated
[49]. In practicethedensityprofile is approximatedby a a piecewiseconstantfunctiontaking
a finite numberof evenly locatedsamples,andthemaximumdensitysampleis assignedto the
givenpixel.

Themaindrawbackof maximumintensityprojectionis the lossof depthinformation.For
example,in a medicalapplicationit might beconfusingthata higherdensitybloodvesselcan
“hide” otherbloodvesselswhich arecloserto the view-point. In orderto avoid this problem
Satoproposeda techniquecalled local maximumintensityprojection(LMIP)[50]. Insteadof
the global maximumalong the correspondingviewing ray the first local maximumwhich is
aboveapredefinedthresholdis assignedto eachpixel (Figure2.9).

threshold

LMIP
MIP

ray parameter

Figure 2.9: Localmaximumintensityprojection(LMIP).

In orderto modelphysicalphenomenalike scatteringor attenuationopticalpropertiesare
assignedto thevolumesamplesasfunctionsof theirdensityvalues.Eachpixel intensity

� �*�$.)\d 
is composedfrom theassignedpropertiesof thesamplesalongtheassociatedviewing ray ac-
cordingto thewell known light transportequation[34][36][15][40]:� �*��.)\d �� i � w G�¢,£¤U¥ z � � � � � ��`� )n	`f. (2.14)

where � is the origin of the ray, \ is the unit directionof the ray, ¦ ���) is the differential
attenuationat �§#¨\¡"K� , and

� ��`� is thedifferentialintensityscatteredat �§#¨\©"9` in thedirection
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�ª\ . In practice,the integral of Equation2.14 is approximatedby a summationof equally
spacedsamples: � � «¬� � x® �°¯¬� �  � w G ¢o±&² �± ¥ z � � � z � �  � �se7 P (2.15)

Herethesamplespacingis assumedto beunity. Thesumin Equation2.15is equivalentto
theintegral in Equation2.14in thelimit asthesamplespacinggoesto zero[41][46].

Introducing³ ��´c astheaccumulatedopacityof raysegment[ ´f.7´µ# �
]:

³ ��´	 $� � ��w G ¢ ±�² �± ¥ z � � � z � � . (2.16)

Equation2.15canbewrittenasfollows:� � «¬� � x® � ¯¬� �  � � � � ³ ��´	 ) � � �*e7 P (2.17)

Equation2.17canbeevaluatedrecursively runningthrougheache th samplein back-to-front
order: �'¶ � � � ³ �seI �" � �seI ·#j� � � ³ �se7 ) �" � � ® . (2.18)

where
� � ® is theintensitybeforetheevaluationof the e th sample,

� �*e7 is thescatteringof thee th sample,and
�:¶ � � is theintensityafterhaving thecontribution of the e th sampleaddedto the

weightedsum.Theinitial valueof
� � ® is theambientlight. In fact,Equation2.18is thePorter-

Duff over operatorusedfor compositingdigital images[45]. In thefollowing subsectionstwo
differentstrategiesarepresentedfor approximatingthe light transportequationusingtheover
operator.

2.2.2 Image-order methods

Image-ordervolume-renderingtechniquesrepresenta backward-mappingscheme.The image
is generatedpixel-by-pixel castingraysfrom the view-point througheachpixel of the image
planerasamplingthevolumealongtheviewing rays.

Earlymethodscastparallelor perspectiveraysfrom thepixelsof theimageplaneanddeter-
mineonly thefirst intersectionpointswith asurfacecontainedin thevolume[59]. Oneof these
methodsis binary ray castingaimingat thevisualizationof surfacescontainedin binaryvolu-
metricdata. Along theviewing raysthevolumeis resampledat evenly locatedsamplepoints
andthesamplestake thevalueof thenearestvoxel. Whenthefirst samplewith a valueof one
is foundthecorrespondingpixel color is determinedby shadingtheintersectedsurfacepoint.

Anotheralternativeis discreteraycasting[65], wherethecontinuousraysareapproximated
by discrete3D linesgeneratedby aBresenham-likealgorithm[54] or a3D line scan-conversion
(voxelization). Accordingto the topologyof the scan-convertedlines threetypesof discrete
pathscan be distinguished: ¸ -connected,

�=¹
-connected,and


 ¸ -connected,which are based
uponthethreeadjacency relationshipsbetweenconsecutivevoxelsalongthepath. ¸ -connected
pathscontainalmosttwice asmany voxels as


 ¸ -connectedpaths,so an imagecreatedusing
 ¸ -connectedpathswould requirelesscomputation.Nevertheless,a

 ¸ -connectedpathmay

missanintersectionthatwouldbedetectedusinga ¸ -connectedpath.
The closestintersectionpoints are storedfor eachpixel and afterwardsan image-space

depth-gradient shading[6][55] can be performed. Better resultscan be achieved applying
object-spaceshadingtechniqueslike normal-basedcontextual shading[25][3]. Normal com-
putationmethodsbasedonsurfaceapproximationtry to fit a linear[2] or abiquadratic[61][62]
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functionto thesetof pointsthatbelongto thesameiso-surface.Thesetechniquestake a larger
voxel neighborhoodinto accountto estimatethesurfaceinclination.

Direct volumerenderingof gray-level volumesis not restrictedto surface-shadeddisplay
likein thecaseof binarydatasets.Hereacompositeprojectionof thevolumecanbeperformed
by evaluatingthelight transportequation(Equation2.14)alongtheviewing rays.Composition
requirestwo importantparameters,the color andan opacityat eachsamplelocation. Levoy
[34] proposedan image-orderalgorithmwhich assignstheseparametersto eachgrid location
in apreprocessingstep.Theopacityandcolorvaluesatanarbitrarysamplepointarecalculated
by first-orderinterpolation.

data preparation

acquired values

shading classification

voxel opacities

sample opacitiessample colors

voxel colors

ray tracing / resampling

compositing

image pixels

prepared values

ray tracing / resampling

Figure 2.10: Thedirectvolume-renderingpipeline.

Thedirectvolume-renderingpipelineis shown in Figure2.10.Thefirst stepis dataprepara-
tion whichmayinclude,for example,theinterpolationof additionalslicesto obtainanisotropic
volume. The preparedarrayis the input of the shadingprocesswherecolorsareassignedto
thevoxelsdependingontheirdensities.Theassignedcolorsareshadedaccordingto thePhong
model[54]. Theshadingmodelrequiresa normalvectorat eachvoxel location. In gray-level
volumesthe normalscanbe obtainedas the estimatedgradientscalculatedfrom the central
differences:

º ����56�7.98<�<. �<;  ?> �
 " @AB �&���*56��CED-.98<�=. �<;  ������*56��G6D/.98<�=. �<;  � �&���*56�I.98<�)CEDJ. �<;  ������*56��.98<�JG6DJ. �<;  � �&���*56�I.98<�<. �<; CED) ������*56��.98<�=. �<; G6D) � 
LNMO . (2.19)

where ����56�I.98:��. �<;  is thediscrete3D densityfunction.Theoutputof theshadingprocessis
anarrayof voxel colors. In a separatestep,classificationis performedyielding anadditional
arrayof voxel opacities.After having thecolor andopacityvaluesassignedto eachvoxel, rays
arecastfrom theview-point througheachpixel of theimageplaneresamplingthevolumeat a
finite numberof evenlylocatedsamplepoints.Thecolorandopacityvaluesatanarbitrarysam-
ple point arecalculatedby trilinearly interpolatingthecolorsandopacitiesat theeightclosest
voxels(Figure2.11).Thefinal stepis thecompositionof theraysamplesusingthePorter-Duff
overoperatorfor approximateevaluationof the light transportequation(Equation2.14).
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Figure 2.11: Resamplingusingtrilinear interpolation.

Compositeray castingis a flexible approachfor visualizingseveral semi-transparentsur-
facescontainedin the dataand produceshigh quality images(Figure 2.12). However, the
alpha-blendingevaluationof viewing raysis computationallyexpensive, especiallywhensu-
persamplingis performedtrilinearly interpolatingeachsinglesample.Therefore,severaltech-
niqueshavebeenproposedfor acceleratingraycastingusuallyexploiting data,image,or frame-
to-framecoherence.Chapter3 givesanoverview of theseaccelerationmethods.

Figure 2.12: A CTscanof a humanheadrenderedusingcompositeraycasting[31].
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2.2.3 Object-order methods

Object-ordervolume-renderingtechniquesapplya forward-mappingscheme.Herethevolume
is projectedvoxel-by-voxel onto the imageplane.Thefirst object-ordermethods,similarly to
the early image-ordermethods,aimedat the renderingof binary volumes. Processingeach
sample,only the voxels with value of one are projectedonto the screen. The samplesare
projectedin back-to-front order to ensurecorrectvisibility. If two voxels areprojectedonto
thesamepixel, thefirst processedvoxel mustbefartheraway from theimageplane.This can
beaccomplishedby traversingthedataplane-by-plane,androw-by-row insideeachplane.For
arbitraryorientationsof thedatain relationto theimageplane,someaxesmaybetraversedin
anincreasingorder, while othersmaybeconsideredin adecreasingorder. Theorderedtraversal
canbeimplementedwith threenestedloopsindexing 5 -, 8 -, and � -directionsrespectively. Such
an implementationsupportsaxis-parallelclipping planes. In this case,the traversalcan be
limited to asmallerrectangularregionby simplymodifying theboundsof thetraversal.

Thedepthimageof thevolumecanbeeasilygenerated.Wheneveravoxel is projectedonto
a pixel, thepixel valueis overwrittenby thedistanceof thegivenvoxel from theimageplane.
Similarly to the early image-basedmethodsthe distanceimagecanbepassedto a simple2D
discreteshader.

More sophisticatedobject-ordermethodslike splattingproposedby Westover [63] arenot
restrictedto the renderingof binaryvolumes.Accordingto his approacha gray-scalevolume
is treatedasa 3D discretedensityfunction. Similarly to theray-castingmethoda convolution
kerneldefineshow to reconstructa continuousfunctionfrom thedensitysamples.In contrast,
insteadof consideringhow multiple samplescontributeto a samplepoint, it is consideredhow
a samplecancontributeto many otherpointsin space.For eachdatasamplè»�¼�*5��/.98f�J. � �) , a
function ½ definesits contribution to everypoint ��5U.98E. �  in thespace:

½ ��5U.98�. �  $�j¾U�*5��5��'.�8¿��8q�/. � � � �) �"{����`� /. (2.20)

where ����`� is the densityof samplè . The contribution of a samplè to an imageplane
pixel ��5U.98V canbecomputedby anintegration:

½ �*5U.98V $�j���&`{ i kG k ¾U�*5��5��'.�8À��8q�-. �  Kn � . (2.21)

wherethe � coordinateaxisis parallelto theviewing ray. Sincethis integral is independent
of thesampledensity, anddependsonly on its ��5U.98V projectedlocation,a footprint function [
canbedefinedasfollows: [l�*5U.98V $�%i kG k ¾U�*5l��5��-.98¿��8f�J. �  )n � . (2.22)

where �*5U.98V is thedisplacementof animagesamplefrom thecenterof thesample’s image
planeprojection.Thefootprintkernel [ is aweightingfunctionwhichdefinesthecontribution
of a sampleto theaffectedpixels.A footprint tablecanbegeneratedby evaluatingtheintegral
in Equation2.22on a grid with a resolutionmuchhigherthantheimageplaneresolution.All
thetablevalueslying outsideof thefootprint tableextenthave zeroweightandthereforeneed
not be consideredwhengeneratingan image. A footprint tablefor datasamplè is centered
on theprojectedimageplanelocationof ` , andsampledin orderto determinetheweightof the
contributionof ` to eachpixel on theimageplane.

Computinga footprint tablecanbedifficult dueto the integrationrequired.Althoughdis-
creteintegrationmethodscanbeappliedto approximatethecontinuousintegral, generatinga
footprint tableis still a costlyoperation.However, in caseof orthographicprojection,thefoot-
print tableof eachsampleis the sameexceptfor an imageplaneoffset. Therefore,only one
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footprint tableneedsto becalculatedperview. Sincethiswould requiretoomuchcomputation
time anyway, only onegenericfootprint table is built for the kernel. For eachview, a view-
transformedfootprint tableis createdfrom the genericfootprint table. The genericfootprint
tablecanbeprecomputed,thereforeit doesnot matterhow long thecomputationtakes.Gener-
ationof a view-transformedfootprint tablefrom a genericfootprint tableis describedin detail
in [63].

Therearethreemodifiableparametersof thesplattingalgorithmwhich canstronglyaffect
the imagequality. First, the sizeof the footprint tablecanbe varied. Small footprint tables
produceblocky images,while large footprint tablesmaysmoothout detailsandrequiremore
space.Second,differentsamplingmethodscanbeusedwhengeneratingtheview-transformed
footprint table from the genericfootprint table. Using a nearest-neighborapproachis fast,
but may producealiasingartifacts. On the otherhand,usingbilinear interpolationproduces
smootherimagesat theexpenseof longerrenderingtimes. The third parameterwhich canbe
modifiedis thereconstructionfilter itself. Thechoiceof, for example,aconefunction,Gaussian
function,Sincfunctionor bilinearfunctionaffectsthefinal image.

Alpha-blendingcompositionis alsosupportedby the splattingalgorithm. The voxel con-
tributionsof slicesmostly perpendicularto the viewing directionareevaluatedon associated
sheetsparallel to the imageplane. After having eachsheetgeneratedimagecompositionis
performedapplyingthePorter-Duff overoperator.

Using the splattingalgorithmapproximatelythe sameimagequality can be achieved as
applyingacompositeraycasting.Theadvantagesof splattingoverraycastingarethefollowing.
First, the cachecoherency canbe exploited sincethe voxels aresequentiallytraversedin the
sameorderasthey arestoredin memory. In contrast,raycastingrequiresrandomaccessto the
voxels.Furthermore,thesplattingapproachsupportsincrementalrenderingin back-to-frontor
front-to-backorder. Usingsplattingsmoothsurfacescanberenderedwithoutstaircaseartifacts,
unlike in thecaseof ray casting.Themaindrawbackof splattingis that thegeneratedimages
areblurredbecauseof thesphericallysymmetricreconstructionkernel. In contrast,usingray
castingwith trilinear reconstructionsharpobjectboundariesareobtained.



Chapter 3

Accelerationtechniques

This chapteroverviews the stateof the art of fastdirect volume-renderingalgorithms. Since
this thesisconcentrateson software-onlyoptimizationtechniquesthe recenthardwareaccel-
erationtoolsarenot discussed.The fastimage-orderandobject-ordermethodsarepresented
in Section3.1 and Section3.2 respectively. It will be shown that the advantageousproper-
ties of thesetwo differentapproachesarecomplementary. Therefore,hybrid methodswhich
combineimage-orderandobject-ordertechniqueshave beenproposedby severalauthors(see
Section3.3). Oneof themis a two-passray-castingandback-projectionalgorithmwhich ex-
ploitstheframe-to-framecoherency. Anotheroneis theclassicalshear-warpalgorithm,whichis
basedonrun-lengthencodingof volumeandimagescan-linesexploiting thevolumeandimage
coherency respectively. Our goal is to improve the well known generalaccelerationmethods
usingapplicationorientedoptimization.In Chapter4 it will beshown thatapplyingappropriate
algorithmsinteractive directvolumerenderingis possibleevenon low-endmachinesif thevi-
sualizationprocedureis restrictedto a certainpurpose,like fastdisplayof shadediso-surfaces
or fastmaximumintensityprojection.

25
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3.1 Fast image-order techniques

3.1.1 Hierarchical data structures

Earlymethods[15][33][53] usehierarchicaldatastructureslikeoctrees,K-d trees,or pyramids
to efficiently encodethe emptyregionsin a volume. Suchdatastructuresarewidely usedin
computergraphicsfor acceleratingtraditionalalgorithms,likeraytracing.Theideais to quickly
find thefirst intersectionpoint for anarbitraryray without evaluatingtheintersectionswith all
theobjects.Raytracingin continuousanalyticallydefinedscenesrequiresa hierarchicalstruc-
turewith arbitrarilyfineresolution.In contrast,in volumerenderingthediscreterepresentation
of thescenecanbeexploited.For example,apointerlesscompleteoctreecanberepresentedby
apyramid[64][35].

Without lossof generality, let usassumethat theresolutionof thevolumeis R � R � R ,
whereR � 
qÁ # � for someinteger Â . A pyramidis definedasasetof Â # � volumes.These
volumesareindexedby a level number�Ã�ÅÄV. P�P�P . Â , andthevolumeat level � is denotedby�,Æ

. Volume
� ¬ measuresR � �

cellsonaside,volume
� D measures� R � �  )+ 
 cellsonaside

andsoonup to thevolume
� Á which is asinglecell.

Levoy [35] applieda binary pyramid in order to quickly traversethe empty regions in a
volume.A cell of

� ¬ representstherectangularregionsbetweeneightneighboringvoxelsin the
originaldata.Thevalueof acell in

� ¬ is zeroif all of its eightcornervoxelshaveopacityequal
to zero,otherwiseits valueis one. At higherlevelsof thepyramidzerois assignedto a cell if
all thecornercellsatonelevel lowerhavevalueof zero.

For eachray, first thepoint wheretheray entersa singlecell at the top level is calculated.
Afterwardsthepyramid is traversedin thefollowing manner. Whenever a ray entersa cell its
value is checked. If it containszero the ray advancesto the next cell at the samelevel. If
the parentof the next cell differs from the parentof the previous onethenthe parentcell is
investigatedandtheray is tracedfurtherat onelevel higher. If theparentcell is emptythenit
canbeskipped,andtheiterationcontinuesuntil anon-emptycell is found.In thiscase,moving
down in thehierarchicalstructure,thefirst elementarycell is determinedwhichhasat leastone
opaquecornervoxel. In suchanelementarycell samplesaretakenat evenly spacedlocations
alongtherayandcompositingisperformed.Usingsuchahierarchicalraytraversallargerempty
regionscanbeeasilyskipped.Sincethe non-emptycells in the binarypyramid representthe
regions,whereopaquevoxelsarepresentthealgorithmis calledpresence-acceleration.

DenskinandHanrahan[15] improvedthis algorithmusingpyramidsnot only for skipping
the emptyray segmentsbut for approximateevaluationof homogeneousregions. Therefore,
their techniqueis called homogeneityacceleration. Insteadof using a binary pyramid they
constructa so called range pyramid which containsthe maximumand minimum valuesof
subvolumesat onelevel lower. If the maximumandminimumvaluesof a cell arenearlythe
samethenit is consideredhomogeneousandanapproximateevaluationis performed.

3.1.2 Early ray termination

Associatingan accumulatedopacityto eachpixel of the imageplaneray castingcanbe per-
formedevaluatingtheraysin front-to-back order. In caseof back-to-front composition,all the
samplesalongthe ray have to be taken into account. This computationis usuallyredundant
sinceseveralsamplescanbeoccludedby a ray segmentwhich is closerto theviewer andhas
accumulatedopacityof one. Therefore,thesesamplesdo not contributeto the image. In con-
trast,usingfront-to-backcomposition,the rayscanterminatewhenthe accumulatedopacity
exceedsa predefinedthreshold[35]. This techniqueis well known asearly ray terminationor
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³ -acceleration.
Thisaccelerationmethodintroducesasystematicbiasin theimagebecauseof thepredefined

threshold.In orderto avoid this, a techniquecalledRussianRoulettecanbeusedfor unbiased
estimationof pixel values[15].

RussianRoulettewas developedfor Monte-Carloparticle-tracingmethods[54] to avoid
simulatingparticleswith low weights,but still without biasingtheresults.Similarly, it canbe
usedto cut down on theaveragepenetrationof raysinto thevolume.Herea ray is assumedto
be a particle. Taking a sampledefinedby the distance� from the origin of the ray, the parti-
cle tracingendsbeforereachingthedistance��# �

with probability h ���) which is equalto the
opacity ³ ���) . Thereforetheprobabilityof theray terminationis theaccumulatedopacity. One
possibility is to assignthevalueof

� ���) to thecorrespondingpixel whentheray terminatesat
distance� . This would leadto a high varianceof pixel values.Instead,theraysareevaluated
usingthePorter-Duff over operatorandthey terminatewith a probabilityequalto theaccumu-
latedopacity. Using this RussianRouletteapproachinsteadof a predefinedthresholdfor ray
terminationanunbiasedestimationof pixel valuesis ensured.

3.1.3 Distancetransformation

Themaindrawbackof accelerationtechniquesbasedon hierarchicaldatastructuresis thead-
ditional computationalcostrequiredfor the traversalof cells locatedat differentlevelsof the
hierarchy. Furthermore,therectangularcellsonly roughlyapproximatetheemptyregions.

Cohenproposeda techniquecalledproximity cloudsfor fast3D grid traversal. Here the
geometricinformationrequiredfor emptyspaceskippingisavailablewith thesameindicesused
for theoriginalvolumedata[7]. Thedatastructureis asimple3D distancemapgeneratedfrom
binaryvolumes.The input binaryvolumeencodesthe transparentandopaquecells similarly
to Levoy’s approach[35]. In thedistancevolumeeachcell containsthedistanceto thenearest
non-emptycell. The distancebetweentwo cells is representedby the Euclideandistanceof
their centerpoints.

Ray castingis performedapplying two differentcell traversalstrategies. The algorithm
switchesbetweenthesetwo strategiesdependingon thedistanceinformationstoredin thecur-
rent cell. Using fixed-pointarithmeticand integer division it is easyto find the cell which
containsthe currentray sample.If the currentsampleis in the vicinity of an objecta simple
incrementalray traversalis performed.If this is not thecase,thedistancevalue n storedin the
currentcell is usedfor fastskippingof emptyregions.Thenew sampleis determinedby adding
theunit directionof thegivenray multiplied by nÇ� �

to thecurrentsamplelocation.Thedis-
tancefrom thenearestobjecthasbeencalculatedfrom thecenterof thecurrentcell, therefore
usingasteppingdistancen§� �

, skippingbeyondthefree-zonecanbeavoided.
Distancemapscanbe generatedbasedon several distancemetrics,like City-Block, Eu-

clidean,or Chessboarddistance.Approximatedistancemapsareusuallycalculatedapplying
theefficient Chamferingmethod.Thebasicideais to usea maskof local distancesandpropa-
gatethesedistancesoverthevolume.Thegenerationof amoreaccuratedistancemaprequiresa
largermask,thereforethepreprocessingtime is longer. On theotherhand,lesssampleshaveto
betaken in theray-castingprocesswhenmoreexactdistanceinformationis available. There-
fore, the applieddistancemetric is a compromisebetweenthe preprocessingand rendering
times.
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3.2 Fastobject-order techniques

3.2.1 Hierarchical splatting

Object-ordervolumerenderingtypically loopsthroughthedata,calculatingthecontributionof
eachvolumesampleto pixelson theimageplane.This is acostlyoperationfor high resolution
(e.g.

�c�=
 v
) datasets. Onepossibility is to apply progressiverefinement. For the purposeof

interaction,first a lower quality imageis rendered.This initial imageis progressively refined
whenafixedviewing directionhasbeenselected.

For binarydatasets,bitscanbepackedinto bytessuchthateachbyterepresentsa

µ�©
��¡


portionof thedata[59]. Thevolumeis processedbit by bit to generatethefull resolutionimage
but lower resolutionimagescanbe producedprocessingthe volumebyte-by-byte.A byte is
consideredto representan elementof an object if it containsmore than four non-zerobits,
otherwiseit representsthebackground.Usingthis technique,animagewith one-halfthelinear
resolutionis producedin approximatelyone-eightthetime.

A moregeneralmethodfor decreasingdataresolutionis to build a pyramiddatastructure,
which for on original datasetof R v samples,consistsof a sequenceof W _=ÈÉ� R  volumes.The
first volumeis the original dataset,while the secondvolumeof one-eighththe resolutionis
createdby averagingeach


µ�¡
µ�©

groupof samplesof theoriginaldataset.Thehigherlevels

of thevolumepyramidarecreatedfrom thelower levelsin asimilarwayuntil W _�Èm� R  volumes
have beencreated.An efficient implementationof thesplattingalgorithm,calledhierarchical
splatting[33] usessucha pyramiddatastructure.Accordingto thedesiredimagequality, this
algorithmscansthe appropriatelevel of the pyramid in a back-to-frontorder. Eachelement
is splattedonto the imageplaneusingthe appropriatesizedsplat. The splatsthemselvesare
approximatedby polygonswhichcanberenderedby conventionalgraphicshardware.

3.2.2 Extraction of surfacepoints

Although thereareseveral optimizationtechniquesbasedon emptyspaceleapingor approx-
imate evaluationof homogeneousregions, becauseof the computationallyexpensive alpha-
blendingcompositingtherenderingis still time-demanding.

Onealternative to alpha-blendingvolumevisualizationis theextractionof relevantvoxels
andthe optimizationof the renderingprocessfor sparsedatasets. Following theseapproach
interactive applicationscanbedevelopedwhich supportflexible manipulationof theextracted
voxels. In medicalimagingsystems,for example,thecuttingoperationsareratherimportant,
wherea shadediso-surfaceandan arbitrarycross-sectionalslice canbe renderedat the same
time.

Sobierajski[52] proposeda fastdisplaymethodfor direct renderingof boundarysurfaces.
Fromthevolumedataonly thoseboundaryvoxelsareextractedwhicharevisiblefrom acertain
setof viewing directions.In many casesthesix orthographicviews aresufficient to obtainan
approximatesetof all the potentiallyvisible boundaryvoxels. Betterapproximationcanbe
achievedincreasingthenumberof directions.

Takingonly thesix orthographicviews into accountthevisibility calculationscanbeper-
formedefficiently usinga 2D boundarytracingalgorithmon the slicesperpendicularto each
coordinateaxis. Theoutputof thesurface-extractionalgorithmis a list of boundaryvoxels in
whichduplicateelementsareremoved.Thegeneratedlist storesfor eachvoxel all theattributes
whicharenecessaryfor therenderingprocess,like thecoordinatesor thenormalvector.

Thesetof surfacepointsispassedto therenderingengine.Sinceadjacentvoxelsaremapped
ontonot necessarilyadjacentpixels,holescanappearin theproducedimage.In orderto avoid
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this problemonevoxel is projectedontoseveralpixelsdependingupontheviewing direction.
Sincetherenderingspeedis directlyrelatedto thelengthof thevoxel list, for aspecificviewing
directionthenumberof voxelsto beprojectedcanbereducedby voxelculling. This is similar
to back-faceculling in polygonrendering[54]. If thedotproductof thesurfacenormalandthe
viewing directionis positivethegivenvoxel belongsto abackface,thereforeit is not rendered.

Sincethe presentedalgorithmfollows a direct volumerenderingapproach,cutting planes
canbeeasilyimplemented.Theprojectedboundarysurfacepointsareshadedaccordingto the
lighting conditionsandthe voxels intersectedby the cutting planearerenderedby projecting
theiroriginaldensityvaluesontotheimageplane.

A fastpreviewing algorithmproposedby Saito[47] is alsobasedontheextractionof bound-
ary voxels. Similarly to the previous methoda setof surfacepoints is storedin a list andit
is passedto therenderingengine.In contrast,in orderto increasetherenderingspeed,only a
subsetof theboundaryvoxelsareextractedaccordingto a uniform distribution. Theextracted
surfacesamplesareconvertedto geometricalprimitiveslike cross-linesperpendicularto the
surfacenormalandprojectedontotheimageplane.
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3.3 Hybrid accelerationmethods

3.3.1 Shear-warp factorization

Sincethe advantagesof image-orderandobject-ordertechniquesarecomplementaryseveral
authorsproposedhybridmethodswhich combinethesetwo differentapproaches.Oneof them
is theclassicalshear-warpalgorithmpublishedby LacrouteandLevoy [31]. This algorithmis
basedon thefactorizationof theviewing transformationÂ ��� �sÊ into a 3D sheartransformationÂ �sË �&ÌKÍ anda2D warptransformationÂ ÊVÌKÍ�Î (Figure3.1):Â ��� �sÊ � Â ÊVÌKÍ�Î " Â �sË �&ÌKÍ

parallel projection shear-warp projection

M

M
final image

intermediate image

shear

warp

Figure 3.1: Shear-warp factorizationof theviewing transformation.

An intermediateimageis generatedin the shearedspaceprocessingthe volumein object
ordersupportingefficientcaching.Sincetheintermediateimageis parallelto thevolumeslices
it is easyto implementafastparallelprojection.Compositingis performedontheshearedslices
in front-to-backorderusingthe Porter-Duff over operator. The final imageis producedfrom
theintermediateimagetransformingit by a relatively cheap2D warpoperation.

In orderto improve efficiency, the algorithmpreprocessesthe volumeexploiting that the
voxel scanlinesin theshearedvolumearealignedwith pixel scanlinesin the intermediateim-
age. It meansthat thevolumeandimagedatacanbothbetraversedin scanlineorder. Taking
advantagesof coherencein the volume,the scanlinesarerun-lengthencodedin orderto skip
runsof transparentvoxels. Therefore,the encodedscanlinesconsistof transparentandnon-
transparentruns.Thecoherencein theimagecanalsobeexploited.For eachpixel a pointerto
thefirst non-opaquepixel in thesamescanlineis stored.An imagepixel is definedto beopaque
if its accumulatedopacityexceedsa user-specifiedthreshold.The offsetsassociatedwith the
imagepixelsareusedto skip runsof opaquepixelswithout examiningeachsinglepixel. The
pixel arrayandtheoffsetsrepresenta run-lengthencodingof the intermediateimagewhich is
computedon-the-flyduringtherendering.Usingsimultaneouslytherun-lengthencodedvoxel
andimagescanlinesthetransparentandoccludedvoxelscanbepreciselyskipped.
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3.3.2 Incr ementalvolumerotation

As it waspreviouslydiscussed,theclassicalshear-warpalgorithmexploitsbothvolumeandim-
agecoherency. In thissubsectionadirectsurfacerenderingtechniqueproposedby Gudmunds-
sonandRand́en [23] is presented.This algorithmis basedon the frame-to-framecoherency.
Theideais to performa bruteforcefirst hit ray castingdetectingthefirst surfacepointsinter-
sectedby theviewing rays. Of course,thegenerationof this first frameis ratherslow but the
furtherframesarecalculatedincrementallyfrom thepreviousonesproviding interactive frame
rates.

Thesurfacepointsareaddedto a list storingall relevantattributes,like thecoordinates,the
estimatednormal,or theassignedcolor which arenecessaryfor the rendering.Whenever the
viewing directionis changed,eachsurfacepoint in thelist is rotatedandprojectedbackontothe
imageplanetakinginto accountthepossibleocclusions.Thosesurfacepointswhicharehidden
by anotheroneareremovedfrom the list. If theviewing directionis just slightly changedthe
numberof pixelswhich arenot coveredby any projectedsurfacepointsis relatively small. In
orderto fill these“holes” in theimagebruteforceraycastingisperformedfor thecorresponding
raysandnew surfacepointsaredetectedandaddedto thelist. Therefore,afterhaving a frame
generatedthenumberof surfacepointsstoredin thelist is at mostthenumberof pixels. Thus
thecomputationcostis proportionalto theimagesizeratherthanto thevolumesize.

Themainstepsof thealgorithmwhich areexecutedfor eachprojectionin therotationse-
quencearethefollowing:

1. Rotateall thesurfacepointsin thelist usingageometrictransformation.

2. Projectall thetransformedpointsontotheimageplane.

3. Removethosepointsfrom thelist thathavebecomehidden.

4. Detectnew surfacepointsby selectiveraycastingandinsertthemto thelist.

5. Calculatethepixel valuesby resamplingandshadingtheprojectedsurfacepoints.

Notethat,theback-projectedsurfacesamplesarenot uniformly distributed.Therefore,re-
samplingin imagespaceis necessaryin Step5. For example,to eachpixel thenearestprojected
samplecanbeassigned.In orderto reducethenumberof rayswhich needto becastin Step4.
onesurfacepoint canbeprojectedontoseveralpixelssimilarly to thesplattingalgorithm.This
improvementis easyto implementin caseof orthographicmappingusingprojectiontemplates.

YagelandShi [67] improvedthis incrementalrotationtechniqueusinga hierarchicaldata
structurefor fastspace-leapingin theraycastingstep.



Chapter 4

Interacti vevolumerendering

In this chapterthemaincontribution of this dissertationis presented.New interactivevolume-
visualizationalgorithmsareproposedfor traditionalalpha-blendingrendering,surfaceshaded
display, maximumintensityprojection(MIP), andfastpreviewing.

In Section4.1a techniquecalledbinarysheartransformationis described.It is considered
to bea generalaccelerationtool, whichcanbeappliedfor volumerenderingmethodsbasedon
differentvisualizationmodels.Section4.1andSection4.2presentits adaptationsfor fastalpha-
blendingray castingandmaximumintensityprojectionrespectively. Thesealgorithmsexploit
the datacoherenceandredundancy of ray casting,sincesomesegmentsof the viewing rays
usuallydo not contributeto thefinal image.Usingthepresenteddatastructuretransformedby
abinaryshearoperation,theseemptysegmentscanbeeasilyskippedsignificantlyaccelerating
therenderingprocess.

Section4.3describesanotherapproachwhichis rathersurfaceoriented.Hereaniso-surface
is renderedefficiently afterhaving thevolumepreprocessed.In orderto reducethenumberof
voxels to be projectedonto the imageplane,only the potentiallyvisible voxels areextracted
from thevolume.Thepresentedtechniquealsosupportsinteractivecut operationsby arbitrary
cuttingplaneswhich is importantin medicalapplications.

Sincethefastsurface-renderingtechniquepresentedin Section4.3doesnot supportsuper-
samplingstaircaseartifactscanappearin the generatedimages. In orderto compensatethis
drawback,in Section4.4 a new gradientestimationschemebasedon 4D linear regressionis
describedwhichprovidesasmoothgradientfunction.

Section4.5 presentsa fully interactive directvolumerenderingtechnique.It is basedon a
simplifiedvisualizationmodelcalledbubblemodel. Theiso-surfacesarerenderedasthin semi-
transparentmembranessimilarly to blown soapbubbles. In the renderingprocedurethe data
reductionis exploited, thereforehigh frame-ratescanbeachievedwithout hardwareaccelera-
tion.

32
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4.1 Fastvolumerenderingusingbinary shear
transformation

This sectionpresentsa fastvolumerenderingalgorithmbasedonanincrementalrotationtech-
nique[9][10][14]. In orderto preciselyskip theemptyregionsalongtheraysto beevaluateda
binaryvolumeis generatedindicatingthelocationsof thetransparentcells.Thismaskis rotated
by an incrementalbinary sheartransformation,executingbitwise booleanoperationson inte-
gersstoringthebits of thebinaryvolume.Theray castingis acceleratedusingthetransformed
maskandanappropriatelookup-tabletechniquefor finding thefirst non-transparentcell along
eachray.

4.1.1 Intr oduction

Ourprimarygoalis to developa fastvolumerenderingalgorithmwhichcanbeusedin interac-
tiveapplications.Themainideais to renderthefirst hit iso-surfacewith highframeratesduring
therotation.After having anappropriateviewing directionselected,thefinal imageis rendered
accordingto apredefinedtransferfunction. In orderto acceleratealsothealpha-blendingeval-
uationof viewing raysthesamedatastructureis usedasfor thefastrotation.

Early methods[15][33][53] usehierarchicaldatastructureslike pyramids,octreesor K-d
treesto quickly traversethe transparentregionsdecreasingthe numberof samplesto beeval-
uated. Hierarchicaldatastructuresareusedin homogeneityaccelerationtechniquesaswell
[15][21], which apply a simplifiedapproximateevaluationfor the homogeneousregions. Al-
thoughthesemethodsspeeduptheray-castingprocesstherenderingtimesarefar from interac-
tivity. Thisis dueto thesignificantoverheadrequiredfor handlingthehierarchicaldatastructure
itself. For instance,in caseof anoctreestructure,for eachray theentryandexit intersection
pointswith rectangularcellshave to becalculated.

Recentalgorithmslike distancetransformationbasedmethods[7][68] or Lacroute’s shear-
warpalgorithm[31] concentrateon a morepreciseskippingof emptyray segmentsinsteadof
approximatedevaluationof homogeneousregions.Themainadvantageof thesetechniquesover
hierarchicalmethodsis the appliedencodingscheme,sincethe informationaboutthe empty
cells is availablewith the sameindicesasusedfor thevolumedata. However, thesemethods
cannotbeappliedin interactive applicationseither. The3D distancemapdoesnot provide the
exactdistanceof thenearestsurfacepointhit by agivenray. Therefore,severalsampleshaveto
becalculateduntil thesurfaceis reached.Lacroute’s algorithmevaluatestheentirerun-length
encodedvolumerepresentationevenif only thefirst hit iso-surfaceis requiredto bedisplayed.

In contrast,our methodcanrenderthefirst hit iso-surfaceinteractively usinga specialdata
structureandit significantlyspeedsupthealpha-blendingevaluationaswell. Firstaspecialcase
is described,wheretheviewing directionis axisparallelandthesegmentationmaskis storedin
averysimpledatastructuresupportingtheraycastingacceleration.Afterwardsit is shown how
to extendthealgorithmto arbitraryviewing directionstransformingthesegmentationmaskby
anefficientbinaryshearoperation.

4.1.2 Definition of the segmentationmask

Theinput dataof a directvolumerenderingpipelineis a spatialdensityfunction � � ��v»� �
sampledat regulargrid points,yieldingavolume

���	� v � �
of size Ï �ÑÐ¼� �

, where� ��� �K� ; �j����56�I.98:�=. �<;  P (4.1)
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In theclassificationprocess,accordingto thedensityvaluesdifferentattributeslikeopacity
or color areassignedto eachvoxel. Theopacityfunctionmapsthevolume

�
ontoa classified

volume ½ of the samesize, where ½§P�³ �»� v�� �NÄV. � � and ½§P ]'_ W _{Ò �»� v(� ��ÄV. � � v define
the opacityandcolor fields respectively. In orderto handlethe emptycells efficiently many
accelerationalgorithmscreatea binaryvolumeassigningzeroto thetransparentandoneto the
non-transparentcells.A cell is consideredtransparentif all of its eightcornervoxelshavezero
opacities.In ourmethodthedefinitionof a cell dependson theprincipaldirectionof theview-
point. Without lossof generality, it is assumedthat the principal componentof the viewing
directionis its � -coordinate.In this case,the proposedalgorithmresamplesthe volumeonly
in planes� � �<; , wherek = 0,1,2,... Z-1. Thedensitysampleson theseplanesarecomputed
from the densitiesof the four closestvoxels usingbilinear interpolation. The opacityof the
sampleis non-zeroif at leastoneof the four cornervoxels is opaque,thusa binary volumeÓ¼�	� v � Ô ÄV. �aÕ of size(X-1)

�
(Y-1)

�
Z is definedin thefollowing way:

Ó �H� �K� ; �
Ö×××××Ø ×××××Ù
�

if ½§P�³ �H� �K� ; 3ÚÄ or½§P�³ ��CED7� �K� ; 3ÛÄ or½§P�³ �H� ��CED7� ; 3ÚÄ or½§P�³ ��CED7� ��CED7� ; 3ÜÄÄ otherwise.

(4.2)

4.1.3 Ray casting

Thebinaryvolume Ý canbestoredin an integerarray, whereanintegerrepresentsa segment
of abit row parallelto the Þ -axis(in thefurtherdiscussion,thisarrayis referredto asmask). In
thespecialcase,whentheviewing directionis parallelto the Þ -axisthevolumecanberendered
very efficiently by parallelray casting,sincethe problemof finding the first non-transparent
cell hit by araycanbereducedto theproblemof findingthefirst non-zerobit insideaninteger.
Assumethat,oneintegerstores32bit long segmentsof bit rowsparallelto the Þ -axis. In order
to determinethepositionof thefirst non-zerobit insidea segment(representingthefirst non-
emptycell hit by thecorrespondingviewing ray) thefollowing binarysearchalgorithmcanbe
used:

int Depth(int segment) {
int e, pos = 0, threshold;
for(e = 16; e > 0; e /= 2) {

threshold = pow(2, pos + e);
if(segment >= threshold) pos += e;

}
return 31 - pos;

}

Functionpowresultingin thediscretepower ß{à/á7â�ãVä is just asymbolicsubroutinecall, since
theseconstantscanbestoredin a lookup table. Of course,theoptimal solutionwould be the
direct addressingof a lookup table with the segmentvaluewhich storesthe positionof the
first non-zerobit for all possiblecombinations.It would requirethe allocationof anarrayof
size ßaå7æ bytes. Insteadof this, the first non-zerobyte canbe foundby binarysearch,andthe
offsetpositioninsidethis byte is readfrom a lookuptable. Figure4.1 shows how to usesuch
a lookuptable. Note that, the lookuptablecontainsonly 256entries.Assumingthat themost
significantbit is thenearestoneto theviewer thefollowing routineprovidesthepositionof the
first non-zerobit, wherethesizeof anintegeris supposedto be32bits:
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int Depth(int segment) {
if(segment < 0x00010000) {

if(segment < 0x00000100) return 24 + lut[segment];
else return 16 + lut[segment >> 8];

} else {
if(segment < 0x01000000) return 8 + lut[segment >> 16];
else return lut[segment >> 24];

}
}

0 1 2

0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1

100 8 16

2

0

255

LUT
 x 8

10

byte offset

bit offset 45

Figure 4.1: Anexamplefor a LUT entry.

Usuallyoneintegeris not enoughfor storinga completerow of thebinaryvolume Ý , thus
thesegmentsof therowsstoredin integershavetobecheckedsequentiallyandtheroutineDepth
is calledonly for thefirst non-zerointeger. Therefore,thecomplete“ray-tracing”procedurecan
beimplementedasfollows:

int Trace(int x, int y) {
int z = 0, segment;
z_max = (Z + 31) / 32;
for(z = 0; z < z_max; z++)

if(segment = mask[z][y][x])
return z * 32 + Depth(segment);

return Z - 1;
}

Having thefirst intersectionpointdeterminedfor eachray the çUè9é projectionof thevolume
canberendereddirectlyby depthcueing.Thegreatestadvantageof depth-cueingrenderingis,
that it is not necessaryto storethe original volumein themainmemory. Therefore,it canbe
appliedin fastpreviewerapplications.Furthermore,in ordertodisplaytheshadedboundaryiso-
surfacea very simple2D image-basedshadingcanalsobeusedwithout performinga shading
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ê&ë	ì ê&í-ì
Figure 4.2: Distanceimage (a) anddepth-gradientshading(b) of a humanskull.

procedurefor the entirevolume. Figure4.2 shows the distanceimage(a) anddepth-gradient
shading(b) of ahumanskull.

Depth-gradientshading[6][55] approximatesthegradientfrom the Þ -buffer calculatingthe
differencesbetweenthedepthsof thegivenandtheneighboringpixels.Thisapproachproduces
sharpcontourswherein theneighboringpixelsdifferentobjectsarevisible or wherethereis a
drasticjump betweenthedepthvalues.In orderto avoid this artifactcontext sensitivenormal
estimation[66] canbeusedwhichtakesalsotheseobjectandslopediscontinuitiesinto account.

In orderto achieve higherimagequality the original volumeis shadedin a preprocessing
step.Theshadedcolorsarecomputedfor eachvoxel accordingto theview independentLam-
bertianshadingmodel:î

ï}ð�ñ ëxòxó=òxô'õ{ö*õ{÷=øHù ú�ù ûSü
î
ï ô-õaö*õ�÷:øHù úKù û^ý©þlÿ ê ç ø è9é ú èJÞ û:ì� þlÿ ê ç ø è9é ú èJÞ û:ì�� ý�� è (4.3)

where
�

is the directionof the light source,

î
ï ô'õ{ö*õ{÷'øHù úKù û is the own color of the voxel at the

position
ê ç ø è9é ú è9Þ û<ì and þÿ ê ç ø è9é ú èJÞ û=ì is the estimatedgradientvector, which is the surface

normalin thegivenvoxel location:

þÿ ê ç ø è9é ú è9Þ û=ì >��ß ý @A� ê ÿ ê ç ø ã�� è9é ú èJÞ û:ì	� ÿ ê ç ø�
 � è9é ú èJÞ û<ì�ìê ÿ ê ç ø è9é ú ã�� èJÞ û:ì	� ÿ ê ç ø è9é ú�
 � èJÞ û<ì�ìê ÿ ê ç ø è9é ú èJÞ û ã�� ì	� ÿ ê ç ø è9é ú èJÞ û
 � ì�ì
���� ï (4.4)

The previously presentedlookup-tabletechniquesupportsalsothe alpha-blendingevalua-
tion of viewing rays.Usingthebinaryrows representingthenon-transparentcellsalonga ray,
the emptyregionscanbepreciselyskippedduring the ray castingprocess.The following al-
gorithm doesnot evaluatethe fully transparentcells, sincethe routineDepth jumps into the
positionof thenext cell whichhasat leastoneopaquecornervoxel.
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rgb AlphaBlending(i nt x, int y) {
int z, i, segment;
rgb color = BLACK;
voxel v;
double trans = 1.0; // accumulated transparency
int i_max = (Z + 31) / 32;
for(i = 0; i < i_max; i++) {

segment = mask[i][y][x]) ;
while(segment) {

z = Depth(segment); v = volume[32 * i + z][y][x];
trans *= 1.0 - v.opacity; if(trans < threshold) return color;
color += v.color * v.opacity * trans;
segment &= ˜(0x80000000 >> z); // deletes the processed bit

}
}
return color;

}

The accumulatedtransparency is storedin variable � ÷që�� ð andwhen it falls undera pre-
definedthresholdthe front to backevaluationterminates.This accelerationtechniqueis well
known in volumerenderingliteratureasearly ray termination[35]. In the variable ð ó����¡ó�� �
eachbit is erasedafterthecorrespondingcell hasbeenprocessed.Therefore,routineDepthcan
becalledagainin orderto efficiently find the Þ -positionof thenext non-zerobit. After having
this Þ -positiondeterminedwhich is a bit offset insidethe � th segmentthe Þ -coordinateof the
correspondingvoxel is calculatedas �oß���� ��Þ .
4.1.4 Binary sheartransformation

The lookup table techniquedescribedin the previous sectionworks only for a specialcase
whenthe viewing directionis parallelto the Þ -axis. In this sectionit is discussedhow to ex-
tendit to viewing directions,wheretheprincipalcomponentis the Þ -coordinateusinga binary
sheartransformationof the maskvolume. This operationeffectively shifts the bits of the bi-
narymaskvolumeperpendicularlyto theprincipalcomponentof theviewing direction. In an
interactive volumerenderingapplicationthevolumeis requiredto berotatedcontinuouslyby
smalldifferenceanglesin orderto perceive the topologyof thesurfacesmuchbetterthanin a
staticimage.Furthermore,generatingananimationsequenceby rotatingthevolumea drastic
changein viewing directionsis not usual. If the differenceangleis small enoughthenthere
is no slice in thebinaryvolumewhich hasto beshiftedby morethanonevoxel. In this case,
oneshearoperationcanbeperformedvery efficiently sincejust bitwiseoperationsneedto be
executedon neighboringintegers. That is the reasonwhy our methodshearsthe binary vol-
ume Ý incrementally, applyinga techniquesimilar to the methodproposedby Cohen-Orand
Fleishman[8]. They usedtheir so called incrementalalignmentalgorithm in orderto reduce
thecommunicationoverheadin a largemulti-processorarchitecturesupportingshearingof vol-
umes.Sincesomebits canbeshiftedout of the integerarraystoringthe binaryvolume Ý , it
hasto beextendedby !#"fß rowsfilled with zerovaluesalongthe ç -axisandalongthe é -axisas
well in bothdirectionsasit is illustratedin Figure4.3.

This extendedarray is definedas: int mask[depth][height][width], wheredepth
ü ê !$�� � ìtò �&%'�oß , height

ü)( �*! andwidth
ü,+ �*! . The following routineperformsoneshear

stepin theleft directionprocessing32voxelsin eachstepof theinternalloop:
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void ShearLeft() {
int i, j, k;
for(k = 0; k < depth/2; k++) {

for(j = 0; j < height; j++) {
for(i = 0; i < width-1; i++)

mask[k][j][i] = mask[k][j][i] & ˜shift_x[k] |
mask[k][j][i+1] & shift_x[k];

mask[k][j][widt h-1 ] &= ˜shift_x[k];
}

for(k = depth/2; k < depth; k++) {
for(j = 0; j < height; j++) {

for(i = width-1; i > 0; i--)
mask[k][j][i] = mask[k][j][i] & ˜shift_x[k] |

mask[k][j][i-1] & shift_x[k];
mask[k][j][0] &= ˜shift_x[k];

}
}

x

z

Z/2 X Z/2

Figure 4.3: Extensionof thebinarymask.

For thesakeof clarity, this routineis notoptimizedbut it canbeimprovedintroducinglocal
pointervariablesin orderto avoid unnecessaryarrayaddressing.On the otherhandonly that
part of the extendedmaskneedsto be shearedwhich containsthe non-zerobits representing
thenon-transparentcells. Theintegerarrayshift x is definedas: int shift x[depth] andit stores
a binaryvectorof size ! indicatingthose Þ positionswherethe correspondingsliceshave to
beshiftedin thegivenshearingphase.Thereis alsosuchanarraydenotedby shift y for the é
direction.

In order to determinethe offsetsof the slices in different shearingphases,anothertwo
arraysareintroducedfor storingthereal translationsalongthe ç -axisandthe é -axisandthey
aredefinedas: doubletransx[Z] anddoubletransy[Z] respectively. Thesetranslationarrays
containthe ç and é coordinatesof thosepoints,wherethe Þ ü Þ û planesintersectthe3D line
connectingthe point -/. (transx[0],transy[0],0) with point - � (transx[Z-1],transy[Z-1],Z-1).
Initially, this line alignsto the Þ -axis,thusthetranslationarrayscontainzeros.

Before executinga binary shearoperationthe shift vectorsare evaluatedin advanceac-
cordingto therotationdirection. For example,whena clockwiserotationaroundthe é -axis is
needed,thepoint -/. is translatedby onealongthe ç -axisinto negativedirectionand- � is trans-
latedaswell, but into positivedirection.After this,theintersectionpointsof theline connecting
thenew -/. and- � andtheplanesÞ ü Þ û arecomputedanew andthecoordinatesarestoredin the



4.1. FAST VOLUME RENDERING USING BINARY SHEAR TRANSFORMATION 39

translationarrays.Thenew binaryshift vectorsaredeterminedaccordingto thesetranslation
values.For example,thenew shift x arraycanbecomputedusingthefollowing routine:

void ComputeNewShif tX ()
{

double x0 = trans_x[0] -= 1.0, x1 = trans_x[Z-1] += 1.0;
int bit = 0x80000000, l = Z - 1;
for(int z = 0; z < Z; z++) {

double x = (x0 * (l - z) + x1 * z) / l;
if(floor(x) != floor(trans_x[z] ))

shift_x[z/32] |= bit >> (z % 32);
else

shift_x[z/32] |= ˜(bit >> (z % 32);
trans_x[z] = x;

}
}

(a) (b) (c) (d)
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Figure 4.4: (a) An incrementalshearstep.(b) Floors of theold valuesof vectortransx. (c) Floors of
thenew valuesof vectortransx. (d) Thebinaryvectorshift x.

If the floors of the previous andthe new translationvaluesarenot the samethenthe cor-
respondingbit is setto onein theshift x array, indicatingthat theassociatedsliceneedsto be
shiftedin the next binary shearoperation(Figure4.4). Sincethe differencebetweenthe old
andnew translationsis thegreatestin theplane Þ ü Þ�. (or Þ ü Þ10 
 � ) thedifferencecannotbe
greaterthanonein the intermediateÞ points,thusthereis no slice which needsto be shifted
with morethanonebit.

4.1.5 Resampling

Usingthetransformedbinaryvolumeanintermediateimageof sizewidth 2 heightis generated
castingthe raysfrom the grid points. Due to the sheartransformationthe Depth routinecan
be appliedin the generalcaseas well, sincethe segmentsof the rows perpendicularto the
temporaryimageplanearestoredin integers. The positionof the first non-zerobit in a row
determinestheindex � of the Þ ü Þ ø plane,wherethefirst non-transparentcell is locatedalong
the correspondingray. Theaccuratelocationof the samplepoint insidethis cell is computed
takingintoaccounttheexacttranslationvaluesatthegivendepthÞ . By subtractingthevaluesof
transx[i] andtransy[i] respectively from the ç and é coordinatesof thegivencell, thesample
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binary mask classified volume

Figure 4.5: Mappingthesamplelocationfromtheshearedspaceinto theoriginal objectspace.

locationis easilymappedfrom theshearedspaceto theoriginal objectspace,wherethecolor
andopacityvaluesarestored.Thismappingis illustratedin Figure4.5.

In orderto calculatethedensityin themappedsamplepoint locationbilinearinterpolationis
usedfor thefour cornervoxelsof thecell. As theopacityof thesampleis notnecessarilyoneso
theray hasto betracedfurtherandevaluatedaccordingto thetransferfunction. If thevolume
containsinternalemptyregions(likeahumanskull) it makessenseto usethebinaryvolumefor
evaluatingtherestof thesamples.First the integerrepresentinga Þ -row of bits is copiedinto
a temporaryvariable,andwhenever a non-zerobit hasbeenprocessedit is setto zero,thusthe
routineDepthcanbeusedagainfor finding the Þ -positionof thenext non-transparentcell.

4.1.6 Shear-warp projection

Accordingto theshear-warpapproachproposedby Lacroute[31] thefinal imageis produced
from theintermediateimageby a relatively cheap2D warpoperation(Figure4.6). Theresolu-
tion of the intermediateimagedependson the volumeresolution. In orderto generatehigher
resolutionimagestheintermediateimagecanberesampledasatexturemapusingbilinearinter-
polation.Sincethe2D warpoperationis definedby a transformationmatrix thescalingfactors
canbeeasilybuilt into it. Therefore,theimagezoomingdoesnot requireadditionaleffort. The
final imageis generatedpixel-by-pixelmappingeachpixel locationontotheintermediateimage
andthecorrespondingcolor is bilinearly interpolatedfrom thefour closestpixel values.

Theextensionto arbitraryviewing directionsis obvioussincea binarymaskcanbegener-
atedfor eachprincipaldirection.Thenext two subsectionsdescribetwo furtherimprovements,
whichcouldbeusefulin a practicalimplementation.

4.1.7 Rotation of largedata sets

Due to the incrementalsheartransformationthe effective speedof the rotationcould be low,
especiallyprocessinglarger volumes( ß4365qå ). Sincemostof the time is usedfor rendering,a
possiblesolutionto this problemis to renderthevolumeaftera coupleof incrementalshears.
Increasingthesizeof thedatasettheratioof therenderingandshearingtimesis gettinglower,
thus this strategy is not the bestone. Anotheralternative is the introductionof supercells,
which aresquareregions in the slicesperpendicularto the principal direction. In the binary
volume,oneis assignedto the correspondingsupercell if at leastonevoxel in it is opaque.
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Figure 4.6: Shear-warp factorizationof theviewing transformation.

Increasingthesizeof thesupercell thesheartransformationbecomesfasterbut therendering
processslowsdown sincetheroutineDepthdoesnotnecessarilyreturntheexactdepthbut only
a lower bound,so the rayshave to be tracedfurther until a non-transparentsampleis found.
In Section4.1.9theperformanceis analyzedinvestigatingtheoptimalcell sizefor datasetsof
differentsizes.

4.1.8 Adaptive thr esholding

The primary limitation of the presentedtechniqueis that the volumehasto be classifiedin
advancein orderto generatethebinaryvolumeandafterwardstheopacityfunctioncannotbe
modifiedin a flexible way. Supposingthat, the userwantsto operatewith a fixednumberof
transferfunctionsanappropriatedensityencodingschemecanbeusedto allow rapidswitching
betweenthem.Eachtransferfunctionhasalowerdensitythreshold,wherebelow this threshold
zeroopacity is assignedto the given sample. Let us assumethat we want to useonly three
transferfunctions.Thelowerdensitythresholdsdivide thedensitydomaininto intervals 78. , 7 � ,7 æ , 7 å sortedin ascendingorderby theirborderswith increasingindex. To eachinterval thetwo
bit binary formatof thecorrespondingindex is assignedasa uniquecode. Thecodeof a cell
is definedasthecodeof theinterval which containsthehighestcornervoxel density. Thecell
codesarestoredin anintegerarraywhichis similar to themaskarraybut it containstwo bitsfor
eachcell insteadof one.Thisarraycanbeshearedaswell, but thebitsof acodeshouldalways
bemovedat thesametime in orderto avoid thecuttingof thecodes.In therenderingphasethe
routineDepthmustusetheappropriatelookuptabledependingonthebit patternto besearched
for. Whenever theuserchangesthetransferfunctionthevariablelut hasto besetto theaddress
of thecorrespondinglookuptable. This encodingschemeallows rapidaccessto thefirst non-
transparentcell alongthe viewing ray independentlyfrom the selectedtransferfunction. Let
ustake anexamplefrom themedicalimagingpractice,whereonly four materials(air, fat, soft
tissue,andbone)canbeseparatedaccordingto theHounsfielddensities[16][44]. In thiscaseit
makessenseto divide thedensitydomainaccordingto the lower densitythresholdof fat, soft
tissue,andbonerespectively. For example,having selecteda transferfunctionwhich assigns
zeroopacitiesto thesamplesbelow the lower thresholdof thesoft tissue,only thecodes“10”
and“11” will besearchedfor in thebinaryvolume,preciselyskippingthetransparentcells. In
thiscase,thecorrespondinglookuptablecontainsthebit offsetof thefirst “10” or “11” pattern
insidethegivenbyte. Thepresenteddensityencodingschemedoesnot affect significantlythe
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performanceandallows fastswitchingbetweenthepredefinedtransferfunctions.

4.1.9 Implementation

Thepresentedfastrotationtechniquehasbeenimplementedin C++andit hasbeentestedonan
SGI Indy workstation.Table4.1summarizestherunningtime measurementsfor a CT scanof
ahumanheadandTable4.2containsthetestresultsfor ahigherresolutionvolumeof thesame
data. Theappliedtransferfunctionassignshigh opacitiesto the voxels representingthe bone
thusraysterminateright afterreachingtheboundaryof theskull (Figure4.7).

cell size shearingtime renderingtime framerate

1 0.019sec 0.114sec 6.87Hz
2 0.005sec 0.107sec 8.64Hz
3 0.002sec 0.118sec 8.11Hz
4 0.001sec 0.156sec 6.26Hz

Table4.1: Testresultsfor theCTheadof size 9;:1<>=?9;:1<@=A919;B .
cell size shearingtime renderingtime framerate

1 0.160sec 0.590sec 1.21Hz
2 0.040sec 0.492sec 1.81Hz
3 0.017sec 0.535sec 1.78Hz
4 0.009sec 0.709sec 1.37Hz

Table4.2: Testresultsfor theCTheadof size :1C1D>=':1C1D@=E:1:1C .
Notethat,theoptimalsupercell sizeis notnecessarilytheonewhich thehighestframerate

belongsto, sincewith larger supercell sizethe effective rotationspeedis higher. In orderto
rotatethevolumecontinuouslythecell sizemustbesetsmallandhigherrotationspeedcanbe
achievedby settinglargercell sizeproducingapproximatelythesameframerates.

Figure 4.7: Interactiverotationusingfastiso-surfacerendering.

Usingtransferfunctionswhich assignlow opacityvaluesto differenttissuestherendering
time increasesdrastically, sinceafterskippingtheemptyregionsthealpha-blendingevaluation
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of the semi-transparentsegmentsis computationallyvery expensive. Although settinglarger
supercell size higher rotation speedcan be achieved in the fast previewing phasethe high
quality renderingslows down sincethebinaryvolumecontainslesspreciseinformationabout
the transparentcells. Table4.3 andTable4.4 show the averagerenderingtimes for the low
andhigh resolutiondatasetsrespectively usingthreedifferenttransferfunctionsillustratedin
Figure4.8.

Figure 4.8: Alpha-blendingrenderingusingdifferenttransferfunctions.

cell size transferfunctionA transferfunctionB transferfunctionC

1 0.36sec 0.19sec 0.18sec
2 0.39sec 0.21sec 0.21sec
3 0.43sec 0.25sec 0.24sec
4 0.51sec 0.32sec 0.31sec

Table4.3: Renderingtimesfor thevolumeof size 9;:1<>=?9;:1<@=A919;B .
cell size transferfunctionA transferfunctionB transferfunctionC

1 1.97sec 1.02sec 0.99sec
2 1.93sec 1.01sec 0.96sec
3 2.08sec 1.09sec 1.08sec
4 2.44sec 1.45sec 1.46sec

Table4.4: Renderingtimesfor thevolumeof size :1C1D>=':1C1D@=E:1:1C .
4.1.10 Summary

In this sectiona fastvolumerotationtechniquehasbeenpresentedwhich providesinteractive
framerateswithout usingany specializedhardwaresupport.Fastrotationcanbeachievedus-
ing binaryor nearbinaryopacityfunctions,whenraysterminateright afterreachinganopaque
surface. In this sensethe proposedtechniqueis a surfaceorientedalgorithmbut unlike other
interactive iso-surfacemethodsit significantlyspeedsup the classicaltransferfunction based
raycasting.Becauseof thepreciseskippingof emptyregionsit is approximatelyasefficientas
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theclassicalshear-warpalgorithmbasedonrun-lengthencoding[31]. In apracticalimplemen-
tationit canbeappliedasafastpreviewerrenderingtheiso-surfacedefinedby thelowerdensity
thresholdof theselectedtransferfunction,wheretheviewing directioncanbesetinteractively,
and the final imageis renderedusing the alpha-blendingevaluation. The effective rotation
speedcanbe increasedby settinga larger supercell sizeandapplyingthe proposedadaptive
thresholdingextensiontheusercanswitchrapidlybetweenpredefinedtransferfunctions.
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4.2 Fastmaximum intensity projection

In this sectionit is shown that thepreviously presentedtechniquebasedon binarysheartrans-
formationis auniversalaccelerationtool for differentvisualizationmodels.It supportsnotonly
theclassicalmodelbasedon transferfunctionsbut maximumintensityprojectionaswell [12].

4.2.1 Intr oduction

MaximumIntensityProjection(MIP) is a widely acceptedrenderingtechniquewhich canbe
usedespeciallyfor thevisualizationof location,shape,andtopologyof bloodvessels.Although
theshadedsurfacesof differenttissuescannotberenderedapplyingthismethod,practicallyit is
muchmoreimportantin diagnosisthentheclassicaltransferfunctionbasedrendering.There-
fore,aMIP renderingmoduleis partof almosteverycommercialmedical-imagingsystem.On
the otherhandit canbe consideredasa simulatedX-Ray renderingmethodsinceit approxi-
matesthe densityintegralsalongthe projectionrays. Therefore,it is usedfor generalCT or
MRI medicaldatasetsaswell. Althoughmaximumintensityprojectionis a very usefultech-
niquefor analysisof medicaldata,notmany efficientalgorithmsexist for findingthemaximum
intensityalonga mathematicalray.

The classicalbruteforce implementationof MIP resamplesthe densityvolumeat a finite
numberof evenlylocatedsamplepointsalongtheraysandselectsthemaximumdensitysample,
assumingapiecewiseconstantapproximationof thedensityfunction.Theaccuracy dependson
thesamplingdensityandtheappliedresamplingfilter aswell. Insteadof thecomputationally
expensivetrilinearinterpolationanearestneighborresamplingcanbeused,whichensuresfaster
renderingfor aslight reductionof imagequality.

In order to achieve higher accuracy, for eachcell intersectedby the given ray the exact
entry andexit points needto be determined,and the local maximumvaluehasto be found
in the ray segmentboundedby thesepoints[49]. Consideringthe volumeto bea continuous
3D function, wherethe densityof the intermediatepoints is the trilinear interpolationof the
densitiesof the eight closestvoxels, the densityfunction alongthe internalray segmentis a
polynomial of third degree. The local maximumlocation can be calculatedanalytically or
usingheuristicapproximations[49]. Exploiting that theinterpolateddensitycannotbegreater
thanthemaximumdensityof theeightclosestvoxelsthis calculationhasto beperformedonly
for thepromisingcells,wherethemaximumcornerdensityof thecell is greaterthanthecurrent
ray density. In spiteof this,algorithmsinvestigatingthelocal maximumlocationsinsidea cell
arerathertimedemanding,thereforethey cannotbeappliedin interactiveapplications.

In the last two decadesseveral volumerenderingtechniqueshave beenpublishedaiming
at the acceleratedevaluationof the well known light transportequation[15][31][35][44][21]
[7][68]. Most of thesemethodsusehierarchicaldatastructuresto speedup the ray traversal
exploiting the coherenceof the dataset [15][33][53]. The min-max versionsof thesedata
structureslike octrees,K-d trees,or pyramidscanbeusedfor acceleratedmaximumintensity
projectionaswell. Among the direct volumerenderingaccelerationtechniques,the greatest
time savings have beenmadewith Lacroute’s shear-warp factorizationalgorithm, basedon
run-lengthencodingof transparentregions[31]. Sincethis methodwasproposedfor the fast
alpha-blendingevaluation,it cannotbe usedfor MIP without modification. The new method
presentedin this sectionalsousestheshear-warpprojectionapproach,but thepreprocessingis
performedin acompletelydifferentmanneroptimizedfor maximumintensityprojection.
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4.2.2 Encodingof the density intervals

Themainproblemin maximumintensityprojectionis thatseveralvolumesampleshave to be
investigatedalongeachviewing rayandonly onesampleperraycontributesto thefinal image.
In orderto avoid theunnecessaryresamplingour method[12] decomposesthedensitydomain
into afinite numberof intervals.At first, for eachray theinterval is determinedwhichcontains
themaximumdensity, thenthevolumeis resampledat thosevoxel locationswherethedensities
residein thegiveninterval.

For thesakeof clarity, thevolumeis consideredto beapiecewiseconstant3D densityfunc-
tion andlaterit is discussedhow to extendthemethodto useamoreexactbilinearinterpolation
for resampling.To eachvoxel abinarycodeis assignedrepresentinganinterval whichcontains
the densityof the givenvoxel. Thedensitydomainis divided into

�
intervals 78. , 7 � , ... 7F 
 �

sortedin ascendingorderby their borderswith increasingindex. To eachinterval the binary
format of the correspondingindex is assignedasa uniquecode. In a preprocessingstepan
additionalvolumeis createdwhichstoresthedensityinterval codesfor eachvoxel.

HL

Density

Intensity
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Figure4.9: Mappingthedensitiesontointensities.

In practiceof medicaldataevaluationusually a windowing function is usedto map the
relevantpartof thedensitydomainontointensities(Figure4.9)(forthesakeof simplicity, in the
furtherdiscussionthe”density” termis usedfor thedatavaluesof theinputarray, althoughit is
not completelycorrectfor MRI datasets).This functionis definedby two parameters,a lower
(
�

) anda higher( G ) threshold.In orderto handletheirrelevantpartefficiently theintervals 7�.
and 78F 
 � aredefinedas[0,L) and[H,M] respectively, whereM is themaximumdensityvalue.
Thedomain[L,H) canbesubdividedusinga uniform or a balancedquantizationbasedon the
histogramof thedataset.

Without lossof generality, assumethatthenumberof intervalsis four (
�Ñü$H

). In this case
the intervalscanbeencodedon two bits, wherethecode“00” representsthe lowestand“11”
thehighestinterval. Thebinaryvolumecontainingthecorrespondingcodesfor eachvoxel can
bestoredin a3D integerarraymask, whereanintegerelementcontainscontinuouslythecodes
of voxelsalongtherowsparallelto the Þ -axis.Having adensityvolumeof size

+ 2 ( 2I! this
integerarrayis definedasint mask[depth][height][width], wheredepth= (2 * Z + 30) div 32,
height= Y, width= X andthesizeof anintegeris supposedto be32bits.

Similarly to thediscussionof thepreviousaccelerationtechniquefirst a specialcaseis de-
scribedassumingthattheviewing directionis the Þ -axis. It is shown how to usein this special
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casethe binary maskfor fastglobal andlocal maximumintensityprojection. Afterwardsthe
extensionto arbitraryviewing directionsis discussedapplyingabinarysheartransformation.

4.2.3 Maximum intensity projection (MIP)

In orderto projectthemaximumintensitiesontothe çUè9é plane,raysarecastinto the Þ direction
from each

ê ç ø è9é ú-ì grid point. Sincein this specialcase,thesamplepointsarelocatedat voxel
positions,theintegerelementsof thearraymaskstorethedensityinterval codesof thesamples
alongtheraysparallelto the Þ -axis.For eachray, first thatinterval is determinedwhichcontains
the maximumdensity in order to avoid the resamplingin the lower density intervals. The
following routinecomparesbit patternsto find thecodeof thehighestdensityinterval, checking
16samplesin eachstepof theloop.

int MaxInterval(int i, int j) {
int index = 0;
for(int k = 0; k < depth; k++) {

int segment = mask[k][j][i];
if(segment) {

int I01orI11 =
segment & 0x55555555;

if(I01orI11) {
if(I01orI11 & (segment >> 1)) return 3;
else if(index < 1) index = 1;

}
else index = 2;

}
} return index;

}

ThevariableI01orI11 is greaterthanzeroif the integersegmentcontainsat leastone“01”
or “11” pattern.In this case,if thebitwiseAND operationof I01orI11andthesegmentshifted
right is greaterthanonethen thereis at leastone “11” patternfound, otherwisethe highest
densityinterval codeis “01”. If thevalueof I01orI11 is zerothenthehighestdensitycodeis
“00” or “10” dependingon whetherthevalueof segmentis zeroor not. Having four or more
intervalsa lookuptablecanbeusedin orderto find thebit patterninsideanintegerrepresenting
the highestdensityinterval. The lookup tablestoresthe index of the correspondinginterval
for eachbyte combinationandthe bytesin an integerarechecked sequentially. After having
theappropriateinterval codeonly thosesampleshave to beinvestigated,which have thesame
densitycode.For example,if thereturnvalueof MaxIntervalis � thebit pattern“01” hasto be
searchedfor in theintegerarraymask. Accordingto theoffsetof thefoundpatternthelocation
of the correspondingvoxel is determined,andthe exact intensityvalueis comparedwith the
currentray intensity.

int MIP(int i, int j) {
int max = 0, pattern = MaxInterval(i,j );
if(!pattern) return 0;
for(int k = 0; k < depth; k++) {

int segment = mask[k][j][i], pos;
while((pos = Offset(segment, pattern)) < 32) {

int density = volume[k * 16 + pos / 2][j][i];
if(density > max) max = density;
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segment &= ˜(0xC0000000 >> pos);
}

} return max;
}

TheroutineOffsetreturnswith theoffsetof the foundbit patternpassedasa secondargu-
ment.Having four lookuptablesof 256bytesizestoringthepositionof thefirst patterninside
abytefor eachinterval code,thisoperationcanbeperformedvery fast(Figure4.10).

int Offset(int segment, int pattern) {
int pos, *lut = SelectLUT(patte rn) ;
pos = lut[segment >> 24];
if(pos < 8) return pos;
pos = lut[(segment << 8) >> 24];
if(pos < 8) return pos + 8;
pos = lut[(segment << 16) >> 24];
if(pos < 8) return pos + 16;
pos = lut[segment & 0x000000FF];
if(pos < 8) return pos + 24;
return 32;

}

0 0 0 1 1 0 0 1

LUT

Pattern: 1 0

offset: 4

0 2 4 6

0

255

Figure 4.10: Anexampleof a LUT entry.

Assumethat, if thegivenbytedoesnot containthesearchedpatternthenthe lookup table
stores8 for this bit combination.On the otherhand,if the wholesegmentrepresentedby an
integer doesnot containthe given patternthen the return value of the routine Offset is 32.
Theaddressof theappliedlookuptableis returnedby theroutineSelectLUTdependingon the
bit patternrequiredto besearchedfor. Note that, the processedsamplesaredeletedfrom the
variablesegment, thusthis lookuptabletechniquecanbeusedagainto determinethe location
of thenext sample.

4.2.4 Local maximum intensity projection (LMIP)

For local maximumintensityprojection(LMIP) which is anextendedversionof MIP a similar
lookuptabletechniquecanbeusedin orderto reducethenumberof samplesto betaken.LMIP
selectsthe first local maximumalonga ray which is greaterthana predefinedthreshold[50].
With anappropriateparametersettingLMIP canprovidesimilar shadingeffectsasthetransfer
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function basedvolumerenderingandmoreprecisegeometricinformationlike the depthand
occlusionof vesselscanbeobtained.

In this case,just onebit is assignedto eachvoxel indicatingwhetherthe densityis under
or above thepredefinedthreshold,thustheproblemof finding thefirst densitysamplealonga
ray which is higherthanthe thresholdis reducedto theproblemof finding thepositionof the
first non-zerobit insidean integer. Having a lookup tablestoringthis positionfor eachbyte
combination,the bytesof the given integer have to be checked sequentially, and the lookup
tableis addressedby thefirst non-zerobyte. Takeninto accounttheoffsetof thefirst non-zero
byteandthereadvaluethe Þ -positionof thefirst samplecanbecalculatedeasily. Thefurther
samplesareinvestigatedsequentiallyuntil thefirst local maximumis found. Accordingto the
definition of LMIP, for thoserayswhich do not intersectany voxels of densitieshigherthan
thethresholdtheglobalmaximumhasto betaken. For theseraysthedatastructuredefinedin
theprevioussectioncanbeused.Althoughfor LMIP we cannotapplya moreprecisedensity
encoding,dueto theearlyray terminationit is usuallyfasterthanthetraditionalMIP.

4.2.5 Shear-warp projection

The presentedMIP techniqueworks only for a specialcase,when the viewing direction is
parallel to the Þ -axis. It can be generalizedto arbitrary viewing directionssimilarly to the
rotationtechniquediscussedin Section4.1. In orderto computethediscretetranslationsof the
slicesa Bresenham-like symmetric3D DDA line drawing algorithmis used[54]. During the
binarysheartransformation,to avoid thecuttingof thebinarycodesstoredin theintegerarray
maskthebits of the two bit long segmentsin thearrayshift have to besetto the samevalue.
This is similar to thebinarysheartransformationof masksencodingseveralclassifiedvolumes
describedin Subsection4.1.8. After having an intermediateimagegeneratedin the sheared
spacethefinal imageis producedin thesamewayasit is describedin Section4.1.

4.2.6 Extensions

Sincethe rays areapproximatedby 3D discretelines the algorithmdoesnot generateexact
maximumintensityprojectionsbut it canbe further improvedusingbilinear interpolationfor
computingthe densitysamples.In this casethe binary densitycodeshave to be assignedto
rectangularcellson theplanesperpendicularto theprincipalcomponentof theviewing direc-
tion ratherthanto voxels. To eachcell two codesareassignedrepresentingrespectively the
maximumandtheminimumdensityof thefour cornervoxels. In theray castingprocess,first
thelower boundof theglobalmaximumis determinedasthehighestminimumdensity. After-
wardsonly thosecellsareresampled,wheretheencodedmaximumdensityis not smallerthan
thelowerboundor thecurrentmaximum.Thepreviouslypresentedlookup-tabletechniquecan
beeasilyadaptedto thisextension.

Applying four bit densitycodesthe shearoperationis slower but sincethebinaryvolume
containsmoreexactinformationaboutthevoxel densities,muchlesssampleshave to betaken
in the projectionstep. Ignoring the completeresamplingprocessthe highestdensityindices
alongtherayscanbedisplayeddirectlyyieldinganimagewith 16graylevels,thusthemethod
canbeusedasa fastMIP previewer.

4.2.7 Implementation

The presentedalgorithmhasbeenimplementedin C++ andhasbeentestedon an SGI Indy
workstation. Table4.5 summarizesthe averageshearing,MIP, andLMIP runningtimesper
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Figure 4.11: LMIP of a CTscanof a humanhead.

frame.We usedthesamedataasfor testingthealgorithmdiscussedin Section4.1,which is a
CT scanof ahumanheadavailablein a lowerandahigherresolution.

resolution 9;:1<>=?9;:1<@=A919;B :1C1D>=':1C1DJ=':1:1C
shearingtime 0.011sec 0.104sec
LMIP time 0.077sec 0.432sec
MIP time 0.193sec 1.812sec

Table4.5: Runningtimemeasurements.

Sincethebinarysheartransformationis computationallyrelativelycheaptheeffectivespeed
of therotationcanbe increasedperforminga coupleof incrementalshearsbetweentheframe
generations.Theaverageframerateof a smoothrotationis approximately10 Hz for thesmall
resolutiondatasetand2 Hz for thehigh resolutionvolumeusingLMIP rendering.Figure4.11
shows thehigh resolutiondatasetrenderedusingLMIP. Dueto anappropriatefiltering, point
likenoiseartifactsin theacquireddatawerenotconsideredaslocalmaximumvalues.

4.2.8 Summary

In this sectiona fast maximumintensity projectiontechniquehasbeenpresented,which is
alsobasedon binary sheartransformation.Due to our densityencodingschemeandthe ap-
plied lookup-tabletechniquethenumberof densitysamplesto betakenis significantlyreduced
speedingup themaximumintensityprojection.Theproposedmethodsupportsthelocal maxi-
mumintensityprojectionaswell. Theviewing raysareevaluatedin front-to-backorderuntil the
first localmaximumaboveapredefinedthresholdis found.In thissectionit hasbeenshown that
thebinarysheartransformationis a generalaccelerationtool for differentvolumevisualization
models.
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4.3 Interacti ve iso-surfacerendering

4.3.1 Intr oduction

In thissectionaninteractivetechniqueis presentedwhichis proposedfor fastshadeddisplayof
iso-surfaces[13]. Thetraditionalway of surfacerenderingis thereconstructionof a triangular
meshfrom thevolumedataapplyingthemarching cubesalgorithm[38]. Sucha meshcanbe
interactively renderedusingthe conventionalgraphicshardware. Nevertheless,this approach
requiresa time-consumingpreprocessingandit doesnotsupportcuttingoperations.Especially
in medical-imagingsystemsit is ratherimportantto visualizethe internalstructuresaswell
astheiso-surfaces.Usuallythecross-sectionalslicesperpendicularto a user-defineddirection
arevisualizedfor diagnosticalpurposes.Althoughtheintersectionof a triangularmeshandan
arbitrarycutting planecould be calculatedthe original densityvaluesalongthe cutting plane
arenotavailable.Therefore,the2D cross-sectionalslicescannotbevisualized.

In thelastdecadeseveraldirectvolume-renderingtechniqueswerepublishedwhichareop-
timizedfor fastdisplayof iso-surfaces.Onealternative is to exploit frame-to-framecoherency,
assumingthat the volume is requiredto be rotatedby small differenceangles. Gudmunds-
sonandRand́en[23]proposedanincrementalrotationtechniquebasedon this idea.Yageland
Shi[67]usedasimilar techniqueapplyingahierarchicaldatastructurefor fastspace-leaping.

Anotherapproachis toextracttheboundaryvoxelsandtoprojectthemontotheimageplane.
Sobierajski[52] proposeda hybrid method,wheretheextractedsurfacepointsareconvertedto
geometricalprimitiveswhicharerenderedby aconventionalgraphicshardware.Saito[47]used
thesamestrategy convertingonly asubsetof thesurfacepointsto geometricalprimitives,where
thesamplesareselectedaccordingto auniformdistribution.

ChoiandShin[4]workedoutanefficientimage-basedsurface-renderingmethodwhichpro-
videsinteractiveframerateswithoutany specializedhardware.Thelimitation of theirapproach
is thelackof thebasicvolumeoperationssuchascutting.

Our fastsurface-renderingmethoddoesnot rely on theconventionalgraphicshardwareto
achieve high frameratesandsupportsinteractivecuttingoperationsaswell. In orderto reduce
thedatato beprocessed,thealgorithmeliminatesthosevoxelswhich areinvisible from a spe-
cific domainof viewing directions.In contrast,thepreviousmethodsusea aview-independent
extractionof boundaryvoxelsproviding weaker datareductionrate. Theboundaryvoxelsare
storedin anappropriatedatastructureoptimizedfor fastshear-warpprojection.Sincethis ap-
proachis objectbased,mappingeachvoxel onto onepixel, the typical staircaseartifactscan
appearin the generatedimage. In orderto reducethis aliasingnot the centraldifferencesare
usedfor normalcomputationbut a more sophisticatedgradientestimationschemebasedon
linearregression[43]. This techniqueis discussedlaterin Section4.4.

4.3.2 Extraction of the potentially visible voxels

Assumethat the input datais a spatialdensityfunction ÿLKNM åPO M sampledat regulargrid
points,yieldingavolume Q K ! å O M of size

+ 2 ( 2R! , whereQ ø�ù úKù ûSü ÿ ê ç ø è9é ú èJÞ û<ì ï
In the segmentationprocessa binarizingfunction

í K !på O SUT è �WV is appliedin orderto
definethe voxels which belongto the objectof interest. The valueof � is assignedto these
voxelsandthey arereferredto asnon-emptyvoxels,while to all theothervoxelsthevalueof T
is assignedandthey arereferredto asemptyvoxels.Typically this functionis definedas:
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í{ê �)èYXfè;Z ì?ü\[ � if Q øHù ú�ù û^] �T otherwise,

where � is a densitythreshold.Generally, zerois alsoassignedto thosevoxels which are
within anarbitrarycuttingobject.After thesegmentation,thedatasetis reducedby eliminating
theinvisiblevoxels.Unlike theotherextractiontechniques,ourmethoddoesnotextractall the
boundaryvoxels,but only thosewhich arepossiblyvisible from a certaindomainof viewing
angles.Accordingto the principal componentof the viewing direction6 casescanbe distin-
guished. Figure4.12depictsthesecasesasregionson the directionalcube. Without lossof
generality, assumethattheprincipalcomponentis the Þ -coordinate,thustheviewing direction
is insidethedomain 5 . Theextractionis performedaccordingto a recursive visibility function% K !på O SUT è �WV assigningT to thehiddenvoxelsand � to thepotentiallyvisiblevoxels:
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Figure 4.12: Decompositionof viewingdirectionsinto 6 regions.

% ê ��èYXfè;Z ìtü _`````Ø `````Ù
� if Z ü T orS�a ö è �b� � � �Jc ö c ��� � èX � �Jc � c Xd� � è% êsö è � è;Z � � ì?ü � è í{ê&ö è � è;Z � � ì$ü T VT otherwise.

A voxel at position
ê �)èYXfè;Z ì is potentiallyvisible ( % ê ��èYXfè;Z ì�ü � ) if it belongsto thefirst Þ -

slice( Z ü T ) or thereexistsapotentiallyvisible,emptyvoxelatposition
ê&ö è � è;Z � � ì ( % êsö è � è;Z �� ì$ü � , and

í{êsö è � è;Z � � ì?ü T ), where
ö
and

�
arein thesetsS � � � èe��èf�� � ì V and S X � � èYXfèYX�� �WV

respectively.
Notethat,if onevoxel is hiddenit doesnotnecessarilymeanthatall theninevoxelsin front

of it arenon-emptyonessinceanemptyvoxel canalso“hide” anothervoxel if it is hidden.This
incrementalextractioncaneliminatemuchmoreoccludedvoxelsthana scanningwhich takes
intoaccountonly thelocalneighborhood.Figure4.13demonstratesthisprocedurein 2D,where
onepixel canbe occludedby the threepixels locatedin front of it. Becauseof the recursive
definition of the visibility function the rows areprocessedin front-to-backorder. The pixels
with dots representnon-emptyvoxels, while the otherpixels depict the emptyones. Having
thevisibility calculationexecuted,thegraypixelsarehiddenandthewhiteonesmaybevisible
assumingthegivenrangeof viewingdirections.Ourmethodextractsonly thepotentiallyvisible
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non-emptyvoxels. In contrast,othersimilar techniquesselectall theexterior boundaryvoxels,
requiringamorecomplicatedpreprocessingandproviding worsedata-reductionrate.

visible

visible 

hidden

hidden

non-empty

empty

non-empty

empty

possible viewing directions

x

z

k=Z

k=0
i=0 i=X

Figure 4.13: Extractionof thepotentiallyvisiblenon-emptyvoxels.

After the extractionof the boundaryvoxels they have to be storedin an appropriatedata
structurewhichcontainsall theinformationnecessaryfor therenderingstage.This information
includestheoriginal datavalue(density),thecolor, thepositionvector, andtheapproximated
gradientvector. Theoriginaldensityvaluecanbeusedfor thegray-scalerenderingof thecutting
planes,while thegradientvectoris requiredasasurfacenormalfor theview-dependentshading.
Assumingthat the light sourcesarerotatedtogetherwith theobjectandtheview-independent
Lambertianshadingmodelis usedthe gradientcomponentsdo not have to be stored. In this
casethe shadedcolorsareprecalculatedfor eachextractedboundaryvoxel. As the gradient
estimationis alsoperformedonly for therelativelysmallnumberof extractedpotentiallyvisible
voxels, insteadof calculatingthe centraldifferencesa moresophisticatedderivative filter can
beappliedkeepingthepreprocessingtime in a reasonablerange.

density
color
location (x, y)
gradient direction 

k = 0

k = Z-1

Figure 4.14: Thedatastructure storingtheboundaryvoxels.

In order to make the renderingstepfast the surfacepoints are storedin lists separately
for eachsliceperpendicularto the Þ -axis (Figure4.14). For efficiency reasons,theselists are
representedbyfixedsizearrays,thereforein thepreprocessingtheboundaryvoxelsarecollected
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in amaximizedtemporaryarray. Havingasliceprocessed,thedatafieldsarecopiedintoanewly
allocatedarraycontainingasmany entriesasthe numberof the boundaryvoxels in thegiven
slice.Sincein thisdatastructurethe Þ -coordinatesof thesurfacepointsarestoredimplicitly the
arrayelementscontainonly the ç and é componentsof thevoxel position.

4.3.3 Shear-warp projection

In orderto efficiently renderthepotentiallyvisible boundaryvoxelsshear-warpprojection[31]
is used(Figure3.1). As theboundaryvoxelsaresortedaccordingto Þ -depth,thehidden-voxel
removal is performedautomaticallyprojectingtheslicesin a descendingdepthorderoverwrit-
ing thepixel valuesin theintermediateimage.

Thepreviousmethods[23][52] usuallyusea Þ -buffer for thispurpose,becausethey storeall
thesurfacepointsin onesinglelist. Beforetheprojectionthedepthvaluehasto becheckedin
the Þ -buffer which requiresa conditionaljump decreasingtheefficiency of thepipelinemech-
anismof theinstructionexecution.Furthermore,projectingeachvoxel to onepixel, holesmay
appearin theimage.Applying thesplattingtechniquewith anappropriatefootprintkernel,this
artifactcanbeavoided,but it coulddrasticallyinfluencetheperformance.

For thesakeof efficiency, ourmethodalsomapseachvoxel toonepixel,but in ordertoavoid
holes,anintermediateimageof size

êg+ �h! ì 2 êi( �h! ì is generated,wheretheneighboring
voxelsaremappedto neighboringpixels.Thismappingis verysimplein theshearedspace.To
eachvoxel locationthe 2D offset vectorof the givenslice is added.This offset is calculated
for eachslicein advanceandonly oncewhenever theviewing directionis changed.Assuming
thattheprincipalcomponentof theviewing directionis the Þ coordinatethemaximumabsolute
translationof a boundaryvoxel is !#"fß in the directionof the ç -axisor the é -axis. Therefore,
thetemporaryimagewill containall theprojectedboundaryvoxels.

The slice offsetsarecalculatedusinga Bresenham-like symmetric3D DDA line drawing
algorithm[54]. In orderto computemoreaccuratepixel valuesbilinear interpolationcanalso
be appliedtaking into accountthe exact translationsof the slices. This quality improvement
candrasticallyincreasetherenderingtime. In a practicalimplementation,for fastrotationthe
approximatingdiscreteraysareused(it is equivalentwith a nearest-neighborresampling)and
only thefinal imageis renderedfrom bilinearly interpolatedsamples.

Having the intermediateimagegenerated,it hasto be mappedonto the final imageusing
a 2D warp operation. The scalingfactorscanbe built into the warp matrix, thusthe sizeof
the final imagedoesnot necessarilydependon the sizeof the original volume. In fact, the
intermediateimageis usedasa texturemapasit is describedin Section4.1

If theshadingmodelis view-dependent(like theclassicalPhongmodel)thenfor eachex-
tractedboundaryvoxel an approximatedsurfacenormalhasto be stored.A normalvectoris
representedby two polarcoordinatesandeachpolarcoordinateis quantizedontoa6 bit integer.
Therefore,asurfacenormalcanbestoredin a16bit integer, whichcanbeusedasanaddressto
a lookuptablecontainingtheprecalculatedshadingfactors.This lookuptableis refreshedfor
eachpossiblenormalvectorwhenever thelighting conditionsarechanged.

Thevoxelsintersectedby acuttingplanearehandleddifferentlysincethey arenotshadedat
all. Typically thepixel color is overwrittenby thedensityof theprojectedvoxel. Generally, an
arbitraryfunctioncanbeusedwhich mapstheoriginaldatavalueto a color. Sincetheshading
processhasto ignorethesevoxels,toeachpixelof theintermediateimageanadditionalattribute
hasto beassignedindicatingwhetherthecorrespondingvoxel is a boundaryvoxel or a voxel
intersectedby thecuttingplane.
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4.3.4 Decompositionof the viewing dir ections

Thepresentedsurface-renderingmethodcanbeextendedto arbitraryviewing directionssince
the preprocessingcanbe executedfor any principal direction. A further opportunityof im-
provementis to decomposethedomainof theviewing directionsinto 24 regionsinsteadof 6.
Figure4.15depictstheseregionson thedirectionalcube.Assumethattheprincipalcomponent
of theviewing directionis the Þ coordinate.Accordingto thesignsof the ç and é components
four casescanbedistinguished.For example,if bothof themarepositivethevisibility function
is definedas:

% ê ��èYXfè;Z ìtü _`````Ø `````Ù
� if Z ü T orS�a ö è �b� � � �Jc ö c ��èX � �Jc � c Xfè% êsö è � è;Z � � ì?ü � è í{ê&ö è � è;Z � � ì$ü T VT otherwise.

Sincein this casewe have a strongercondition(insteadof nine, only the four voxels are
checkedwhichcouldhidethecurrentlytestedvoxel from thespecificviewing direction)defin-
ing thepotentiallyvisible surfacepointsthenumberof extractedvoxelswill be lower thanin
thegeneralcase.Thevisibility functioncanbedefinedsimilarly for theotherregions.In order
to renderthevolumefrom anarbitraryviewing anglethepreprocessinghasto beperformedfor
all the24 regions.In therenderingphasetheappropriatedatastructureis selectedaccordingto
thecurrentviewing direction.Althoughthis modificationincreasesthepreprocessingtime and
the storagerequirements,laterwe will show that it significantlyimprovesthe extractionrate,
makingtherenderingprocessmuchfaster.

z

x

y

Figure4.15: Decompositionof viewing directionsinto 24regions.

4.3.5 Interacti vecutting operations

A majordrawbackof themethodpresentedsofar is thatthecuttingplaneshaveto bedefinedin
advance,sincethesurfacepointseliminatedby thecuttingoperationarenot storedany more.
Thusafter the preprocessingthe locationandthe orientationof the cutting planescannotbe
modifiedinteractively, althoughit would beratherimportantin a medicalimagingapplication.
In thissectionwediscusshow to addthis featurewithoutsignificantreductionin performance.
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In thepreprocessingthecuttingplanesarenot taken into accountandonly thepotentially
visible voxels are extracted. In the projectionphase,due to the cutting operationsinternal
voxels intersectedby the cutting planehave to be renderedaswell, thusthe original volume
needsto be kept in the main memory. Assumethat we have only one cutting plane. The
surfacepointsandtheinternalvoxelsareprojectedseparately, wheretheorderdependson the
currentviewingdirection.Thecuttingplanedividesthespaceinto two halfspaces.If thesurface
pointsarelocatedin the halfspacewhich containsthe viewpoint thenthey areprojectedafter
the renderingof the internalvoxels intersectedby thecuttingplane. Otherwisetheprojection
orderis reversed.

Beforetheprojection,thepotentiallyvisible voxelshave to becheckedwhetherthey arein
thepositiveor negative halfspace.It requiresthesubstitutionof thevoxel coordinatesinto the
implicit equationof thecurrentplane:ë¿ý çP� í^ý é^� ô�ý Þj� òÇü�÷ ï

Thesignof theresidual
÷

indicateswhetherthegivenvoxel hasto berenderedor ignored.
Sincethevoxelsarestoredsortedby the Þ coordinate,thewholeexpressionneednot to beeval-
uatedfor eachsinglevoxel. Thesubexpression

ô$ý Þk� ò is evaluatedonly oncefor eachÞ -slice.
For furtheroptimization,thesurfacepointsinsidea slicecanbesortedby the é coordinatesas
well. This doesnot increasethepreprocessingtime sinceperformingthevisibility calculation
row-continuouslythesurfacepointsaresortedautomatically. Therefore,theeliminationof the
cut voxelsrequirespracticallyjust onemultiplicationandoneconditionalinstructionaddition-
ally, thusthisextensiondoesnot significantlyeffect theperformance.

Thevoxels intersectedby the cuttingplaneareprojectedseparately. Without lossof gen-
erality, let usassumethat theprincipalcomponentof theplanenormalis the Þ -coordinate.In
this caseall thepossiblediscrete

ê çUè9é ì pairs( çml SUT è � è ï�ï�ï è +�� �WV è�énl SUT è � è ï�ï�ï è ($� �6V ) are
substitutedinto theexplicit equationof theplaneandtheobtainedÞ valueis usedfor addressing
the original volume. The internalvoxels arerenderedusingthe gray-scaleddatavalues. Be-
fore projectingthesevoxelsontotheimageplanethey arecheckedwhetherthey belongto the
region of interest,otherwisethelow densityvoxelsrepresentingthesurroundingair couldhide
thesurfacepoints.In orderto avoid this,anadditionalsegmentationfunctioncanbeusedwhich
is not necessarilythesameasthe oneusedfor theextractionof the surfacepoints(

í{ê �)èYXfè;Z ì ).
For example,whenthe surfaceof the skull is requiredto be renderedthe samethresholding
segmentationis not usableto determinetheregionof interestin theslicedefinedby thecutting
plane,sinceit cancontainvoxelswith densitieslower thanthebonethreshold.

If thepurposeof cutting is thevisualizationof the internalsurfacethenonly theextracted
surfacepointslocatedin the positive (or negative) halfspacearerendered.Unfortunatelythe
incrementalextractionof theboundaryvoxelscannotbeusedin this case,thusonly the local
neighborhoodis takeninto accountin thevisibility calculation.

Anotheropportunityof improvementis the restrictionof thecuttingplaneorientations.If
only thecuttingplaneswhich areperpendicularto oneof themajoraxesareallowedthenthe
projectionphasecanbefurtheroptimized.Theimplementationof thecuttingplaneperpendic-
ular to the Þ -axisis thesimplest.In thisspecialcasethereis noneedto checkeachsinglevoxel
beforeprojection,sincetheslicesbehind(or in front of) thegiven Þ deptharesimply ignored.

The cutting planesperpendicularto the ç -axis or to the é -axis arealsosupportedby the
proposeddatastructurewith the following slight modification. The surfacepointsaresorted
insidethe Þ -slicesby the ç and é coordinatesaswell, andthesetwo lists arestoredseparately
for eachÞ -slice. In this case,thecuttingplanescanbeincrementallytranslated,sincefor each
list a pointercanbeintroducedindicatingtheborderbetweenthevoxelsbehindandin front of
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thecurrentplane.

4.3.6 Implementation

Thepresentedsurface-renderingmethodhasbeenimplementedin C++ andit hasbeentested
on a SiliconGraphicsIndy workstation.ThetestdatawastheCT scanof a humanheadused
for testingthe previously presentedalgorithms. Table4.6 andTable4.7 summarizethe run-
timemeasurementsfor avolumewith two differentresolutions.Thescalingfactorsin thewarp
operationaresetto one,so the imagesizesare � ßWop2 �4� � and ß43W5I2�ßfß43 respectively. In the
preprocessing,a thresholdingfunctionwasusedin orderto segmenttheskull. Usingtheview-
dependentPhongshadingto modelspecularsurfacesthe shadedcolorsarecalculatedduring
therenderingprocess.In caseof justa diffusesurfacethecolorsaredeterminedin advancefor
eachboundaryvoxel accordingto theview-independentLambertianshadingmodel.

shadingmodel Lambert Phong

preprocessing 7 sec 6 sec
intermediateimage 9 msec 52msec
final image 4 msec 4 msec
framerates 76.9Hz 17.9Hz

Table4.6: Testresultsfor thevolumeof resolution9;:1<@=?9;:1<>=A919;B .
shadingmodel Lambert Phong

preprocessing 56sec 55sec
intermediateimage 45msec 213msec
final image 18msec 18msec
framerates 15.9Hz 4.33Hz

Table4.7: Testresultsfor thevolumeof resolution:1C1D@=':1C1D>=E:1:1C .
In thepreprocessing,decomposingthedomainof viewing directionsinto 24 regions � ï o %

of thevoxelswereextractedfrom the low resolutiondataset. For thehigh resolutionvolume
this percentagewas T ïrq %. For the sake of comparison,having the dataonly for 6 regions
preprocessedtheextractionrateswere � ï H % and � ï o % respectively.

Besidetheextractionof theboundaryvoxels,thepreprocessingtime includesthegradient
estimationandtheshadingif thesurfaceis diffuse. Thegenerationof the intermediateimage
consistsof thevoxel projectionin theshearedspaceandthereal-timeshadingif thesurfaceis
specular. Thefinal imageis producedfrom theintermediateimageusinga 2D warpoperation.
Sincethis procedureincludesthe scalingandthe renderingaswell, its run-timeperformance
dependslinearlyon theimagesize.

Figure4.16 andFigure4.17 show the rotationof an iso-surfaceshadedaccordingto the
Lambertand Phongmodelsrespectively. Although the renderingof the tissueboundaryas
a diffusesurfaceis approximatelyfour timesfasterthanrenderingit asa specularsurface,it
assumesthatthelight sourcesarerotatedtogetherwith theobject.Theview-dependentPhong
shadinggivesa betterspatialimpression,sincetheobjectcanbe illuminatedalwaysfrom the
viewing direction.
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Figure4.16: Rotationof a skull usingLambertianshading.

Figure 4.17: Rotationof a skullusingPhongshading.

Figure4.18: Cuttingoperations.



4.3. INTERA CTIVE ISO-SURFACE RENDERING 59

Figure4.18shows theapplicationof cuttingplanes.In theleft imagethevoxelsintersected
by thecuttingplanesarerenderedusinggray-scaledensityvalues,while ontheright imagethey
areconsideredtransparentin orderto visualizetheinternalsurfaces.

shadingmodel Lambert Phong

xy-plane 83Hz 23Hz
xz-plane 55Hz 20Hz
yz-plane 55Hz 20Hz
arbitraryplane 47Hz 15Hz

Table4.8: Frameratesusingdifferentcuttingplanes(volumeresolution: 9;:1<@=A9;:1<>=?919;B ).
Table4.8 andTable4.9 containthe frameratesfor the two differentresolutiondatasets,

when interactive cutting is used. The implementationof the axis parallel cutting planesis
optimizedas it is discussedin Section3.4. The framerateshave beenmeasuredcalculating
theaveragerenderingtimesfor all thepossibletranslationsof theplanes.

shadingmodel Lambert Phong

xy-plane 17Hz 6 Hz
xz-plane 12Hz 5 Hz
yz-plane 12Hz 5 Hz
arbitraryplane 10Hz 4 Hz

Table4.9: Frameratesusingdifferentcuttingplanes(volumeresolution: :1C1D@=E:1C1D>=':1:1C ).
4.3.7 Summary

In this sectiona fast iso-surfacerenderingmethodhasbeenpresented,which provides real-
time rotationwithout usingany specializedhardware. Therefore,it canbewidely usedin 3D
diagnosticalsystemsevenon low-endmachines.

Thebasicideais theextractionof potentiallyvisibleboundaryvoxels.Thepreprocessingis
performedfor 6 or 24regionsof viewing directionsachieving higherefficiency thanothertech-
niqueswhich extractall theboundaryvoxels. Thesurfacepointsarestoredin a datastructure
which supportsfastshear-warpprojection. Sincein theshearedspacetheneighboringvoxels
areprojectedto neighboringpixelsholeswill notappearin theintermediateimage.Theimple-
mentationof zoomingis simplesincethescalingfactorsarebuilt into thewarpmatrix which
transformstheintermediateimageinto thefinal image.

Dueto thedirectvolume-renderingapproachconventionalvolumeoperationssuchascut-
ting arealsosupported.Thevoxelsintersectedby anarbitrarycuttingplanearerenderedusing
theoriginal densityvalues,while thesurfacepointsareshadedaccordingto theestimatednor-
malvectors.



4.4. NORMAL ESTIMATION BASED ON 4D LINEAR REGRESSION 60

4.4 Normal estimationbasedon 4D linear regression

Thefastvolumerenderingalgorithmspresentedin Section4.1andSection4.3haveacommon
drawback.Becauseof thelimitation of shear-warpprojectionsupersamplingusingtrilinear in-
terpolationis notsupported.A low samplingratecancausetypicalstaircaseartifactsespecially
whentheestimationof theoriginalgradientsis notaccurateenough.In orderto compensatethe
disadvantagesof rareresampling,in this section,a new normalestimationschemeis presented
whichprovidesasmoothapproximatedgradientfunction[43].

4.4.1 Intr oduction

In directvolumerenderingthegradientsareusedfor shadingassurfacenormals.Therefore,the
qualityof thegeneratedimageis stronglyinfluencedby theappliedgradientestimationmethod.
Volumetricdatais usuallyobtainedby samplingcontinuousobjectsandafterthediscretization
theexactsurfacenormalsarenotavailableanymore.Therefore,theinclinationof thesurfacesis
estimatedinvestigatinga closeneighborhoodof a givenvoxel. A possiblewayof evaluationof
differentnormalcomputationtechniquesis to discretizecontinuousgeometricalmodelsandto
comparetheestimatednormalsto theexactoriginalones.Unfortunately, thisstrategy cannotbe
usedfor practicaldatasets,likemedicalCTscans,sincetheexactnormalvectorsarenotknown.
In atypicalvolume,therearenosharpedgesandthesurfacesarerathersmooth.Therefore,one
canexpectthat the surfacesandthe contoursof differentorgansaredisplayedsmoothlywith
reducedstaircaseartifacts.In orderto fulfill this requirementourmethodintegratesthefiltering
andthenormalcomputationinto oneprocess.

In [66] Yageloverviews severalmethodsfor discretenormalestimationandanalysestheir
performance.Dependingon the neighborhoodconsidered,thesetechniquescanbe classified
into two fundamentallydifferentcategoriesasimagespaceandobjectspacemethods.

Imagespacetechniquestakeonly the2D neighborhoodin theprojectedimageinto account,
thereforethey areview-dependent.Depth-gradientshading[6][55] asarepresentativeof image
spacemethods,approximatesthegradientfrom the Þ -buffer calculatingthedifferencesbetween
the depthsof the given and the neighboringpixels. This approachproducessharpcontours
wherein the neighboringpixels differentobjectsarevisible or wherethereis a drasticjump
betweenthedepthvalues.In orderto avoid thisartifactcontext sensitivenormalestimationcan
beusedwhich takesalsotheseobjectandslopediscontinuitiesinto account.Thebasicideaof
thisapproachcanbeappliedto objectspacetechniquestoo[66].

Objectspacemethodsestimatethenormalaccordingto the3D neighborhoodof thegiven
voxel. Constantshading[24] which is basedon the cuberillemethodis an early exampleof
this category. The voxels are consideredto be unit cuboids,and the normalsat eachpoint
of a boundarysurfacearethe true normalsof the correspondingcuboidfaces.Normal-based
contextualshading[25][3] is basedonthecuberillemethodaswell. Thistechniqueadditionally
takestheorientationof theadjacentvisiblefacesinto accountincreasingthenumberof possible
normalvectorsandgivingabetterimpressionabouttheinclinationof aboundarysurface.Gray-
level gradientshading[26][27] is usedfor volumes,whereeachvoxel representsa gray-level
value. The gradientvectorsareestimatedaccordingto the neighborhoodof the voxels using
traditionalderivative filters [42]. Contextual shadingfits a local approximateplane[2] or a
biquadratic[61][62] function to the setof points that belongto the sameiso-surface. These
methodsaretime-consumingandlimited to acertainneighborhood.BryantandKrumvieda[2]
solveasetof linearequationsby Gaussianeliminationin orderto obtainanapproximatetangent
planeatagivensurfacepoint. Webber’s technique[61][62]is similar, but in a26-neighborhood
the surfaceis approximatedby a biquadraticfunction producingaccurateresultsfor objects
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with

î � continuousfaces.
According to our approachthe normal estimationis extendedto a 4D linear regression

problemand not restrictedto the approximationof an iso-surface. In a local neighborhood
thedensityfunction is approximatedwith a 3D hyper-planetakingnot only thesurfacepoints
but all theneighboringvoxels into account,usinganappropriateweightingfunction. Sincea
planeis definedby a normalvectoranda translation,a 4D linear equationsystemis solved
in orderto minimizetheerrorof theapproximation.This seemsto bemorecomplicatedthan
thepreviouscontextual shadingtechniquesbut we will show that it leadsto a computationally
efficient convolution, thusthe linearequationdoesnot needto besolvedusingthe traditional
time-consumingmethodsof linearalgebra,like Gaussianelimination. Furthermore,our tech-
niqueprovidesnot only anestimatednormalvectorbut a translationvalueaswell, which can
beconsideredasa filteredvaluefor thegivenvoxel location.By substitutingtheoriginal den-
sity with thefilteredvalue,smoothsurfacescanbedisplayedandthestaircaseartifactscanbe
reduced.

4.4.2 Linear regression

Assumingthat theorigin of thecoordinatesystemis translatedinto thepositionof thecurrent
voxel, the densityfunction ÿ ê çUè9é�èJÞ ì in a closeneighborhoodcanbe approximatedlinearly
accordingto thefollowing formula:ÿ ê çUè9é�èJÞ ìtsvuÛý çP� Ý ý é>� î ý Þd�xw ï (4.5)

Thisapproximationtriesto fit a3D regressionhyper-planeontothemeasureddensityvalues
assumingthat the densityfunction changeslinearly in the directionof the planenormal

��üyzu èJÝè î@{ . The valueof w which is the approximatedensityvalueat the origin of the local
coordinatesystemdeterminesthetranslationof theplane.

Evaluatingthis approximationfor the voxels of the local neighborhoodthe error canbe
measuredusingthefollowing meansquareerrorcalculation:| êiu èJÝè î è�w ì�ü æY}~û�� .�� û�ý	êiuÛý ç û ��Ý ý é û � î ý Þ û �xw � ÿ û<ì æ ï (4.6)

The coordinatesç û , é û , Þ û denotethe componentsof the neighboringvoxel locationsin
thecoordinatesystemtranslatedinto thecenterof thesubvolumerepresentingthelocal neigh-
borhood. The measureddensityvaluein the Z th voxel position is denotedby ÿ û . The error
of the Z th samplecontributesto theglobalmeansquareerrorwith weight � û . Theweighting
functionis assumedto beanarbitrary, sphericallysymmetricfunction,which is monotonically
decreasingasthedistancefrom theorigin is gettinglarger.

The Z indicesareassignedto theneighboringvoxel locationsrow-continuously(Figure4.19).
For thesakeof clarity but without lossof generality, we assumethatonly the26-neighborhood
is taken into account. In this case,the index Z of voxel Q�� ù �/ù � in the 26-neigborhoodof the
currentvoxel Q/. ù . ù . is definedas:Z ü�ê Þ�� � ì�ý q � ê é^� � ì�ý ���Fç�� � ï (4.7)

In orderto minimizethe4D errorfunction
| êiu è9Ýè î è�w ì , thepartialderivativesaccording

to thefour unknown variables
u

, Ý ,

î
, w areinvestigated:� |� u ü ß ý æY}~ûe� . � ûªýoêiu ý ç û � Ý ý é û � î ý Þ û �xw � ÿ û<ì�ý ç û è (4.8)
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Figure 4.19: Indexing of theneighboringvoxels.

� |� Ý ü ß ý æY}~û�� . � ûdý	êiuÛý ç û � Ý ý é û � î ý Þ û �xw � ÿ û=ì�ý é û è (4.9)� |� î ü ß ý æY}~ûe� . � ûªý	êguÛý ç û � Ý ý é û � î ý Þ û �xw � ÿ û=ì�ý Þ û è (4.10)� |� w ü ß ý æY}~û�� . � ûªýxêiu ý ç û ��Ý ý é û � î ý Þ û ��w � ÿ û:ì ï (4.11)

In a minimumlocationof theerrorfunctionthesepartialderivativesareequalto zero.This
conditionleadsto thefollowing systemof linearequations:

� ý������
uÝ îw

� ���� ü �����
� � û ÿ û ç û� � û ÿ û é û� � û ÿ û Þ û� � û ÿ û

� ���� è (4.12)

where � ü �����
� � û ç æû � � û ç û é û � � û ç û Þ û � � û ç û� � û ç û é û � � û écæû � � û é û Þ û � � û é û� � û ç û Þ û � � û é û Þ û � � û Þqæû � � û Þ û� � û ç û � � û é û � � û Þ û � � û

� ���� ï
Notethattheelementsof thecoefficientmatrix

�
areconstants,thusonly theright sideof

thematrix equationdependson themeasuredÿ û values.Assumingthat thevoxelsarelocated
at regular grid points,wherethe samplingdistanceis the samein the threemajor directions
the equationis further simplified. In this case,the coefficient matrix

�
is a diagonalmatrix

sinceall theelementsexceptthediagonalonesareequalto zerobecauseof symmetryreasons
( ç û è9é û èJÞ û l S � � è T è �WV andtheweights� û aresymmetricto theorigin, thereforeeachnon-zero
termin thesumhasapairwith anoppositesign):

� ü �����
� � û ç æû T T TT � � û é	æû T TT T � � û Þ æû TT T T � � û

� ���� ï (4.13)
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Suchalinearequationcanbesolvedveryeasily, sincetheinverseof thecoefficientmatrix is
alsoadiagonalmatrixcontainingin thediagonalthereciprocalsof theoriginalmatrixelements.
Thustheunknown vector

yzu èJÝè î è�w { is calculatedby weightingthecomponentsof theright
side.Let usintroducethefollowing weightsfor eachunknown variable:

��� ü �� æY}û�� . � û ç æû è �k� ü �� æY}û�� . � û é æû è�k� ü �� æY}ûe� . � û Þ æû è �k� ü �� æY}û�� . � û ï (4.14)

Thesolutionof thematrixequationleadsto asimplelinearconvolution:u%ü ��� æY}~û�� . � û ÿ û ç û è$Ý ü �k� æY}~û�� . � û ÿ û é û èî ü �k� æY}~û�� . � û ÿ û Þ û ètw ü �k� æY}~û�� . � û ÿ û ï (4.15)

Assumingthat thesamplingdistancesalongthethreemajoraxesarethesametheweights��� , �k� , �k� areequalto eachother. Thustheseweightscanbe ignoredsincethe estimated
gradient

yzu èJÝlè î@{ hasto be normalizedanyway in order to obtaina surfacenormalof unit
length. Thegradientmagnitudemight alsobeusedin therenderingstagefor emphasizingthe
boundariesof iso-surfaces.In this casetheweights ��� , �k� , �k� canbeignoredaswell, since
only therelativedifferencesbetweenthegradientmagnitudesareimportant.

Note that thevalueof variable w is a normalizedweightedsumof themeasuredvaluesin
the local neighborhoodthus it canbe consideredasa filtered value. This is the resultof the
approximationin theorigin of thelocal coordinatesystem( ÿ ê T è T è T ìdü w ). Togetherwith the
approximatenormalcomponentsthesefilteredvaluesarestoredin anewly generatedvolume.In
thisvolumethereis astrongcorrelationbetweenthedatavaluesandthecorrespondingnormals
sincein the grid pointsthe error of the linear approximationwhich hasbeenassumedin the
normalestimationis minimal. Thereforein theray castingprocessthis volumeis usedinstead
of the original one. In a typical volume-renderingapplication,in order to reducethe noise
in the datasetandto smooththe surfaceslow-passfiltering is used. This filtering processis
completelyseparatedfrom the gradientestimation. In our approachthe smoothingand the
normalestimationareperformedin onestepin a consistentway, usingthe samefunction for
weightingthecontributionof theneighboringvoxels.

4.4.3 Inter polation

In directvolumerenderingtheapproximategradientvectorsareusuallycalculatedin advance
at the grid points, in a preprocessingstep. In the ray castingstage,a normal vector at an
arbitrarysamplepoint is calculatedfrom thegradientsof theeightclosestvoxelsusingtrilinear
interpolation.Whereverthereis abig differencebetweenthegradientsattheeightcornervoxels
of thegivencubiccell thetypicalstaircaseartifactsappear.

In orderto avoid this problemthe linear regressioncanbe evaluatedat the samplepoints
along the viewing raysaswell yielding a continuousreconstructionof the densityfunction.
Generally, thecoefficientmatrix

�
in Equation4.12will notbediagonalbecauseof theasym-

metricweights(thedistancesfrom thegrid pointsof theneighborhoodaredifferent).Further-
moretheentriesdependon theposition. Althoughthesolutionof the linearequationrequires
just a matrix multiplication,theevaluationof theinversecoefficient matrix is computationally
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ratherexpensive. This problemcanbehandledby dividing eachcell into subcellswith a reg-
ular subgrid(Figure4.20). The inversematrix is evaluatedin advancefor eachcornerpoint
of thesubcells.This hasto bedoneonly oncefor onegenericcell. In theray castingprocess
trilinear interpolationis appliedfor thesubcells,wherethenormalsat thecornerpointsarecal-
culatedusingthe precalculatedinversematrices.This modificationprovidesa moreaccurate
approximationof thedensityfunctionalthoughit increasestherenderingtime.

trilinear interpolation

linear regression

Figure 4.20: Subdivisionof theoriginal grid.

Anotheralternative is to usetheapproximatinghyper-planesfor densityinterpolation.First
a density ��� is computedfrom the filtered valuesat the eight closestgrid points (which are
thetranslationsof theapproximatinghyper-planes),usingtrilinear interpolation.Theobtained
value ��� cannotbe larger thanthe maximumcornerdensityof a cubic cell. Taking alsothe
inclinationof thesurfaceinto accountanotherdensity ��� is calculatedthefollowing way. The
currentsamplelocationis substitutedinto theplaneequationsattheeightclosestgrid pointsand��� is trilinearly interpolatedfrom theobtainedvalues.Sincethis computationis not restricted
to acubiccell, thevalue ��� mightbelargerthanthemaximumcornerdensitydependingon the
influenceof theneighboringcells. In orderto samplethedensitiesalongtheraysanarbitrary
normalizedweightedsum ���j�����������J�*� �; k����� canbe used. Increasingthe weight ��� the
influenceof thelocal inclinationis gettingstrongerandsetting��� to oneresultsthetraditional
trilinear interpolation.In ourexperimentsweusedthevalue � �#¡*¢�£¥¤ in orderto interpolatethe
densitieswith a quadraticfunction. It canbeconsideredasanacceptablecompromisebetween
trilinearandB-splineinterpolation.

4.4.4 The weighting function

Theweightingfunction ¦�§ of theconvolution canbeanarbitrary, sphericallysymmetricfunc-
tion which is, apartof the origin, monotonicallydecreasingas the distancefrom the origin
is getting larger. For example,the reciprocalof the squareof the Euclidean(or Manhattan)
distancecanbeusedfor weightingtheneighboringvoxels:¦�§j¡\¨ ¢ if ©E¡ª�1«�¬� otherwise, (4.16)

where ��§ is thedistanceof the © th neighboringvoxel from thecentralvoxel. Notethat the
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classicalgradientestimationbasedoncentraldifferencesis thespecialcaseof ourmethodusing
thefollowing weightingfunction:

¦�§�¡ ®¯¯° ¯¯±
� if ©²¡L³ or ©E¡µ´W´
or ©'¡¶�1¢ or ©²¡·�1¸
or ©'¡¶��´ or ©²¡·��³¢ otherwise.

(4.17)

Thürmer‘stechnique[56] whichhasbeenproposedfor normalestimationin binaryvolumes
is alsoaspecialcaseof ourmethod.Accordingto thisapproachthe ¹Jº , ¹J» , and ¹½¼ components
of theestimatednormalvectorarecalculatedaccordingto thefollowing formula:¹Jºd¡ ¾Y¿À§�Á�� ¦�§�Â/§ÃÄ§WÅ	¹J»j¡ ¾Y¿À§eÁ�� ¦�§Â/§�Æ6§6Åt¹J¼#¡ ¾Y¿À§�Á�� ¦�§�Â/§�Ç�§6Å (4.18)

where Â/§È¡b� if the valueof the © th binaryvoxel in the certainneighborhoodis oneand
zerootherwise.Having a binary volumethe densityfunction É takesonly the valuesof zero
andonethereforein thisspecialcaseourmethodprovidesthesamenormalcomponents.It can
beconsideredasageneralizationof thepreviousnormalestimationtechniques,andcanbeused
for gray-scaleandbinarydatasetsaswell. Furthermore,our approachprovidesalsoa filtered
valuewhichis consistentto theestimatednormalvector. Substitutingtheoriginaldensitieswith
thefilteredvaluesthetypicalstaircaseartifactsof directvolumerenderingcanbereduced.

4.4.5 Implementation

The proposednormalestimationmethodhasbeentestedon binaryandgray-scaleddatasets.
Figure4.21shows a binaryvolumeof resolutiońW¢EÊË´W¢EÊÌ´W¢ obtainedby discretizationof a
sphere.

�iÍÎ  �iÏ  �ÑÐ8 
Figure 4.21: Normalestimationonbinaryvolumedatausingcentral differences(a), Thürmer’s method

(b), andlinear regression,where Ò ��ÓÌÔ4Õ�Ö (c).

Image(a) was renderedcalculatingcentraldifferencesto estimatethe surfacenormals,
thereforethetypical staircaseartifactsappear. In image(b), wherenormalsareestimatedfrom
the26-neighborhoodof thevoxelsusingThürmer’smethodthesurfaceismuchsmootherbut the
contourof theobjecthasthesamediscontinuitiesasin image(a). Image(c) wasrenderedusing
our method,wheretheregressionplaneat eachvoxel locationwascalculatedfrom thevoxels
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of the26-neighborhood.Accordingto thelinearregressiontheoriginaldatavaluesareallowed
to bemodifiedin orderto minimize the errorof the approximation.Thereforethe contourof
theobjectis smootherandapproximatestheoriginal contourmuchbetterthanin theprevious
two images.Processingbinary volumes,Thürmer’s technique[56] andour methodprovides
exactly thesamenormalvectorsat thegrid points.Nevertheless,theintersectionpoints,where
thenormalsareevaluatedusingtrilinear interpolation,aredifferentsincethe linearregression
slightly changesthe original datavalues.Although the estimatednormalcomponentsarethe
samethesurfacein theright imageis muchsmoothersincethecalculatedintersectionpointsare
closerto theexactintersectionpointsof thesphereandtheviewing rays.Theseimagesclearly
show thatin renderingbinarydatasetsnotonly theestimatednormalcomponentsareimportant
but alsothesamplelocations,wheretheinterpolatednormalsareevaluated.

�iÍÎ  �iÏ 
Figure 4.22: A lobsterrenderedcalculatingcentral differencesfor gradientestimation(a) andusing

linear regression(b).

Figure4.22shows a gray-scaledatasetobtainedby a CT scanof a lobster. The dataset
hasbeenrenderedcalculatingcentraldifferences(a)andusinglinearregression(b) for gradient
estimation. Although, in image(b) somehigh frequency detailsarefiltered, the contoursof
the differentpartsof the body aremuchsharperthenin image(a), thereforethey canbe dis-
tinguishedmoreeasily. For example,the locationandthe shapeof the legs canbeperceived
muchbetterin theright imageproviding strongerspatialimpression.In contrast,theleft image
containssomenoisyregions,wherethetopologyof theobjectcannotberecognizedatall.

Having high resolutiondatasets,it is worthwhile to take a larger neighborhoodinto ac-
count for the linear regressioncalculationwithout significantlossof high frequency details.
Figure4.23showsahumanskull segmentedfrom aCT scanof resolutioń4¤W¸kÊP´4¤W¸kÊP´W´4¤ . The
left imagewasrenderedcalculatingthe normalsfrom the «W× neighborhoodwhile in the right
imagethenormalswereestimatedaccordingto the ³4× neighborhood.Note that the top of the
skull in theright imageis muchsmootherthanin theleft oneandthestaircaseartifactsareless
recognizable,while in high-frequency areasthereis nosignificantdifference.

Our methodhasbeentestedusing also complex transferfunctions. The imagesin Fig-
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�iÍÎ  �iÏ 
Figure 4.23: Renderingof a humanskull takingthe Ø × (a) andthe Ù × (b) neighborhoodinto accountin

thenormalestimationusinglinear regression.

�iÍÎ  �iÏ 
Figure4.24: Renderingof thekidneysandtheskeletonusingcentral differences(a) andlinear

regression(b) for gradientestimation.
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ure4.24havebeenrenderedwith anopacityfunctionemphasizingthesoft tissueandthebone.
Usinglinearregressionfor gradientestimation(b) ratherthancalculatingthecentraldifferences
(a) therenderedimageseemsto bemorerealisticbecauseof theantialiasing.

4.4.6 Summary

In this sectiona new gradientestimationapproachhasbeenpresentedwhich is basedon 4D
linearregression.It hasbeenshown thatit is worthwhileto usethesamefunctionweightingthe
contributionof theneighboringvoxelsfor filtering andfor gradientcomputationyieldingstrong
correlationbetweenthefiltereddatavaluesandthe estimatednormalvectors.Someprevious
normalcomputationtechniquesarespecialcasesof our methodthusit canbeconsideredasa
generalizedsolutionwith a clarified mathematicalbackground.The presentedtechniquecan
beusedfor gray-scaleandbinarydatasetsaswell. Previouscontextual shadingmethodsare
ratherexpensivecomputationallysincethey try to fit a linearor biquadraticfunctionon theset
of surfacepointsandit requiresthe solutionof a systemof linear equations.In contrast,our
approachapproximatesthedensityfunctionitself with a3D regressionhyper-planeandit leads
to a computationallyefficientconvolution.
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4.5 Interacti vevolumerenderingbasedon a “b ubble model”

In thissectionaninteractivevolumerenderingtechniqueis presentedwhich is basedonanovel
visualizationmodel[11]. We call the basicmethodbubblemodelsinceiso-surfacesareren-
deredasthin semi-transparentmembranessimilarly to blown soapbubbles.Theprimarygoal
is to develop a fastpreviewing techniquefor volumetricdatawhich doesnot requirea time
consumingtransferfunction specificationto visualizeinternalstructures.Our approachuses
a very simplerenderingmodelcontrolledby only two parameters.The renderingprocessis
optimizedexploiting thatonly a smallpartof thedatacontributesto thegeneratedimage.Due
to the interactive display, fine tuning is alsosupportedsincethemodificationof the rendering
parametershasanimmediatevisualfeedback.

4.5.1 Intr oduction

Basically, therearetwo alternativesfor high quality visualizationof volumedatasets.Oneal-
ternative is iso-surfaceextractionusingthemarchingcubes[38] surface-reconstructionmethod
andtheotheroneis directvolumerendering[16][34]. Thefirst approachrequiresa time con-
sumingpreprocessingin order to generatea polygonalmesh. Although sucha meshcanbe
renderedinteractively usingconventional3D graphicshardware,this methodis limited to cer-
tain iso-surfacesdefinedby modality-dependentthresholdparameters.Without any a priori
knowledgeaboutthedatadistribution it is notobviouswhich iso-surfacesrepresentthecontent
of thevolumebestwithout significantlossof information.Furthermore,whenever a threshold
valueis changedtheentirereconstructionprocesshasto berepeated.

Anotheralternative is direct volumerenderingwhich is a moreflexible approach.Theo-
retically, every singlevoxel contributesto thefinal image,thereforetheinternalstructurescan
alsoberendered.In practice,it is ratherdifficult andtime-demandingto specifyanappropriate
transferfunction. Becauseof theexponentialattenuation,theobjectswhicharehiddenby sev-
eralothersemi-transparentobjectsarehardlyrecognizable.Evenif low opacitiesareassigned
to the voxels only a limited numberof semi-transparentiso-surfacescanbe renderedat the
sametime. Therearetechniquesto determineoptimalthresholdparametersautomatically[29],
andmethodsfor effective transferfunction designalsoexist [20][22]. The transferfunction
specification,however, is still data-dependent,andoftenrequiresuserinteraction[30].

Physics-baseddirect volumerenderingis also limited becauseof the computationalcost.
Without usingany specializedhardwaredevice, it is not possibleto rendera largevolumedata
setinteractively, althoughit wouldberatherimportantin transferfunctionspecificationto have
animmediatefeedback.

Application orientedvisualizationmodelslike maximumintensity projection(MIP)[49],
local maximumintensityprojection(LMIP)[50], or frequency-domainvolumerendering[57],
[37] do not needtime-consuminguserinteractionto specifytherenderingparameters.Never-
theless,they alsosuffer from computationalcostandthey arelimited to the medicalimaging
applicationfield. UsingMIP, someinternalfeaturescanbehiddenby higherdensityregionsand
usingFouriervolumerendering,which is equivalentto densityaccumulation,similarproblems
arise.

Theapplicationof well-known non-photorealisticrendering(NPR)techniques[48][32][19]
is anew directionin volumerenderingresearch.Previously, theseNPRmethodshavebeenpro-
posedfor polygonalsurfacemodels,thereforetheir applicationto iso-surfacesextractedfrom
volumedataseemsto beobvious.Interrante[28] usesprincipal-directiondriven3D line integral
convolutionfor illustratingsurfaceshapesin volumedata.SaitoproposesanNPRtechniquefor
real-timepreviewing of volumes[47]. His approachis alsorestrictedto an iso-surface,where
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thesurfaceis uniformly sampledandthesamplepointsareprojectedonto the imageplaneas
geometricalprimitiveslike crosslines. Theorientationof theseprimitivesdependson the lo-
cal inclinationof thesurface.Ebert[18] proposesa volumeillustrationframework combining
directvolumerenderingwith NPRtechniques.Most of thefeaturesof their generalmodelare
gradientandview-pointdependent.Currentvolumerenderinghardwaredevicesdonotsupport
thismodelsointeractive renderingis notpossible.

In acertainsense,ourmethodcanalsobeconsideredasanNPRtechnique,sincewedonot
concentrateon physicallyplausiblerendering.Our majorgoal is to avoid a visualoverloadof
thegeneratedimageandpreferably, to renderinteractively all theimportantdetails.

4.5.2 The “b ubble model”

Usingacertainvolumerenderingapplication,especiallyin themedicalimagingarea,it is rather
importantto reducethe time of the userinteractionwhich is necessaryto tunethe rendering
process.For instance,a radiologistapplyinga 3D diagnosticalsystemusuallydoesnot have
toomuchtime to find themostappropriatetransferfunction.

In orderto avoid a time-consumingspecificationof renderingparametersandto developa
techniquefor fastpreviewing of volumetricdataweuseasimplifiedvisualizationmodelcalled
bubble model. The main idea is to renderseveral iso-surfacesas thin membranessimilarly
to the visual appearanceof soapbubbles. We do not aim at a physically plausiblemodel,
thereforethespectraleffectsareneglected.Themostimportantfeatureof themodelis thatsuch
thin membranesdo not hide too muchinformationbehindthem. In traditionaldirect volume
rendering[40], becauseof the exponentialattenuationonly a limited numberof iso-surfaces
canberenderedat thesametime. Decreasingtheopacityassignedto aniso-surface,theobjects
behindit becomemorevisiblebut its own visualcontribution is reducedaswell.

Takingtheseaspectsinto accountweproposethefollowingsimplifiedrenderingmodel.The
“surfaceness”of avoxel is characterizedby thegradientmagnitudeat thevoxel position.If the
gradientmagnitudeis high thenthevoxel belongsto aniso-surfaceratherthana homogeneous
region. Thegradientvectoris estimatedby calculatingcentral differences:

Ú ÉN�ÛÃ/ÜYÅeÆ�Ý�ÅeÇ�§1 ßÞ �´ �áàâã �ÑÉN�gÃ/Üåä��ÅeÆ�Ý1Å�Ç�§� 	�xÉN�gÃ/Ü�æ/�;ÅeÆ�Ý1Å�Ç�§� f �ÑÉN�gÃ/ÜçÅeÆ�Ýèä���Å�Ç�§� 	�xÉN�gÃ/Ü&ÅeÆ�Ý�æ/��Å�Ç�§� f �ÑÉN�gÃ/ÜçÅeÆ�Ý�Å�Ç�§eä��è 	�xÉN�gÃ/Ü&ÅeÆ�Ý1Å�Ç�§æ/�è f 
é�êë Å (4.19)

where ÉN�gÃìÅfÆ�Å�Ç4  is the spatialdensityfunction. In orderto avoid the staircaseartifactsof
thisapproximationamoresophisticatedgradientestimationmethod[43] canalsobeusedbut it
increasesthepreprocessingtimeaswell. After having thegradientvectorscalculated,opacities
proportionalto thegradientmagnitudesareassignedto thevoxels:í �iîèÅYï4Å;©� t¡\ð Ú É	�gÃ/ÜçÅfÆ�Ý1Å�Ç�§� �ð��Uñ4Å (4.20)

where í �gîfÅYï4Å;©�  is the opacityof voxel ò��gîfÅYï4Å;©�  and ñ is a constantscalingfactor. This
ideais similar to Levoy’s approach[34], who proposeda 2D opacityfunctionweightedby the
gradientmagnitudesin orderto enhancetheiso-surfaces.In contrast,weuseonly a1D opacity
functiondependingon gradientmagnitudesratherthandensityvalues.This simplificationhas
a specialvisual effect and it will be exploited in the interactive renderingmethoddiscussed
later. Unlike theconventionallight transportequation[34] we do not assignown colorsto the
voxels. In this sense,thevoxelsdo not have a light reflectioncontribution. We assumeonly a
constantambientbackgroundlight, andeachvoxelwith non-zerogradientmagnitudeattenuates
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this backgroundlight. Thus,eachpixel intensityis calculatedasanaccumulatedtransparency
multipliedby theambientlight.

This so calledbubblemodelcanbeconsideredasa simplified specialcaseof the general
opticalmodelpresentedby Max [40]. We will show that thesimplificationhasseveraladvan-
tages.Dueto theopacityfunctionweightedby thegradientmagnitudesthenumberof voxels
contributingto theimageis reduced,thereforethevisualoverloadcanbeavoided.Furthermore,
thedatareductioncanbeexploitedin theoptimizationof therenderingprocedure.Lastbut not
least,theuserinteractionfor tuningtherenderingparametersis shorterandbecauseof thefast
displayanimmediatevisualfeedbackis ensured.

image plane

iso-surface

Figure 4.25: Opacityaccumulationin thebubblemodel.

�iÍ�  �ÑÏ 
Figure 4.26: A CTscanof a toothrenderedusingthebubblemodel(a) andthecombinedmodel(b).

The visual effect is illustratedin Figure4.25. Thoseviewing rayswhich arenearly tan-
gential to the iso-surfacehave a longerintersectionsegmentwith the region of high gradient
magnitudes,thereforethe correspondingaccumulatedtransparency is lower. The raysnearly
perpendicularto theiso-surfacehaveminimalattenuationbecauseof theshortintersectionseg-
ment, thus from theseviewing anglesthe backgroundis just slightly occluded. This model
effectssharpsilhouettelinesat theobjectboundaries.This is similar to thevisualappearance
of ablown soapbubble,wherealmostjust thesilhouettesarevisible. Nevertheless,thesmooth
transitionat the boundariescharacterizesthe inclination of the surfaceimproving the spatial
impression.Figure4.26ashows theCT scanof a toothrenderedusingthebubblemodel.Note



4.5. INTERA CTIVE VOLUME RENDERING BASED ON A “B UBBLE MODEL” 72

that,you canseeall the importantdetailsthenervesandthecompleteinternalstructureof the
tooth.

Thebubblemodelcanbecombinedwith traditionalsurfaceshadeddisplay. In ordertoavoid
thevisualoverloadof thegeneratedimagewe proposeonly oneadditionalshadediso-surface.
Theviewing raysareevaluatedaccordingto thefollowing algorithm:

double RayCasting(Vol ume volume, Vec3D origin, Vec3D direction) {
double transparency = 1.0;
for(i = 0, i < i_max; i++) {

Vec3D sample = origin + direction * i;
Voxel voxel = volume.Resampl e(s ampl e) ;
if(voxel.densit y > threshold)

return Shading(voxel) * transparency;
else {

double opacity = voxel.gradient _magni tud e * scaling_factor;
transparency *= 1.0 - opacity;

}
}
return ambient_light * transparency;

}

The upperformal ray-castingroutine resamplesthe volumealonga viewing ray defined
by parametersorigin anddirection. In eachsamplepoint the densityvalueandthe gradient
magnitudearecalculatedfromtheeightclosestvoxelsusingtrilinearinterpolation.If thedensity
is greaterthanapredefinedthresholdthenthelighting conditionsareevaluatedandthefunction
returnstheshadedcolorof thehit intersectionpointmultipliedby theaccumulatedtransparency.
Otherwisetheopacityof thecurrentsampleis multiplied by a scalingfactor (denotedby ñ in
Formula4.20) andcontributesto the accumulatedtransparency. If the ray doesnot have an
intersectionpoint with the iso-surfacedefinedby the thresholdthen the function returnsthe
ambientlight multiplied by the accumulatedtransparency. This approachassumesthat the
internalstructureshave higherdensities,like thebonein medicalCT datasets.Generally, we
canalsouseaconfidenceinterval [ ó/�Aô�Åèó��õô ] aroundthresholdó to definethevoxelsbelonging
to aniso-surface.

The imagein Figure4.26bhasbeengeneratedusingthecombinedmodel. Theupperpart
of thetoothhasthehighestdensityvalues,thereforesettinganappropriatethresholdit canbe
renderedseparatelyusinganarbitraryshadingmodel.Therootof thetoothhasbeenvisualized
applyingthebubblemodel.

Figure4.27showsa CT scanof ahumanbodyrenderedusingthebubblemodel(a)andthe
combinedmodel(b). Theseimagesalsocontainalmostall the internaldetailslike the lungs,
theribs, thespineandthepelvis. In theright imageit is illustratedthatoneadditionalshaded
iso-surfaceis really a usefulextensionof thebasicmethodsincetherecanbeorganswith less
drasticdensitytransitionsat the boundaries.For instance,the kidneys representsucha case,
whichcanbeeasilyrenderedusingsurface-shadeddisplay.

4.5.3 Interacti ve rendering

In this subsectionwe presentan interactive renderingtechniquewhich supportsour extended
bubblemodel.This methodis similar to thefastsurfacerenderingalgorithmpresentedin Sec-
tion 4.3. The first stepis a preprocessing,whereat eachvoxel locationa gradientvector is
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Figure4.27: A CTscanof a humanbodyrenderedusingthebubblemodel(a) andthecombinedmodel

(b).

calculated.Afterwards,we extractthevoxelshaving highergradientmagnitudesthana prede-
fined thresholdvalue. This resultsin a sparsevolumewhich is storedin an appropriatedata
structureoptimizedfor fastshear-warpprojection[31].

density
location (x, y)
gradient direction
gradient magnitude

k = 0

k = Z-1

Figure 4.28: Thedatastructure storingthesparsevolume.

For thesakeof claritybutwithoutlossof generality, weassumethattheprincipalcomponent
of theviewing directionis the Ç -coordinateandtheresolutionof thevolumeis ö÷Êõø\Êúù . In
thiscase,thesparsevolumeis storedin adatastructureillustratedin Figure4.28.

Theextractedvoxelsarestoredsortedby their Ç -coordinates.Thevoxelshaving thesameÇ -coordinatearestoredin variablelengtharrays,wherethe lengthdependson the numberof
voxelsextractedin thegiven Ç -slice. Theentriescontainall the informationnecessaryfor the
renderingprocess,like thedensity, coordinatesÃ and Æ (the Ç -coordinateis storedimplicitly),
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the gradientmagnitude,andthe gradientdirection. The gradientdirectionis requiredfor the
view-dependentshadingof aniso-surface.This is representedby twelve bits,wheretheupper
and lower six bits storethe two polar coordinatesof the gradientdirection. This is usedas
an addressinto a lookup table,which containsthe precalculatedshadedcolorsundercertain
lighting conditions.Whenever theviewing directionor thelighting conditionsaremodifiedthe
lookuptablehasto berefreshed.

Theaddressesof thesearrayscontainingthevoxelswith thesameÇ -coordinatesarestored
in a separatepointerarrayof size ù . The extractedvoxels aremappedonto the imageplane
usinganefficientshear-warpprojection[31] (Figure3.1).

Thevoxelsareprojectedontotheintermediateimageplanein back-to-frontorder. Initially,
thepixel valuesof theintermediateimagearesetto theintensityof thebackgroundor ambient
light. Thecurrentpixel valuesaremultipliedby thetransparency of theprojectedvoxel. When-
ever the densityof the projectedvoxel is higher than the densitythreshold(defininga fully
opaqueiso-surfaceto beshaded),thecurrentpixel valueis overwrittenby its shadedcolor. The
shadedcolor is readfrom a precalculatedlookup table,usingthe twelve-bit representationof
thegradientdirectionasanaddress.

After having the intermediateimagegenerated,the final imageis producedby a 2D warp
operationin thesamewayasit hasbeenexplainedin Section4.3.

4.5.4 Implementation

Thepreviously presentedinteractive renderingtechniquehasbeenimplementedin C++ under
Windows NT andhasbeentestedon a 400MHzPentiumPCwith 512M RAM. The interface
of theapplicationis shown in Figure4.29. Thetwo renderingparameters,theopacityscaling
and the thresholddefining a shadediso-surface,can be controlledby two sliders. Because
of the fastrenderingprocedure,an immediatevisual feedbackis ensured.The imagecanbe
rotatedby moving themousepointeronthedisplaywindow usingthedraganddropconvention.
Table4.10shows theframeratesfor differentdatasets.

volume resolution datareductionrate framerates

tooth û Ö1üJý û Ö1ü>ý?þ;ü4þ 3.48% 20.37Hz
body û Ô û ý?þ;Ö û ý û Ö1Ö 16.89% 14.26Hz

smallhead þ û1ÿ ý?þ û1ÿ ý?þ1þ Ø 25.19% 9.32Hz
big head û Ö1üJý û Ö1ü>ý û1û Ö 16.91% 2.58Hz

Table4.10: Data reductionratesandframeratesfor differentdatasets.

Figure 4.30 shows the front and side views of a humanheadrenderedusing the bubble
model(a,c) andthecombinedmodel(b, d).

4.5.5 Summary

In this sectiona new interactivevolumerenderingtechniquehasbeenpresented.We proposed
a simplifiedvisualizationmodelthatwe call bubblemodel, sincetheiso-surfacesarerendered
asthin semi-transparentmembranes.Our opacityfunction weightedby gradientmagnitudes
reducesthe numberof voxels which contribute to the final image. Suchan opacitymapping
hastwo advantages.On onehandthe visual overloadof the imagecanbe avoided,without
significantlossof information. On the otherhandthe datareductioncanbe exploited in the
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Figure 4.29: Thegraphicsinterfaceof theapplication.

optimizationof therenderingprocess.Weproposeourmodelfor fastvolumepreviewing,which
doesnot requirea time-consumingtransferfunctionspecification.Therenderingprocedureis
controlledby only two parametersanddueto theoptimizationanimmediatevisualfeedbackis
ensured.Sinceour accelerationtechniqueis a puresoftwarebasedmethodit doesnot rely on
any specializedhardwareto achieve interactive framerates.
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Figure 4.30: A CTscanof a humanheadrenderedusingthebubblemodel(a, c) andthecombined

model(b, d).



Chapter 5

Conclusion

In this thesisseveral fastvolume-renderingtechniqueshave beenproposedmainly for inter-
active medicalapplications.It hasbeenshown that it is not necessaryto useany specialized
hardwarein orderto achievehighframeratesevenonlow-endmachines.Thispapercontributes
thefollowing new results:

1. In Section4.1abit-parallelbinaryshearingalgorithmhasbeenpresented.This is agood
examplefor the interactionbetweenthe hardware-basedandsoftware-onlyresearchdi-
rections.Previouslyasimilarmethodcalledincrementalalignmenthasbeenproposedfor
reducingthecommunicationoverheadin a largemulti-processorarchitecturesupporting
real-timevolumerendering.It hasbeenshown, thatverysimpleoperationslikeshiftingof
voxelsin abinarysegmentationmaskcanbeperformedefficiently in aparallelwayusing
a conventionalsingle-processorarchitecture.Exploiting the bitwise integer operations,
the ALU canbeusedasa parallelmachineprocessingseveralvoxelsat the sametime.
Using the binary shearoperationtogetherwith an appropriatelookup tablemechanism
theemptysegmentsalongtheviewing rayscanbepreciselyskipped.

2. In Section4.2it hasbeenshown thatthebinarysheartransformationcanbeusednotonly
for fastskippingof emptyregionsbut for acceleratedmaximumintensityprojectionas
well. Applying anefficient intensityencodingschemetogetherwith thebinaryshearing
algorithm, the rays can be encodedby a sequenceof bytes. Thesebytesare usedas
addressesto lookup tables,storingthe codesof the densityintervals which containthe
maximumdensityin thegivenray segment.Therefore,it is easyto determinethoselow
intensityraysegments,wherethecomputationallyexpensiveresamplingdoesnothaveto
beperformed.

3. In Section4.3 a fastdirect surface-renderingtechniqueis proposed.In orderto reduce
thenumberof voxelsto beprocesseda recursivevisibility calculationis performed.The
domainof viewing directionsis decomposedinto differentregionsandfor eachregion
only thoseboundaryvoxels are extractedfrom the volume which are potentiallyvisi-
ble. Theextractedvoxelsarestoredin view-dependentdatastructuresoptimizedfor fast
shear-warpprojection.Theappropriatedatastructureis selectedin therenderingprocess
accordingto thecurrentviewing direction.Theextractedboundaryvoxelsareprojected
ontotheimageplanein back-to-fronttoensurehiddenvoxel removal. Thepresentedtech-
niquealsosupportsinteractivecuttingoperationsbecauseof thedirectvolume-rendering
approach.

4. The fast surface-renderingtechniquepresentedin Section4.3 mapseachvoxel to one
pixel becauseof efficiency reasons.Sucha projectionprovidesapproximatelythesame
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imagequality asa first hit ray casterusingnearestneighborresampling.Becauseof the
sparseresamplingstaircaseartifactscanappearin the image. In order to compensate
this drawbackinsteadof the centraldifferencesa moresophisticatednormalestimation
schemecanbeused.In Section4.4anew gradientestimationmethodhasbeenpresented
which is basedon 4D linear regression. Sincethis methodtakesa larger voxel neigh-
borhoodinto accountto estimatethe inclination of the surfacea smoothapproximated
gradientfunctioncanbeobtained.

5. In Section4.5 a fully interactive volumepreviewing techniquehasbeenpresented.It is
basedonanovel simplifiedvisualizationmodelcalledbubblemodel. Theiso-surfacesare
renderedasthinsemi-transparentmembranessimilarly to blownsoapbubbles.According
to this modelonly thosevoxelscontribute to the imagewhich belongto an iso-surface.
The “surfaceness”is measuredby the gradientmagnitude,thereforethe surfacevoxels
canbeeasilyextractedfrom theoriginal volumeby a simplethresholding.This datare-
ductionhasseveral advantages.On onehand,the visual overloadof the imagecanbe
avoided,andtheocclusionof internalstructuresis alsoreduced.On theotherhand,the
datareductioncanbe exploited in the renderingprocess.Furthermore,becauseof the
simplifiedvisualizationmodela time-consumingtransferfunctiondesignis not required
sincetherenderingis controlledby only two parameters.Theseparameterscanbeinter-
activelymodifiedbecauseof theoptimizedrenderingprocedure,thusanimmediatevisual
feedbackis ensured.
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[30] A. KönigandE.Gröller. Masteringtransferfunctionspecificationby usingVolumeProtechnology.
In Proceedingsof SpringConferenceonComputerGraphics, pages279–286,2001.

[31] P. LacrouteandM. Levoy. Fastvolumerenderingusinga shear-warp factorizationof the view-
ing transformation.In ComputerGraphics(ProceedingsSIGGRAPH’94), pages451–457,1994.
http://www-graphics.stanford.edu/papers/shear/.

[32] J. Lansdown andS. Schofield. Expressive rendering:A review of non-photorealistictechniques.
IEEEComputerGraphicsandApplications,Vol.15,No.3, pages29–37,1995.

[33] D. Laur andP. Hanrahan.Hierarchicalsplatting:A progressive refinementalgorithmfor volume
rendering.In ComputerGraphics(ProceedingsSIGGRAPH’91), pages285–288,1991.

[34] M. Levoy. Display of surfacesfrom volumedata. IEEE ComputerGraphicsand Applications,
Vol.8,No.3, pages29–37,1988.

[35] M. Levoy. Efficient ray tracingof volumedata.ACM Transationson Graphics,Vol.9,No.3, pages
245–261,1990.



BIBLIOGRAPHY 81

[36] M. Levoy. Volumerenderingby adaptive refinement.TheVisualComputer, Vol.6,No.1, pages2–7,
1990.

[37] L. Lippert andM. H. Gross.Fastwaveletbasedvolumerenderingby accumulationof transparent
texturemaps.In ComputerGraphicsForum(ProceedingsEUROGRAPHICS‘95), pages431–443,
1995.

[38] W. E. Lorensenand H. E. Cline. Marching cubes: A high resolution3D surfaceconstruction
algorithm.In ComputerGraphics(ProceedingsSIGGRAPH’87), pages163–169,July 1987.

[39] T. Malzbender. Fourier volumerendering. ACM Transactionson Graphics,Vol.12, No.3, pages
233–250,1993.

[40] N. Max. Opticalmodelsfor directvolumerendering.Journal IEEE TransactionsonVisualization
andComputerGraphics,Vol.1,No.2, pages99–108,1995.

[41] N. Max, P. Hanrahan,andR. Crawfis. Areaandvolumecoherencefor efficientvisualizationof 3D
scalarfunctions.ComputerGraphics(SanDiegoWorkshoponVolumeVisualization),Vol.24,No.5,
pages27–33,1990.
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