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Abstract, Kurzfassung

(engl.) Oneof the mostimportanttechnologicaldevelopmentsn the 20" centuryis the

(dt.)

useof computersin mary areasof daily life, work, and research. Due to the
new abilities in processingdata, the amountof information that is handled,is
muchlarger comparedo previoustimes. As a consequencehe graphicalrep-
resentationi.e., the visualizationof data,establishedtself asa usefulapproach
to investigatdarge data-setsAmong otherapplicationareasthe visualizationof
dynamicalsystemgtogethemwith flow visualization)is a very importantresearch
field. Eithersampleddatalike a simulationof a wind tunnelor analyticmodels
of realworld phenomenag.g.,modelsof chemicalreactionsor food chains,are
visualizedfor furtherinvestigation Many usefultechniqueave beendeveloped
in this areaduringthe pastfew years.In this thesissomeadditionalcontributions
to thisresearcHield arepresented.

After abriefintroductionto thevisualizationof dynamicakystemsandashort
overview over the stateof the art, the new contributionsto this researcHield are
presentedStreamarrowsimprove theuseof streamsurfacedor thevisualization
of three-dimensiondlow data.Additional (local)informationis displayedandthe
problemof occlusionis diminishedby transpareng modulation. Poincaré maps
areusedfor the visualizationof periodicor quasi-periodidlows. Extractinga 2D
map as essentiainformation and combiningit with selectve cuesfrom the 3D
flow, allows to efficiently investigateavencomplex flows with periodicbehaior.
Critical points of a flow provide importantinformation— usually mathematical
analysisstartswith their identificationand investigation. A methodfeaturinga
direct representatiorof flow nearcritical points aswell asthe visualizationof
higherorderlocalinformationis presentedCharacteristictrajectoriesareimpor-
tantcomponentsn anabstractdescriptionof dynamicalsystemsSimilarly to the
visualizationof critical points,directvisualizationof the vicinity of thesecurves
in phasespacds usedto enhanceheinformationprovidedthroughvisualization.

Eine der wichtigstentechnologischerfentwicklungenim 20. Jahrhunderist die
Verwendungvon Computernin vielen BereichendestaglichenLebens,der Ar-
beit und der Forschung. Aufgrund der neuenMaglichkeiten zur Daterverar
beitung, ist die Menge an Information, die behandeltwird, viel grol3erals in
fruherenZeiten. Als eine Folge davon hat sich die graphischeRepi@sentation,
also die Visualisierungvon Daten, als ein nutzlicher Ansatz zur Untersuchung
von grofRenDaten&tzenetabliert.Die Visualisierungzon dynamischersystemen
(gemeinsamnmit der SttomungsvisualiserunghachtunterandererAnwendungs-
gebieteneinensehrwichtigen Forschungsbereichus. Es mussenentwederer-
hobeneDatenwie die einerSimulationeinesWindtunnelsoderanalytischeMod-



elle von PhanomenenerrealenWelt, beispielsweiséModelle chemischeReak-
tionenoderNahrungsktten,visualisiertwerden,um sie zu untersuchenln den
letztenJahrenwurdenviele nutzliche Technilenin diesemBereichentwickelt. In
dieserDissertationwerdenein paarzusatzlicheBeitragezu diesemForschungs-
feld vorgestellit.

NacheinerEinfuhrungin die VisualisierungdynamischeBSystemeaindeinem
kurzenUberblick Uber den aktuellenStandder Wissenschaftverdendie neuen
Beitrage zu diesemForschungsfeldgrasentiert: Sttomungspfeileverbessermie
Verwendungon Stromungsféacherfir die Visualisierungrondrei-dimensionalen
Strtomungsdaten. Zusatzliche (lokale) Information wird daigestellt und das
Verdeckungsproblemwird durchdie lokale Variationvon Transparenzeduziert.
Poincaéabbildungenverdenfur die Visualisierungrzon periodischenbzw. quasi-
periodischenmFlussenverwendet. Komplexe Flissemit periodischemCharak-
ter werden effizient untersucht,indem eine 2D Abbildung als essentielleln-
formation extrahiertund diesemit einzelnenMerkmalendes 3D Flusseskom-
biniert dagestelltwird. FixpunkteeinesFlussedietenwichtige Informationen-
gewohnlich startetdie mathematischénalysemit derenldentifikationund Un-
tersuchungEswird eineMethodevorgestellt,welchesowohl die direkteDarstel-
lung der Stromungsdateimm der Naheder Fixpunkteals auchdie Visualisierung
von lokaler Information hohererOrdnungbeinhaltet. Charakteristisch@rajek-
torien sind wichtige KomponenterabstrakteBeschreinngenvon dynamischen
Systemen. Ahnlich zur Visualisierungvon Fixpunkten,wird die direkte Visu-
alisierungder NachbarschaftlieserKurvenim Phasenraumrerwendetum das
lokale Verhaltenbesseweranschaulichenu konnen.
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Chapter 1

Intr oduction

The purposeof computingis insight,not numbers.
Richard W, Hamming(1915-1998)

The real voyage of discovery consistsnot in seekingnew land-
scapesbut in having new eyes.

Marcel Proust(1871-1927)

This thesispresentsresearchwork concerningthe visualizationof dynamical
systems. The introductionis split into three parts: first (Sect.1.1), visualiza-
tion, scientificvisualization,andsomefields of applicationsaredescribed After-
wards,a brief introductionto dynamicalsystemss given(Sect.1.2). Finally, the
context of this work, namelythe visualizationof dynamicalsystemss discussed
(Sect.1.3).

1.1 Visualization, scientific visualization

‘visualize: to form a mentalvision, image,or picture of (some-
thing not visible or presentto the sight, or of an abstraction);to
malke visible to themind or imagination.

Oxford EnglishDictionary, 2" edition, 1989

In scienceoften large and/orcomplex collectionsof datahave to be processed.
Usually it is not suitablefor humanresearcher$o investigatesuchdata-setdy
readinglists of numbersor othertextual representationsThe mappingof infor-
mationinto graphsor imagesij.e., visualization wasidentifiedasa powerful tool
for datainvestigationalreadya long time ago. Leonardoda Vinci (1452-1519),

1



Visualization, scientific visualization/ 1.1

Figurel.1: Two examplesof early flow visualizationby Leonardoda Vinci (im-
agesoutof “Frontiersof ScientificVisualization”by PickoverandTekshury [65]).

for example,alreadyuseddrawings to communicatescientific results. Fig. 1.1
shows two examplesof his work. More recently the extensive useof computers
for dataprocessingyeneratec new needfor elaboratediisualizationtechniques.
In theearly1990sannual-conferencgeriessolelyfocusingonvisualizatione.g.,
the” EUROGRAPHICS Workshopon Visualizationin ScientificComputing”or the
“lEee Conferenceon Visualization”,wereestablishedTenyearslater alreadya
few compendianvisualizationareavailableascomprehensietext books for ex-
ample,“Scientific Visualization”by Gregory Nielson,HansHagen,andHeinrich
Muller [59]. To illustratethe role visualizationis playing at the end of the first
millennium, someof the mostimportantapplicationfields arelisted below:

Medical data visualization — (anatomic)datais acquiredthroughmeasurement
devices,e.g.,MRI or CT, which is thenpresentedisingvolumevisualiza-
tion techniquese.g.,directvolumerenderingor iso-surficeextraction.

Flow visualization — vectordata, either computedby flow simulation,or mea-
sureddatausingexperimentalsetupsjs plottedfor the purposeof datain-
vestigation.For example,the designof new aircraftscanbe checled using
simulationandvisualizationwithout constructingexpensve prototypes.

Geographicinformation systemsGIS) and visualization— for hundrets of
years up to nowvw maps are used as visualization of geographicdata.
Techniquedik e color coding, heightfields, iso-lines,andicons, are used
to shav topographianformationlike mountainsrivers,etc.,togethemwith
additionalinformation,for example temperature.

Information visualization — big databasegnulti-modal data,and abstractdata
(usually non-scientificdata)increasinglyrequireappropriatevisualization
techniques.Businessdatavisualization(charts,diagrams,and graphs)is
alreadywidly usedto illustrateeconomiadataandrelationships.

Visualization of microscopicdata— moleculesand/oratomic structuresinves-
tigatedin biology, chemistry and physics,increasinglyare visualizedfor

2



Dynamical systemsyector fields/ 1.2

analysis. Also dataacquiredby non-opticalmicroscopesisually needsto
bevisualizedbeforeinvestigationcanstart.

Lar ge-scaledata and visualization — astronomy for instance,dealswith data
thatis simulatedor measuredat a scalethat prohibits direct investigation
in mostcasesAgain, visualizationcanhelpto “fit”, for example, theentire
universeinto the studyroomof anastronomer

Ar chitectural visualization — Planningof urbanregionsaswell asbuildingsis
enhancedy visualizationmethods. New buildings, are visualizedon the
basisof computeraideddesign(CAD) datatogetherwith existing context.
This allows to evaluateplansbeforeactualconstruction.

Archeologyand visualization — to investigatearchaiccultures for instance yvi-
sualizationenablegesearchert imaginelife, habits,rites, etc.,in former
ages.Reconstructiorof historic buildings usingvisualizationis an areaof
increasingmportance.

Visualizationaimsto maximally exploit the visual channelto the humanuserfor
information communication.Visual resolution,spatialaswell astemporal,and
‘resolution’ of thehumanperceptionatapabilitiegestrictthe contentof informa-
tion thatcanbe corveyedto the humanuserthroughvisualization.

1.2 Dynamical systemsyector fields

Vectorfieldstypically representlows on discretdocationsin space Variousgrid
structuregregular grid, curvilineargrid, etc.) arein use. Dynamicalsystemson
theotherhandareusuallydefinedanalytically for example by asetof differential
equations.

In the previous sectionvariousfields of applicationsof visualizationbriefly
have beenpresentedThework presentedherecloselyfits into theflow visualiza-
tion areasinceflow dataanddynamicakystemsnatchup quitegoodwith respect
to visualization— mary techniqueslevelopedfor flow visualizationareusefulfor
dynamicalsystenvisualizationandvica versa.

Dynamicalsystemsare a descriptionof the evolution of some(usuallyinter-
dependentgntitieswithin acommonsystem.A food chain,for instancedescrib-
ing the who-eats-whonrelationbetweensereral speciessharingsomecommon
placeof living, is modeledasa dynamicalsystem. The predatotprey modelby
Lotka andVolterra[72] is anexampleof suchafood chain. It describeghe evo-
lution of a systemconsistingof onespecie®f consumergpredatorspndanother

3



Dynamical systemsyector fields/ 1.2

one of resource(prey). Basically it consistsof two numbersrepresentinghe
amountof both speciepresentn the systemat a certaintime, anda description
of thetemporalchangeof thesenumbersdueto the givensettingof the system.

More general,a dynamicalsystemis a setof n numbersx[i] — usuallyn is
called the dimensionalityof the system- that vary accordingto specificset of
rules. Thesesystemvariablesx[:] build up the statex € 2 C R" of the system,
wheref2 usuallyis calledthe phasespaceof thedynamicalystem.Somespecific
valuex(t) representshe actualconfigurationof the systemat a specificpoint in
timet¢. In additionto systemvariablesandtime, usuallyparametes p|j] arepart
of therulesof evolution. Their differentvaluesspana classof dynamicalsystems
overI[ICR™, calledparameterspace

A continuousdynamicalsystemusuallyis given by a setof ordinary differ-
entialequationdODES)[4], whereasa discretedynamicalsystemis specifiedby
differenceequations:

x(t) = dx(t)/dt = f,(x(¢),t) (continuousaset € R)

Ax(t) = x(t+1) —x(t) = £,(x(t),?) (discretecaset € Z) (1.1)

There are other possibilitiesto describethe dynamicsof a dynamicalsystem,
for instance,discretedynamicalsystemsare sometimesaritten asx(t+1) =
f,(x(¢),t). Usually mostof the alternatvesareeithercompatibleto the notation
presente@bove, or canbetransformedsuchthatthey matchthe above definition.

A dynamicalsystemis calledtime-dependenif therulesdeterminingthedy-
namicsdependon time, i.e., f, itself dependsn time ¢ (seeEgs.1.1). If, on
the otherhand,theserulesarestaticovertime, a steady i.e., a time-independent
systemis given.In thiscasef,, only depend®nthepresenstateof thesystemx(t)
andparametergp.

In the caseof the Lotka andVolterramodel, a two-dimensionalcontinuous,
andsteadydynamicalsystemis given: the statex € =0, oo)2 of the systemis
composedf z (amountof prey) andy (predators)andtwo ODEsincludingfour
parametershatrepresentherulesof evolution:

T = r-r—p-x-y (evolution of prey)

y = e-p-x-y—m-y (evolutionof predators) (1.2)

In this rathersimple model prey is assumedo grow exponentiallyat a rate r
(z = r - z) if no predatorsare present.Predatordunta certainpercentage of
prey, therebydecreasinghe amountof prey proportionally(z = ... —p-x - y).
Huntedprey is ‘used’ for reproductionof predatorson the basisof a certaineffi-
cienye(y=e-p-x-y—...). Opposedo reproductionof predatorghereis a
certainrateof mortalitym (y = ... — m - y).

4



Visualization of dynamical systems 1.3

Solutionsof adynamicalsystemj.e., solutionsto thedifferentialor difference
equationsarecalledtrajectoriesor orbits. For continuousandsteadydynamical
systemsa trajectory7;(t) startsat a specificseedvalues andevolvesover time
accordingto thefollowing equation:

Ts(t) =s +/_0 fo(7s(u)) du

Dynamical systemsusually are depictedin phasespacef). Sometimesother
spacese.g., 2xR — time is addedas an additionaldimension— or Q) xII, i.e.,
investigatingthe dynamicsof an entire classof dynamicalsystemsare used. If
the dimensionalityof sucha spacegetstoo large, sub-spacesare examinedin-
stead.Returningto the Lotka andVolterraexampleagain,one could investigate
the dynamicsof this modelin the phaseplaneassuminga fixed setof parameter
values(seeFig. 1.2(a)). Anotherpossibility is to plot one of the statevariables
againsttime, againin the plane— in Fig. 1.2(b) the amountof prey (z) is plotted
overtimet.

1.3 Visualization of dynamical systems

As a dynamical systemusually is a very denserepresentatiorof a multi-
dimensionalamountof comple information, the needfor visualizationis ob-
vious. Many usefultechniquesare alreadyavailable. Especiallyfor two- and
three-dimensiondlow fieldsmary visualizationtechnique$ave beendeveloped
in thepastyears[67].

2.5
20
2

25 5 7.5 10 125 15 175 20

(a) “ (b)

Figurel.2: (a) Cyclesof evolutionin 2D phasespaceand (b) evolutionof variable
x overtimet (bothcomputedor a predatofprey modelby Lotka/\olterra).



Visualization of dynamical systems 1.3

Visualizing classes of dynamical systems
(visualization of combined phase/parameter spaces)

(bifurcation diagrams)

Visualizing
system
abstractions

fixed
parameters:

Visualizing one specific dynamical system
(hedgehog plots, spot noise, LIC, stream surfaces, (critical points, separatrices)
stream lines, volume visualization of 3D dynamical systems)

local
investigation:

Visualizing a specific region of interest
of a specific dynamical system
(critical point visualization, glyphs)

(eigenvectors, eigenvalues)

Figurel.3: Differentwaysof viewing dynamicalsystems.

However, the entiretyof all kind of dynamicalsystemss muchtoo diverseto
be addressedby a single visualizationtechnique. Thereis too muchdifference
betweenfor instancea discreteanda continuousdynamicalsystem.In general,
apropervisualizationtechniqueas dependenbn thekind of datato bevisualized,
andthe specificgoal of investigation.Thus,a separatiorof techniquesccording
to the specificsub-clas®f dynamicalsystemsaddresseds necessary

Onepossibleway of classifyingvisualizationtechniquedor dynamicalsys-
temsis to look at the datascalethey focuson. Stressinghe aim of maximizing
information transmissiorthroughthe visual channel,it becomesclear that dif-
ferentvisualizationtechniquesare necessaryor differentscales. Investigating
a specificdynamicalsystemlocally allows to view mary more detailssimulta-
neouslythananalyzingan entire classof dynamicalsystems.A separatiorinto
threelevels of datascaleis usefulfor identifying differentkinds of visualization
techniquegseeFig. 1.3):

Visualizing classef dynamical systems- dynamical systemsas defined in
Egs.1.1aredependenbn phasespaceand parametespacej.e., Q) xII C
R™™ in casesteadydynamicalsystemsare considered.A visualization
of f, encodingall the dynamicsis only possiblef phasespaceaswell as
parametespaceareof quitelow dimensionalityfor example,if n+m=2.

In Fig. 1.4(a) avisualizationof a one-dimensionatlassof one-dimensional
dynamicalsystems(i = z*—z —p) is showvn. Statevariablez is associ-
atedwith the vertical axis, whereaghe only parametep is mappedo the
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Figurel1.4: (a) Visualizinga 1D classof 1D dynamicalsystems- the parameter
is varied alongthe horizontalaxis. (b) Visualizing one specific2D dynamical
system.

horizontalaxis. Similarities aswell as differencesbetweensystemswith
differentparametewaluep candirectly beinferredfrom theimage.

Visualizing one specificdynamical system— fixing parametersto a specific
value, one memberout of a classof dynamicalsystemss depicted. All
the availabledimensionsof the visualizationchannelcanbe usedto repre-
sentinformationaboutthe singleselectedsystem.Techniquedelongingto
this scalelevel of visualizing dynamicalsystemsusually mapthe dynam-
ics in phasespacedirectly into visual properties.Many techniqguesanbe
foundin this area,especiallyfor systemdimensionsup to three. Thereare,
however, approacheso the visualizationof higherdimensionaddynamical
systemsalso[91].

Fig. 1.4(b) shavs a two-dimensional visualization of a specific
member out of the class of Lotka-\blterra models (cf. Eq. 1.2,
p=(rpem)’ =(110.22)"). The dynamicscausedby this dynamical
systemis directly encodedy the usedvisualizationtechnique.

Visualizing a specificregionof interest— restricting spatial resolutionto spe-
cific sub-spacesf interestenableghe visualizationto communicatenore
details.Datalocally availablecanalsobeincludedwithin thevisualization,
while neighboringnformationis omitted.

7



Visualization of dynamical systems 1.3

4
v

(@) (b)

Figurel.5: (a) Visualizingalocal sub-spacef interest[44]. (b) Typical bifurca-
tion diagram.

Fig. 1.5@a) shaws a visualizationof a three-dimensionalynamicalsystem,
restrictedto a sphericalsub-spaceroundthe critical point of this system.
Although phasespaceis three-dimensionathis local techniqueavoids vi-
sual overloadingwhile still preservingdirect visualizationof the system
dynamics.

In generaltherearetwo principal possibilitiesfor designinga visualizationtech-
nique: directvisualizationmeansto directly map principal flow propertieslike
directionandvelocity to a visual representationAll the threeclassef visual-
izationmentionedabove (moreor less)belongto this kind of approach.

The visualization of systemabstractions on the otherhand,meansto first
derive second-lgel propertiesof theflow lik e critical pointsandseparatricesand
thenvisualizethe abstracinformation. At ary scaleof the underlyingdata,anal-
ysis can be donefirst, and visualizationusedafterwardsto corvey the results.
Characterististructuredik e, e.g.,critical points(systemstatesvherethereis no
motionat all) or cycles(statesof a dynamicalsystemswhich reoccurafteracer
tain periodof evolution), may be extractedusingdynamicalsystemanalysisand
mappedo visualizationcuesafterwards.

Bifurcationdiagramdik e the oneshown in Fig. 1.5b) depict(anapproxima-
tion of) the stablesub-sefor each(discrete)dynamicalsystem(1D, vertical axis)
in a one-dimensionatlass(horizontalaxis). Bifurcationsoccur at parameter
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Convergence
Divergence

Acceleration

(b)

Figure 1.6: (a) Visualizing an abstractionof a three-dimensionatlynamical
system[44]. (b) Visualizingtheresultsof local analysig19].

valuechangeswherethe stablesub-setchangegjualitatively, e.g.,at pointsof a
phasedoublingor atorusbeak-devn [77].

A typical resultof visualizinga dynamicalsystemafter doing someanalysis
first, canbeseenn Fig. 1.6(a). Thecritical pointsarevisualizedtogethemwith the
resultsof aneigervectorandeigervalueanalysisof the system$ Jacobiarmatrix
atthesepoints.

A sampleresult of visualizing derived data at specific sub-setsof phase
space[19] is shavn in Fig. 1.6(b). At a specificlocationin 3D phasespacethe
Jacobiamatrix of thedynamicalsystemis analyzedandthe derived(local) prop-
ertieslike, directionof flow, velocity, accelerationrotation, etc., are visualized
usingaglyph.

An overview of thestateof theartin visualizingdynamicakystemsandrelated
fieldsis givenin Chapter2. Notesabouttermsandthelocal analysisof dynamical
systemsare given afterwards. Then, four techniquesnamely visualizationby
the useof streamarrows, visualizationbasedon Poincaé maps,visualizingcrit-
ical points, and the visualizationof characteristidrajectories,are describedn
Chapterst, 5, 6, and7, respectiely. A noteon theimplementatiorof thesevisu-
alizationmethoddss appendedChapt.8). Finally, a shortsummaryis given,and
conclusionsredrawn. After thebibliography aglossaryof someimportantterms
relatedto dynamicalsystemss given. The thesisconcludeswvith appendicesn
the notationusedanddescriptionf the sampledynamicalsystemsised.
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Chapter 2

State of the art

Lord grantmetheserenityto accepthethingsl cannotchangethe
courageto changethe things| can,andthe wisdomto know the
difference.

St. Francisof Assisi(1181-1226)

The visualizationof dynamicalsystemanustbe viewed in the context of a few
relatedfields. Flow visualizationfor example,is tightly relatedto it, asflow data
canbeseenasaspecialclassof dynamicalsystems- flow, for example,usuallyis
consideredo be compressibl@nly up to a certainlevel. No attractingnodescan
befoundin sucha system.Dynamicalsystemspn the otherhand,principally do
not have ary restrictionsand,thus,canbe consideredsa superclassof flows.

Neverthelessit is usefulto distinguishbetweerflows anddynamicalsystems,
sinceoftendifferentaspect®f interestareinvestigatedhroughvisualization.An-
otherdifferencebetweerflows anddynamicalsystemsyhich significantlyinflu-
encesvisualization,is thatflows usuallyaregivendiscretelyon large-sizedyrids
whereasdynamicalsystemsusually are given analytically by a few equations.
Next to computationaimethods,experimentalflow visualizationtechniquesare
alsoof interest. They provide the possibility to evaluatecomputationamethods.
Furthermorehey have beeninspirationalfor quite afew computerbasedvisual-
izationtechniques.

Anotherfield relatedto the visualizationof dynamicalsystemss visualizing
tensorfields. In this casethetype of data(vectorsvs. tensors)s not compatible.
However, the methodsusedto visualizeeithervectoror tensorfields have several
conceptdn common,e.g.,the useof integral curves. The aim for extractingthe
field topologyin orderto condensehe contentof information transportedvia
visualizationis alsocommonto bothfields.

10



Visualizing dynamical systems/ 2.1

y=F(x)

D fast
A

X
slow
C
fast B

Figure2.1: Two examplesof visualizationusedfor the communicatiorof results
gainedfrom in-depthanalysisof two-dimensionatlynamicalsystemgimagesby
StrogatZ80]).

The mathematicatheoryaboutordinarydifferentialequationODES)is another
importantrelatedfield. It providesa commonlanguageto effectively describe
dynamicakystemsFurthermorethefield of computationafluid dynamicqCFD)

providesa numberof usefultermsto characterizeand describedynamicalsys-
tems.lts mainfocusis the simulationof flows. Both fieldsarekind of a basisthe

visualizationof dynamicalsystemss built on.

2.1 Visualizing dynamical systems

The investigationof dynamicalsystemsspansa wide researcharea. Models of

systemswith a statethatvariesover time, often are formalizedusingdynamical
systems.Examplesarefood chains,econometrianodels,chemicalreactionsys-
tems, meteorologianodels,and stock market models. Usually researcherstart
with an in-depthanalysisof the dynamicalsystem. Afterwardsvisualizationis

usedto communicatehe resultsof the analysis. Critical sub-setsg.g., critical

points, separatricesor bifurcation lines, are combinedwith additionalintegral

cuesas,for example,streamlines, streamsurfacesgtc. In mary text booksabout
dynamicalsystemsone canfind imagesaccompaying the theoreticalanalysis.
Mappingphasespaceo imagespacds anintuitive way to visualizespecificsub-
setsof atwo-dimensionaphasespace Critical pointsandcharacteristid¢rajecto-
riesusuallymake up animportantpart of suchillustrations. SeeFig. 2.1 for two

examplesout of “Nonlinear DynamicsandChaos’by StrogatZ80].

In the left graphthreecritical points (‘A’, ‘B’, and‘C’) aredenoted. Char
acteristictrajectoriescoinciding with the eigervectorsof the Jacobianmatrices
associatedavith thecritical pointsareadded.Smallarravsindicatethe orientation
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(b)

Figure2.2: Two examplesof hand-dravn flow visualization(imagesby Abraham
andShaw [1]).

of flow. In additionto the critical pointsalsoa cycle (‘D’) appears.Finally, a
few additionaltrajectoriesare plottedto give animpressionaboutthe important
featuresof the dynamicalsystembeingvisualized. This type of sketchis quite
usualfor illustratingthe mostimportantstructureof low-dimensionablynamical
systems.

Anotherinterestingpookondynamicakystemss “Dynamics— TheGeometry
of Behavior” [1] by Abraham,a mathematicianandShaw, anartist. Hand-dravn
imagesareusedto visualizecertaincharacteristicef specialdynamicalsystems.
The mathematiciamprovides knowledge concerningthe important structuresof
thedynamicalsystemsTheartisthasanability to clearlycornvey complex spatial
arrangementshroughonly a small setof visual cues. The cooperationof both
resultsin effective depictionsof dynamicalsystems. Two examplesout of this
bookcanbeseenin Fig. 2.2.

Fig. 2.2(a) givesasketchof atwo-dimensionasystem A cycle (redtrajectory)
arounda critical pointin the centeris shovn togethemwith a few accompawping
trajectories. Fig. 2.2(b) visualizesa dynamicalsystemwith threevariables. A
saddlecritical point anda saddlecycle areshavn in red andwhite. The surface
structuresn-betweenthesetwo characteristicsub-setsnake up the main part of
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the image. The sketchillustratesa rathercomplex relation betweenthe critical
pointandthe saddlecycle.

2.2 Flow visualization

Comparedo visualizationof dynamicalsystemsmuchmorework hasbeendone
in thefield of flow visualization.Experimentabnd/orempiricaltechniqueshave
alreadybeenusedfor quitealongtime.

In recenttime flow visualizationincreasinglyis done one a computational
basis. Fluid flows aswell as gaseoudlows are simulatedin the researcHield
of computationafluid dynamics(CFD). Oftenfinite elementmethodsareusedto
handlecomplec flow structuresfor instance Jocal solversof the Navier-Stokes
equationswhich work on variouskindsof grids. Usually datasetsarecomputed
that provide a hugeamountof sampledvectorinformationspreadover a two- or
three-dimensionadomain.

Without visualizationit is usuallyimpossibleto reasonablyinvestigatesuch
datasets. At this point flow visualizationcomesinto play. It alreadyprovides
numeroudechniqueso view variouspropertiesof suchhugedatasets,e.g.,tur-
bulencesyortical structuresseparatiorines, etc.

Experimental and empirical approaches

For quite a long time, researchersvho deal with flows are using experimental
setupsto get an impressionof its propertiesand structuresto getideasabout
improvementdo their work, and/orto evaluatetheir models.Threebasictypesof
experimentakechniquesanbedistinguished67]:

Adding foreign material — Dye or magnesiumpowder is injected into liquid
flow to visualizeflow dynamics. SeeFig. 2.3(a) for an example,wherea
modelof aharborwasvisualizedusingparticleswithin theflow. In gaseous
flows smole or oil dropletsareinjected.

A problemwith injecting materialis thatthe injection processandthe in-

jected materialmay influencethe flow. Using electrolytic techniquedor

generatinghydrogenbubbleswithin the flow decreasetheseproblemsto a

certainextent. Also photochemicaimethodsareused for instancegenerat-
ing dyewithin theflow usinga laserbeam.

13
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(b)

Figure 2.3: Experimentalflow visualization,two examples[67]: (a) particles
within the flow (image by Delft Hydraulics)and (b) shadev graphtechnique
(imageby High-Speed_ab, Dept.of Aerospacd=ng.,Delft Univ. of Techn.).

Applying tufts to the walls of a flow simulation,or coatingcertainborder
surfacesof interestwith someviscousmateriallik e oil, visualizesflow be-
havior nearobjectswithin theflow, for example flow closeto aircraftwings
in awind tunnel.

Optical techniques— lessdisturbenceof the flow canbe achiezed usingoptical
methods Opticalpropertiedik e light refractionchangeat placeswithin the
flow wheretherearebig local differencesn flow density Working with a
light beamjmagesaregeneratedavith shadevs andcaustics SeeFig. 2.3(b)
for anexample whereshadevs in theimagedenoteshockwaveswithin the
flow.

Anothervisualpropertywhich changesn regionsof high densitygradients,
is thephaseof light rays. Interferometryis anexampleof atechniquewhich
exploits suchphaseshifts.

Adding heat/enegy — heatcan be appliedto flows to artificially increasethe
densityvariation—opticaltechniquesrethenusedfor visualization.Shoot-
ing electronsinto the flow volumeis usedto excite gasmolecules. After
beingexcitedthe moleculesmittheir extraenepgy aslight particles which
visualizesflow patterns.

Although experimentalmethodshave adwvantages- feedbackis intuitive, no nu-
merical errors,immediateresponsegtc. — thereare somesignificantdisadwan-
tages:mostsevereis thefact, thatexperimentaimethodsnfluencetheflow itself.
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Figure 2.4: Three basic visualizationtechniquesusedfor the Lotka-\blterra
model: (a) hedgehogplot, (b) streamletsand (c) LIC.

Next, experimentalsetupsusually are time consumingandvery expensve. Fi-
nally, thereis just a limited setof flow propertiesthat can be visualizedusing
experimentakechniques.

In additionto experimentaimethodsgempiricaltechniques- flow patternsare
dravn by handafterinvestigation- alsohave along tradition. Leonardoda Vinci
usedhanddrawvings to communicatehis researchresultson fluid flows. More
recently Abrahamand Shav cameup with visualizingflow structuresby using
hand-dravn imageq1].

For in-depthinformation about experimentalflow visualizationtechniques,
seeMerzkirch[55], Yang[93], andvanDyke [85].

Methods for two-dimensionalflow fields

The lessdimensionsa dynamicalsystemhas, the easiervisualizationis. Tech-
niquesfor the visualizationof two-dimensionaldynamicalsystems(or vector
fields) alreadyhave quite a traditionin flow investigation.Hedgehogplots, also
calledarrow plots, usuallyshav alarge numberof smallarrows thatindicatethe
flow directionat mary (regularly spacedpointsof the two-dimensionatlomain.
Often arrawvs are normalized,so flow velocity is not encoded. This is, to pre-
ventthe displayfrom overloadingdueto very long andoverlappingarrons. See
Fig. 2.4(a) for ahedgehoglot of the Lotka-\blterramodel(seealsoEq. 1.2).

More elaboratedare streamline graphs. The dynamicalsystemor flow field
is integratednumericallyfor somespecificinitial points. Dependingon whether
the flow is time-dependenbr not, streaklines, path lines, or streamlines are
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generated29]. Temporalcorrelationof virtual particlesthat are moved by the

flow areintuitively depicted suchthatanimpressionof the embeddedlynamics
canbegainedquiteintuitively. SeeFig. 2.4(b) for asetof streamlet$or the Lotka-

Volterramodel.

One problem with integral curves usedin the visualizationof continuous
dynamicalsystemss the choiceof the initial conditions. Evenly spacedseed
pointsusuallydo notgeneratevenly spacedntegral curves. Turk andBanks[84]
and Jobardand Lefer [36, 37] proposemethodsto copewith this problemand
generatevenly spacedstreamlinesfor two-dimensionaflows.

Insteadof placing mary integral lines over the flow domain, texture-based
methods,also provide very useful results. Spotnoiseby van Wijk [87, 20] is
generatedy placingmary small‘spots’, for example,elongatectllipses,on the
flow domainandorientingthemaccordingto the local flow direction. Different
intensitiesare chosenfor the spots. Therebya noisetexture is generatedvhich
locally is correlatedwith flow direction. Anothertexture-basedechniquegcalled
line integral convolution (LIC) by Cabraland Leedom[14, 23, 24, 78, 79, 90,
89], generatesimilar results. A white noisetexture is locally corvolutedalong
flow trajectories. Again, a visual correlationalongthe flow is generated.Both
techniquesspotnoiseandLIC, arecapableof generatingan overview of all the
dynamicsin a dynamicalsystem. SeeFig. 2.4(c) for a LIC imageof the Lotka-
Volterrasystem. Othertechniquesn this areaaretexture splatsby Crawfis and
Max [17], line bundles[16] andvirtual ink droplets[48].

Dir ectvisualization of 3D flows

In 3D the situationis moredifficult thanin 2D, sinceimagesynthesisnvolves
a procesf condensingrisualizationcuespopulatingthe three-dimensionado-
main. For example,arrow plotsareusuallynot usefulfor three-dimensiondlow,
sincedepthperceptiorof one-dimensionabbjects(the arrowns) is poor compared
to surfaceobjects,and populatingthree-spacevith arrovs easily producesover-
loadedimages.

Representingtreaminesas1D curves,theuseof streaminesor similarinte-
gralcurvesis difficult for thesameeasonsNeverthelesstheintuitiveunderstand-
ing of this kind of directrepresentationf flow trajectoriesj.e., of streamletsor
streamines,resultedn someinterestingechniquese.g.,illuminatedstreanlines
(cf. Fig. 2.5a)) by Zockleret al. [94] andvectorfield rendering(cf. Fig. 2.5b))
by Banks|[8].

Streamribbons shav, additionalto flow paths,flow rotation aroundtrajecto-
ries[29]. A streamline is integratedthroughthe vectorfield. Additionally local
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(b)

Figure2.5: Two exampledor renderingstreaminesin 3D: (a)illuminatedstream
linesby Zockleretal. [94], and (b) vectorfield renderingoy Banks[8].

surfaceelementsare usedto encodelocal flow rotation. Either a secondtrajec-
tory is connectear differentialanalysisof theflow is usedto computetheribbon
twist. Fig. 2.6 shows a visualizationof oil flow patternsat the contactsurfaceof
theflow andstreamribbonswithin the flow usedfor vortex corevisualization.In
this imageresultsof an experimentalsetupare overlaid with resultsfrom a CFD
simulationof the sameflow.

In additionto streamlines and streamribbons, streamsurfacesmake up an
importantpart of flow visualizationin 3D. Insteadof a point, one-dimensional
setsof initial conditionsareusedin thevectorfield integrationstep.Hultquistde-
scribed,how to computestreamsurfacesfor dynamicsover a three-dimensional
domain[33]. Problemswith streamsurfacesare,thatextensve surfacepartseas-
ily occludeotherpartsof the visualization,and missinginformationaboutflow
directionandvelocity within the streamsurface. Chapterd4 describestreamar-
rows that might be usedto decreasenostof the problemsapparenwith stream
surfaces Fig. 2.7(a) shovs anexampleof a streamsurface.

Otherintegral objectsthanstreamlet®or streamlinesareusedfor flow visual-
izationalso. Streamballsby Brill etal. [12] arebasedon the metaballsconcept.
A setof initial points(seedpoints)is usedto defineaniso-surece,i.e.,thestream
balls, using a potentialfield proportionalto the distancefrom theseseedpoints
andsomeuserspecifiedthresholdvalue. Consequentlyhe pointsaremovedfol-
lowing the underlyingvectorfield. Therebynew pointsare addedto the initial
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Figure2.6: Streanribbonsshaw therotationaroundstreamines(imageby Hans-
Geog Pagendarm)62].

setanda surface-like metaobjectis generatedln regionsof local divergencethe
iso-surhiceseparateito distinct sub-suréces whereasn regionsof local con-
vergencetheiso-surbicesrelatedto multiple pointsmeige andbuilt up acoherent
metaobject.

To investigateflow nearboundarysurfaces yvirtual tufts areused. Shortinte-
gral objectsare computedwith initial conditionsnext to boundarysurfaces. In-
steadof streamsurfacesa particlesystemcanbe usedfor flow visualization[88].
Particlesaremodeledassmallsurfacepartsspreadver thelocusof a streamsur
face.Transparenareasn-betweerthe particlesreducethe problemof occlusion,
while the particlesstill give agoodimpressiorof the streansurface.Particlesare
dravn assmallellipses.A normalvectorassignedo eachsurfaceparticleis used
in shadingcalculations.

Contraryto one-andtwo-dimensionaVisualizationcues flow volumesmodel
the temporalevolution of aninitial three-dimensionaset[54]. This approach
modelstheinjection andpropagatiorof smole particlesthroughthe flow advec-
tion. Volumerenderings necessaryo computeanimageshaowving 3D flow visu-
alizedby the useof flow volumes. Local corvergenceor divergenceis encoded
by the densityof theflow volume.Fig. 2.7(b) givesanexampleof a flow volume.
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(b)

Figure 2.7: (a) Streamsurface (image by the Data VisualizationGroup, NAS,
NASA) [58]. (b) Flow volume(imageby the Visualizationgroupat LLNL) [18].

Visualizing local propertiesin 3D

Similar to dynamicalsystemdlow data-setsalso containsub-setof specialin-

terest.Vortex cores,for example,arevery importantstructuresn the simulation
of flow aroundobjectslik e airplanes ships,turbines,etc[9, 39]. In the caseof

dynamicalsystemsseparatricesire especiallyinteresting. Becauseof their spe-
cial importancehesdower-dimensionaktructureoftenareinvestigatedn more
detail. Local propertieshatarederived from flow derivatives,i.e., the Jacobian
matricesat stateof interest,arealsovisualized.

Oneapproacho thevisualizationof specialtrajectoriedogethemith theirlo-
cal propertiesarethe streampolygonandstreamtubetechniquedy Schibderet
al. [75]. For acertainnumberof samplepointsalongthe streamline of interest,
theJacobiamatrix is examined.A decompositionnto asymmetricandanasym-
metric partyields local rotationaland shearinformationaboutthe flow nearthe
investigatedrajectory This informationis mappedo the geometricaproperties
of polygonswhich areassumedo be normalto the flow direction. Size,shape,
androtationof the polygonsillustrate local flow properties. By connectingthe
edgesof adjacentstreampolygonsa streamtubeis generated.In Fig. 2.8 two
examplesof streamtubesareshown.

Even more ‘verbose’than streampolygon and streamtube, the local flow
probe[19] by de Leeuwandvan Wijk representsocal flow propertiesalsode-
rived from the Jacobiammatrix. Direction andorientation,velocity, acceleration,
cunature,rotation,sheayr and corvergence/diergenceof the flow neara special
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Figure2.8: Two examplesfor flow visualizationby the useof streamtubes(im-
ageshy Schibderetal. [75]).

stateof interestaremappedo distinctgeometricapropertiesof arathercomplex
glyph. SeeFig. 2.9a) for a sampleglyph generatedvith this technique.Placing
several of theseglyphs,for example,alongan especiallyimportanttrajectory an
intuitive visualizationof local propertiess provided.

Happeand Rumpf[74] extendedthe useof iconsfor representindocal flow
characteristicaearcritical pointsof the system.SeeFig. 2.9b) for a sampleim-
agegeneratedisingthistechnique Postetal. alsopresenadvancedvisualization
technique®n the basisof icons[68].

Visualizing the topology of vector fields

HelmanandHesselinf31] proposedo visualizethe geometryof thetopological
structureof flow dynamics.Streamlines alongthe eigervectorsof critical points
areusedto showv separatriceslconscomposedf line ssgmentsandsmall disks
encodethe Jacobiammatrix nearcritical points. Globuset al. [27] cameup with
atool to identify topologicalelementswithin datathatis givenat a discretegrid.
Two sampleémagesareshownn in Fig. 2.10.

Overviews of work in this areaaregivenby Levit in 1992[43] andAsimov et
al.in 1995[7].
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Figure2.9: (a) Localflow probeby deLeeuwandvanWijk [19]. (b) Iconsfor the
visualizationof local propertiesoy HappeandRumpf[74].

2.3 Relatedfields

Therearequite someimportantfields relatedto flow visualization. Similar tech-
niques,for example,are usedin the areaof tensorfield visualization. A brief
overview is givenbelow:

Tensorfield visualization — besideflow data-setsalso tensordatais examined
(tensoffieldsprovide multi-dimensionatlatausuallyrepresentedly theuse
of matrices). Stresspropagationwithin certainobjectslike engines,tur-
bines,etc., producetensordata. Simulationtechniqueghat are similar to
methodsknown from CFD areusedto computedensedata-set®f volume
tensors.

Oneway to intuitively describea matrix in 3D is to representit in terms
of its eigervectorsandeigervalues.Dependingon whetherthe eigervalues
arereal or comple, all differentfrom eachotheror not, the eigervectors
build up eitherthreecharacteristidirections,or one surfaceof rotational
dynamicsadditionalto onecharacteristidirection.

Hyper streamlines by Delmarcelleand Hesselink[21] area visualization
conceptfor tensordatabasedon the decompositiordescribedabove. Cer
tain characteristicurvesareintegratedik e streamlinesfor flow data.Such
curvesfollow, for example,the direction of maximumstresspropagation.
SeeFig. 2.110f atypicalimagein this area.
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Figure2.10: Two examplesof the visualizationof vectorfield topology (images
by Helmanetal. [31]).

Otherrelatedfieldsare:

Computational fluid dynamics(CFD) — as datato be visualized often orig-
inates from flow simulations, techniquesfor simulating dynamics are
strongly relatedto the field of flow visualization. Usually the domainof
flow is subdvidedinto a grid of mary small cells. Then,the equationof
pressuremotion, etc.,aresolvedlocally. Variousgrid structuresareused,
e.g.,regulargrids, curvilineargrids, etc.

Mathematics/ ordinary differ ential equations(ODES)— Lots of mathemati-
caltheoryis availablefor theanalysisof dynamicalsystemsTheextraction
of the topology of behaior is just one example. Finding critical points
usually is simple comparedo finding cycles or characteristicsub-setsof
dimensiononeor higher Advancedtechniquesdik e trappingregionsmust
beused.

Numerics— simulatingthe dynamicsof flow requirescarefulcomputationsand
advancednumericaltechniques.Especiallynumericalintegrationand nu-
merical derivation of flow characteristicsare crucial componentswithin
flow visualizationtechniques.

Sampling and reconstruction— often flow datais given asa hugesetof sam-
ples. Reconstructinghe continuoussolutionfrom the discretedatais usu-
ally non-trivial and mustbe donecarefully Advancedinterpolationand
approximatiortechniquesfor example workingonarbitrarygrids,arenec-
essary
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Figure2.11: An examplefor tensorfield visualizationby DelmarcelleandHes-
selink[21].

After somenoteson termsandthe local analysisof dynamicalsystemsChap-
ter3), in Chapterdt, 5, 6, and7 four approacheto thevisualizationof dynamical
systemsaredescribedn detail. In eachcasea setof specificgoalshasto be met
andthusratherdifferentapproachesmeged.
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Chapter 3

Noteson the local analysisof
dynamical systems

Confusionis a word we have inventedfor an orderwhich is not
understood.
HenryMiller (1891-1980)

Several termsanddefinitionsrelatedto the local analysisof dynamicalsystems
are presented.Multiple termsfor one andthe sameconceptthat were found in
literatureareputtogetherto provide a“dictionary” of termsandto avoid potential
confusiondueto misleadingdefinitions. Additionally, someimportantconcepts
whicharenecessaryo analyzeadynamicakystemarebriefly discusse@ndanew
procedurdo locally analyzea dynamicalsystems behaior neartrajectorypoints
is proposedThis chaptershouldgive computemgraphicsspecialistsywhowork on
the visualizationof analyticallydefineddynamicalsystems- but are not experts
on the field of dynamicalsystems- a setof mathematicatools for a thorough
investigationof thelocal behaior of suchsystems.

3.1 Intr oduction

Dynamicalsystemsarefoundin variousfields of research5]. Usuallythey are
givenby ananalyticalspecificationor assampleddata. Therearemary possible
waysto analyzesucha system,for example,analyzingits long term behaior.
An importantbranchof the analysisof dynamicalsystemss local analysis.For
certainapplicationsit is crucial to know, how initially closestateswill evolve
with respecto eachother Flow field analystsfor example,areofteninterested
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in vortices,that may be detectedoy local analysisof the underlyingdynamical
system. Thereforethis chapterconcentrate®n the local analysisof dynamical
systems.

Scientiststhat areinterestedn dynamicalsystemgandthe local analysisof
thesesystemshpreconfrontedwith alot of terms,formulas,anddefinitions.Non-
mathematiciangeteasilyconfusedy studyingsomeof the relevantliteraturein
the beginning. Differing termsfor the sameobjectdo not helpto clearup the sit-
uationaswell assubtledifferencesn theinterpretatiorof mathematicasymbols
do not simplify the understandingThis wasone of the reasongo compilerele-
vanttermsthatoccuroftenin literatureandto assemblehe differentdefinitions.
For example thecurvatureof a 3D curve caneitherbe calculatedrom the Frerét
formulasor by analyzingthe Jacobiammatrix of the dynamicalsystem.

On the other handit is interestingto seehow some (local) attributesof a
dynamicalsystemcanbe derived by ratherdifferentapproachesThis seemdo
be especiallyusefulwhensomeof the straightforvardtechniquesrenot possible
dueto incompleteor insufficient specifications.One exampleis the analysisof
dynamicalsystemghatare given as sampleddatawhich do not allow the useof
straightforvard analyticalapproaches mostcases.

Before terms and definitions that are relevant for the local analysis of
dynamicalsystemsare discussedsomehigh-level classificationsof dynamical
systemsare listed. Thereafteran arc from differential geometryaspectsvhen
analyzingtrajectoriesof dynamicalsystemss spannedo the analysisof linear
dynamicalsystemsandits interpretation.In this sectionswe presentvell known
conceptsbut concentrateon giving a unifying view of varioustermsand defini-
tions, which are sometimesisedambiguouslyandinterchangeablyn literature.
Thenwediscusglynamicakystemanalysisearspeciakubset®f thetopologyof
behaior to endup with anew approactto locally analyzepointson trajectories.

3.2 Classificationsof dynamical systems

Dynamicalsystemsare mainly representedby a statethat evolvesin time. The
input aswell asthe currentstateof a dynamicalsystemdeterminethe evolution
of the system.Typically anoutputis generatedrom the stateof the system[72].

This is a rathergeneraldefinition of a dynamicalsystem,wheremary different
systemdfit into. For investigatingdynamicalsystemst is necessaryo specify
somecharacteristicshat provide a subdvision into specialclasseof dynamical
systems. Specificmethodsare available for someof theseclassesthussucha
classificatiorcanhelpto simplify theanalysis.
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An importantcharacteristiof a dynamicalsystemis whetherit is continu-
ousor discrete.Continuoussystemgoften calledflows) aregivenby differential
equationswvhereaddiscretedynamicalsystemgoften called maps)are specified
by differenceequationd83]. Autonomoussystemsare characterizedby the fact
thatinputandoutputareomittedfrom the definition[72].

An importantcriterion for the analysisof a dynamicalsystemis whetherit
Is time-dependenor not [41, 42]. For time-dependentlynamicalsystemsthe
functionthatspecifiesx (continuouscase)or Ax,, (discretecase)depend®onthe
time itself whereador time-independensystemshis function doesnot change
overtime.

For the analysisit is very importantwhethera dynamicalsystemis linear or
not. Linear dynamicalsystemsare simpleto analyzeas opposedo non-linear
systemswhich typically do have intricate dynamicalbehaior [83]. Often lin-
earizatioratspecificlocationss usedo getinsightsinto thesecomplex non-linear
dynamicalsystems.

Using linearization,anotherclassificationof dynamicalsystemss crucial to
separatesimple casedrom more complex ones. Hyperbolicdynamicalsystems
canbeanalyzeddy linearizationefficiently, whereasion-hyperbolicsystemsnay
causemajor troublesin combinationwith linearization[1, 27]. Hyperbolicsys-
temsarestructurallystable,i.e., small perturbation®f the systemparameterslo
not changethe qualitatve behaior of the system. Non-hyperbolicsystemsare
difficult to investigatepccurrarely andcanbe consideredhe transitionalphase
betweenwo hyperbolicsystemsof differentnature[72].

3.3 Differential geometryand terms

The solutionof a continuousdynamicalsystemis atrajectory7;(¢) asdefinedby
Eq. 3.1[40, 69. Any point on thetrajectoryis givenby its parametert andan
initial states of thesystem Parametet canbeinterpretedasthetime passedince
the systemevolvedfrom s. Note,thatEq. 3.1is a“recursive” definition (integral
equation)Yhatcannotbe expresseaxplicitly in mostcases.

Ts(t) =s+ /tzo £ (7s(w)) du (3.1)

Differentialgeometryincludesthe analysisof curvesand surfacesin higherdi-
mensions. The constructionof a local coordinatesystem(Freret-Frame)helps
to getinsightinto local characteristicef a spatialcurwe, e.g.,curvatureandtor-
sion[10, 30]. Local analysisof trajectoriesrequiresa goodworking knowledge
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of varioustermsof differentialgeometry They areshortly discussedn the fol-
lowing.

Givena parameterizedurve C(t) in three-space re-parameterizatiois pos-
siblesuchthatthe curve’s new parametes is equalto thearclengthof curveC in
the parameteiterval [0, s). In respecto thesedistinctparameterslerivationsof
cune C arewritten differently:

dc , d*C , dc , d*
=g & C=3 O =g
By the useof thesederivationsa local coordinatesystem(Frerét-Frame)canbe
built ata curve point by the curve’s tangentvectort, = C’, its principalnormal
ne = C"/|C"|, andits binormalb, = t; x nc. Thesethreevectorsspanan or-
thonormalbasisat a curve point. Note, thatn, andb. areambiguousvhenthe
curveis locally equalto a straightline.

etc. (3.2)

By building the Freret-Frameat a point on the curve the cunaturex andthe
torsiont of curveC atthis pointcanbederiedin astraightforvardway from the
orthonormabasig[10]:

a [t 0 = 0 be dte dbe
d_ ne = K 0 —T . ne - K = d— y T = d—
5 bc 0 T 0 bc 5 5

Curvaturex andtorsionr of curve C canbedescribedn othertermsaswell. For
example,the curvatureof a curve canbe written as1/r, whenr is the radiusof
theosculatingeircle [13]. As athird possibility, x canbederivedby thefollowing
procedure:assumingx to be the angleenclosedoy the curve’s tangentandthe
line runningthroughC(s) andsomepointC(s + As), slightly aheadnthecurwe,
the cunvaturex canbecalculatedask = lima o @/ As.

Torsion can be similarly derived by a differential quotient. Assuming 3
to be the angle enclosedby a line throughC(s) and C(s + As) the rectify-
ing plane (spannedby t: and b¢), the torsion 7 can be calculatedas r =
limas 0 5/As [13].

3.4 Dynamical systems«+ Babylon of terms

This section discussessome of the often used terms in combination with
dynamicalsystemanalysis.Most of thetermsmight bewell-known to thereader
but often severaldiffering termsareusedin literatureto denotethe sameconcept
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or object. To avoid possibleconfusionaboutthesesometimesnterchangeably
usedtermsa clarifying surwey is appropriate.

We startwith operatorV, whichis oftenusedto defineotherimportantterms
for the analysisof dynamicalsystems.lt builds up a vectorof the partial deriva-
tivesof its operandandis definedasshavn in Eq. 3.3[13]. If V’soperandf(x)
is a scalarfunction, thenV f(x) is calledthe gradientof f [13]. If V’s operand
f(x) is avectorfunction,thenVf is the Jacobiarmatrix J = 0f /0x of f(x) [19].

el

i

ox
V=1 &g |, gradf(x)=Vf(x), J=Vf(x)=0f/0x (3.3)

An oftenused(scalar)termis the divergenceof aflow div f(x). It canbewritten
asV - f(x) or asthetraceTr of f's JacobiariVf [13]:

divf(x) = V- f(x) = Tr(Vf) = Y (9f/0x), (3.4)

1

Thedivergencebasicallydescribeshelocalamountof outgoingor incomingflow
at a specificlocationof the dynamicalsystem.lIt is 0, if theamountof incoming
flow is equalto the amountof outgoingflow.

Anotherimportanttermfor thelocal analysisof dynamicalsystemss thero-
tation vectorof aflow: rot f(x) [61, 75]. This attribute of a flow is oftennamed
vorticity insteadof rotationandabbre&viatedby w [29]. As athird termsometimes
curl is usedinsteadof rotation[29]. Thevorticity/rotation/curlof aflow is defined
asfollows:

w = rot f(x) = curl f(x) = V xf(x) (3.5)

Vectorrot f(x) describeshe rotation axis and its length the rotation velocity,
whichis givenat statex. Note, thatsomereferenceslefinethe vorticity slightly
differentasw = (1/2) - rot f(x).

A scalartermrelatedto the vorticity asdefinedabove is the streamvorticity
Q [29, 75]. It is the cosineof the angleenclosedby the vorticity vectorandthe
flow vectorf(x). Thistermcharacterizethe type of rotationin the system.If {2
is 1, the flow rotatesaroundthe flow vectorf(x), whereasa value of 0 implies,
thateitherthereis no vorticity or the flow rotatesin a planewhich alsocontains
thedirectionof theflow.
f-w f- (Vxf)
Q= = (3.6)
[£]-Jw[ ][V xf]
Justslightly differentfrom theabove definitionis the specificatiorof helicity [19].
Furthermorethe helicity density H; asgivenin the literatureis just the sameas
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helicity [67]. A value of 0 meansexactly the sameas no streamvorticity, but
helicity increasegroportionalto thelengthof w andf. It is definedby:

Hi=Q-|f|-|w|=f w="Ff-(Vxf) (3.7)

3.5 Interpreting linear dynamical systems

As alreadystatedoreviously, lineardynamicakystemsareespeciallysimpleto an-
alyze.Sincewe needthis procedurdor therestof this chapterwe briefly discuss
somedifferentapproache®f analyzingthe matrix of a linear and autonomous
dynamicalsystems matrix A [83].

Eigernvaluesand eigervectors

Continuousdynamicalsystemgx = A - x) aswell asdiscretesystemgx,,,; =

A - x,,) thatareautonomousndlinear canbe entirely analyzedoy investigating
thematrix A andits characteristicsOnepossibilityis to computeA’seigervalues
andits eigervectorsfrom Egs.3.8and 3.9, respectrely [72, 83]. Theknowledge
of A’seigervaluesandeigervectorss alwayssuficientto describeahequalitatve
behaior of alinearsystem.

det(A—X-I) = 0 (3.8)

Interpretingmatrix A asa (linear) transformatiorthe eigervectorsof A specify
exactly thoselines (containinge;), which areinvariantunderthe transformation.
Theway suchaline itself is transformeds givenby the corresponding@igervalue
i

The interpretationof the eigervalues); — they canbe eitherreal or complec
— is differentfor continuousand discretedynamicalsystemspbecausea contin-
uoussystemis specifiedby the changeof the currentstate,whereasa discrete
dynamicalsystemis specifiedoy giving the next stateof thesystem(seeTah 3.1).

Corvergence,divergence,androtationareto be interpretedrelatively to the
origin of the coordinatesystem. Note, that a critical point of a continuous
dynamicalsystemis calledhyperbolic,if its eigervaluesdo not lie on the imag-
inary axis (Re \; # 0). Critical pointsof discretedynamicalsystemsare hyper
bolic, if |\;| # 1 for all eigervalues.
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| continuouscase| discretecase
cornvergence Re); <0 Al <1
divergence ReX; >0 Al > 1
rotation ImA;, #0 ImA;, #0

Table3.1: Interpretingthe eigervaluesof alinearsystem.

Decomposingmatrix A

Anotherpossibility of analyzingmatrix A of a linearandautonomousystemis
by decomposingt into a symmetricmatrix AT andanasymmetrianatrix A~ as
follows[19]:

A+AT) (A—AT)

At = (7, A=) (3.10)
2 2

Theelementof At and A~ canbeinterpretedatherstraightforvardly [75]:

d, - -
At=| - d - |, and(d,+d,+d,) =divf(x) (3.11)
.- d,

Theelementof AT markedwith ‘-’ built up the shearstrainportionof thislinear
system.

1 0 —r, 1y Ty
A = 5| T 0 —-r, |, and| r, | =rotf(x) (3.12)
—Ty Ty 0 T,

Analysisin the local coordinate system

A third possibilityof linearsystemanalysids especiallyusefulwhile investigating
a flow’s JacobianJ. It canbe transformednto the local Freret-frameat some
pointof atrajectory(J — J'°<@). Thenthe elementf J'°¢@ asgivenin Eq.3.13
allow a detailedcharacterizationf theunderlyingflow [19].

A

a S §
Jlocal ¢ d dt (3.13)
¢ dit d
a,¢,d, 5,1 ... markupsof J°?s elements.

Elementof matrix J'e¢@! thataremarkedwith ‘a’, ‘3, or ‘¢’ specifychangesfthe
flow thatareparallelto f(x). Theelementmarkedwith ‘&’ givestheacceleration
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of theflow, whereagheelementsnarkedwith ‘s’ givetheshearstrainatthis state
of the system.Elementghataremarkedwith ‘¢’ give the curvatureof theflow.

Remainingelementof matrix J'¢2!, thataremarked with eitherd’ aloneor
‘d’ and'#", specifythechange®f theflow thatareperpendiculato f(x). Splitting
the bottom-right2 x 2-matrix into a symmetricandan asymmetricone givesthe
divergence(by the elementsmarked with ‘d’) andthe torsion (by the elements
markedwith ‘#) of theflow.

3.6 Analysisnear critical points or cycles

Linear systemdyy themseleshave a rathersimpledynamicalbehaior. Therea-
son, why linear systemanalysisis so important,is that non-linearsystemsare
often analyzedby local linearization[83], i.e., a non-linearfunction is approx-
imated(locally) by a linear function. Linearizationis typically doneby usinga
Taylorexpansiorof afunctionandneglectingthehigherorderterms.Seekq.3.14
for Taylor expansionof a scalarfunction f : R — R, Eq. 3.15shows the Taylor
expansionfor avectorfunctionf : R* — R". Thiskind of analysisis especially
easynearcritical points,sincethelong-termbehaior trivially coincideswith the
local behavior atthesepoints.

fe+d) = 3 %di-f@)(c)zf(c)w-f'(c) (3.14)
i>0
fle+d) = Y - (d V)| ~f(c)+d- VE|, (3.15)

7!
i>0

Dynamical systemanalysisnear a critical point

Analyzing the systems$ behaior nearits critical points can help to understand
the evolution of ary stateof the system.Assumingthe systemis non-linearand
hyperbolic linearizationcanbeusedto determinghebehaior nearcritical points
completely Continuousand discretesystemscan be treatedrathersimilar [72]
(SeeTah 3.2).

To keeptheanalysissimple,we assumehesystento beautonomousndtime-
independentseeTah 3.2(a)for thedefinitions).Assumingtheexistenceof atleast
onecritical point (seeTah 3.2(b) for the definitions)ary stateof the dynamical
systemnearcritical point ¢ canbe rewritten with respectto ¢ (seeTah 3.2(c)).
With this reformulationthe dynamicalsystemcan be approximatedy a Taylor
expansionas shavn in Tah 3.2d). Vf|_ denotesthe Jacobianmatrix of f(x)

31



Systemanalysisnear trajectories / 3.7

continuouscase discretecase
vector field def. | x =dx/dt =f(x) | Ax, =f(x,) (a)
critical point def. c="f(c)=0 Ac=f(c)=0 (b)
re-writing x, x,, x=c+d X, =c+d, (c)
using Taylor exp. x~ Vf|_-d Ax, ~ Vf|_-d, ()
linearizedsystem| d=Vf|_-d |Ad,= Vf|,-d, (e)

Table3.2: Local linearizationnearcritical points

evaluatedat c. Using Tah 3.2(c) again,the left side of the Taylor expansionin
Tah 3.2(d) canberewritten. This operatiornyieldsthelinearizedsystemdor small
perturbationsaroundcritical point ¢ (seeTah 3.2(e)). Theselinear systemscan
now beanalyzedasdiscussedn thelastsection.

Dynamical systemanalysisnear a cycle

Cyclesare anotherimportantclassof characteristicsubsetswithin continuous
dynamicalsystemsA cycleis given,whenthe systenreturnsto a previousstate.
The systembehaior nearsucha cycle canbe analyzedoy usinga Poincaé map.
Sucha mapis a discretedynamicalsystem,thatis producedfrom a continuous
dynamicalsystemandthatis of a lower dimensionthanthe original system. A
Poincaé mapis specifiedby the cross-sectiorf a surfaceperpendiculato the
cycle (usuallya plane)andatrajectorynearthe cycle. The Poincaé mapis adis-
cretedynamicalsystemwith atleastonecritical pointc, i.e., ¢ is theintersection
of the cycle andthe surface. Thusthe Poincaé map canbe analyzedas shovn
in the sectionbeforeandthe resultsare then usedfor interpretingthe systems
behaior nearbythecycle [72].

3.7 Systemanalysisnear trajectories

In the following we proposeanotherapproachio analyzea dynamicalsystems
behaior. It is somavhatsimilar to the methodby de LeeuwandvanWijk [19],
asthe dynamicalsystemis alsotransformednto the Freret-Frame® of a point
on the trajectory Contraryto their approachwe usethe analysisby eigerval-
uesandeigervectorsto interpretthis transformedlacobiammatrix. Expressinga
dynamicalsystemx = f(x) in termsof ® onegets

u = (g2lofol2g)(u)=f(u) (3.16)
u a stateof the systemin termsof ¢
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g2l ... transformatiorfrom the globalcoordinatesysteminto
12g ... transformatiorfrom & into the globalcoordinatesystem

Nearthe point of interestp (representedh the global coordinatesystem)a state
of the systemcanbewrittenasu = 0+d in termsof thelocal coordinatesystem.
Note,thatp representeth termsof ® is 0. Usinga Taylor expansionof f'(u) up
to first-orderterms,we get

- . . f .
u = f(u)=f(0+d)zf(0)+g—u -d:/\-¢>1+Vf0-d (3.17)
u=0
¢1 ... unit-vectorin termsof ®, colinearto theaxis
correspondingo thetrajectorys tangent

A ... lengthof f(p)

Note, thatf(0) canbewritten as\- ¢;, sincethefirst axis of the local coordinate
system(Frerét-Frame)is specifiedto be colinearto the flow. Transformingthe
left-mostsideof Eq.3.17by usingu = 0+d we getalinearizedsystenfor small
perturbation®f p (in termsof ®), becausel0/dt = f (0) = X ¢.

u=d0+d)/dt=0+d = d:vfo-d (3.18)

Now perturbationghatareespeciallyusefulto analyzeareinvestigatedTheele-
mentsof d canbe separatedhto a scalard[1] andavectord[2...] thatis of one
dimensionlessthand. d[1] is assumedo be 0, sinceperturbation®f p thatare
not perpendiculato the trajectorys tangentmake no senseat all — a stateof the
systemthatis representedsa perturbatiorof p with acomponeni[1] # 0 usu-
ally canbemoreaccuratelyexpressedsa (perpendicularperturbatiorof another
point on exactly the sametrajectory Thusd doesnot dependon the first row of
matrix Vﬂo. The remainingelementsof f's Jacobianvﬂo canbe decomposed
into thefirst line V£|o[1, 2. . .] andthelowerright sub-matrixVf[o[2...,2.. ].

Deqomposingi similar to d yields a part parallelto the trajectory’s tangent
(scalard[1]) anda partperpendiculato a (sub-wectord|2 . . .]):

an] = v?‘ 1,2..]-d[2..]
_ Y (3.19)
d2..] = Vf| [2...,2..]-d[2..] = A-d]2..]
0
We now havealocally linearizedsystem(d[2...] = A-d[2. . ) thatdescribeshe

evolution of variationsorthogonalo theflow. The systemhasonedimensioness
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thanthe original system.Matrix A canbeanalyzedasalreadyshavn for contin-
uoussystemsat the neighborhooaf critical points. But we mustbe carefulwith
theinterpretatiorof this analysis becausall theresultshold for theinvestigated
point p only. For example,if the analysisof matrix A revealsthatthe system$
evolution is corvergent(critical point is an attractor)the only thing that canbe
saidis thatnearbytrajectoriesarelocally attractedoy thetrajectoryat the specific
locationchosen.To detectcorvergent,divergent,or saddleregionsof atrajectory
it mustbeshavn thatthestructuralcharacteristicef matrix A arepersistentor a
certainregion of thetrajectory This might be not simpleanalytically but canbe
doneapproximatelyby numericalsimulation.

3.8 Discussion

Thischaptercompilesmportanttermsanddefinitionsthatareusefulfor analyzing
analyticallydefineddynamicakystemsWidely varyingtermsanddenotationgre
sometimesisedn literatureto describemportantconceptof dynamicakystems.
Thusaclarifying sunwey of thesesometimesnterchangeableermsanddefinitions
is given.

After presentinga classificationof dynamicalsystemstools of differential
geometryare discussedvith respecto the analysisof trajectoriesof dynamical
systems.The descriptionof termsdefiningflow characteristicef dynamicalsys-
tems(e.g.,divergenceryotation)is followedby discussindinearizationtechniques
for dynamicalsystems.

Togetherwith aninvestigationof flow behaior closeto a critical point and
cyclesaconcepftor thelocal analysisof a dynamicalsystemcloseto anarbitrary
trajectoryis presentedThis approactbasicallyinvestigateperturbation®rthog-
onal to the chosentrajectoryby determiningeigervaluesand eigervectorsof a
matrix which is closelyrelatedto the Jacobiammatrix of the dynamicalsystem
but with lower dimension.

34



Chapter 4

Streamarr ows

Ta mavTa pet (all thingsarein flux).

Heraclitus (540-480BC)
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As first chapterof this compilation of adwancedvisualizationtechniquesfor
dynamicalsystemsstreamarrows [51] andtheir hierarchicalextension[50] are
described.The useof streamsurfaceq33] for the purposeof directly visualizing
systemdynamicss extendedby severalmeans:

(1) Arrows areaddedto the streamsurface,codingdirectionandorientation
of theflow. (2) Anisotropicspotnoiseis usedto communicatdime lines and
streamlines simultaneouslyithin the streamsurface. (3) Selectvely removing
partsof the streamsurfaceallows to copewith occlusionandspatialregistering.
(4) Extensionsnto 3D areproposedo includefurtherinformation,for example,
theflow nearthe streamsurfaceor local properties.

4.1 Intr oduction

The streamarrows techniquewas developedduring a cooperationwith mathe-
maticianswho investigateddynamicalsystemghat exhibit mixed-modeoscilla-
tions[56, 57]. Specifically a simplified model, calledthe three-dimensionahu-
tocatalator which describeghe interactionsof threechemicalentities, is inves-
tigated. SeeEq. 4.1 for the mathematicablescriptionof this three-dimensional
dynamicalsystem. SeeFig. 4.1(a) for a streamline typical for this dynamical
system.

a = p-(k+c)—ab*—a
b = ab®+a—b
¢ = b-e (4.1)
a,b,c ... systemvariables
i, Kk, ... Systemparameteran ourexamplefixedto x=0.298,
k=2.5,£=0.013

Streamsurfacesveredeterminedo beaproperrepresentationf theprincipaldy-

namicsof this dynamicalsystem.However, streamsurfacesusuallyare spatially
extensie, andthus occlusionoften becomesa problemwhenthis visualization
techniquds used.SeeFig. 4.1(b) for two streamsurfacescalculatedor thesame
system.By introducingsemi-transparergtreamarravs andselectvely removing

partsof the streamsurfacetwo improvementsare provided (seeSects.4.2, 4.3,

and4.5).

A majorinspirationconcerninga solutionof how to dealwith the problemof
occlusioncausedy complex shapedfor example,curly) streamsurfacescomes
from a book on the “Geometryof Behavior” by Abrahamand Shav [1]. The
authorsdiscussvarioustypesof three-dimensionallynamicalsystemsby using
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(b)

Figure4.1: A typical streamline (a) and streamsurface(b) calculatedfor a
dynamicalsystemexhibiting mixed-modeoscillations.

hand-dravn illustrationswhich representhe topological structureof their sys-
tems. Streamsurfacesmake up animportantpartof mostof theirimages.To re-
ducethe negative effectscausedy occlusionthey useonly arrov-shapedartsof
astreamsurfaceinsteadof thewholesurface.Additionally they usearrowv-shaped
holeswithin streamsurfacesto diminish occlusion. Using this approachdirec-
tionalinformationis alsoaddedo the streamsurfaces.This enablegheviewerto
obtaina betterfeelingfor the flow within a streamsurface. They alsousesimple
texturesin their hand-dravn illustrationsto corvey a betterunderstandingf the
shapeof objectsin phasespace.Referto Fig. 4.2 for atypicalimageout of this
book.

Anotherissueof thiswork is to increaseheinformationprovidedby a stream
surface.Plainstreamsurfacesfor example,do notrepresenthedirectionof flow
within the streamsurface.Also, neithertemporalcuesabouttheintegration(time
lines) nor informationaboutthe flow in the vicinity of a plain streamsurfaceis
available.

37



Streamarr ows for streamsurfaces/ 4.2

Figure4.2: Visualizationof a dynamicalsystemby usingstreamarrows [1].

4.2 Streamarrowsfor streamsurfaces

Themainextensionto the standardtreamsurfacetechniquas theintroductionof
streamarrows. A streamsurfaceis therebysegmentednto a setof arrav-shaped
objects,i.e., the streamarrowns, andthe remainingsurfaceportion. By assigning
acertainlevel of semi-transparerycto the streamarrows the viewer seeshrough
the“holes” in the streamsurfaceandgetsmoreinformationaboutthe structureof
themodel. In additionto that, the useof streamarrows allows to visualizelocal
informationthatis available on the streamsurface, e.g., direction of evolution,
velocity, andlocal divergenceor corvergence(seeFig. 4.3).

Thesgmentatiorof the surfaceinto streamarronvs andtheremainingsurface
portionsis performedby mappinga regularly tiled texture of arrov-shapedoat-
ternsontothe streamsurfaceandcuttingits patchesalongstreamarrowns borders.
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Figure4.3: Streamarrows for mixed-modeoscillations.

The textureis constructedy specifyinga basetile, i.e., the shapeof onestream
arrow, andtessellatingthe texture usingthis basetile. SeeFig. 4.4 for a com-
parisonof two differentshapesf the basetile. Threesetsof geometricobjects,
namelytheinsideof streamarrows, the outside andthe separatindgorder areex-

tracted.After this segmentatioreitherthe streamarrows or theremainingsurface
portionscanbe assigned certainlevel of semi-transpareryc SeeFig. 4.5for an
illustration of this methodandFig. 4.6 for an example,whereboth possibilities
wereused.

A sggmentatiorof a streamsurfaceinto anentirelyopaqueportionandhighly
transparenholes(streamarrons) givesagoodimpressiorof theinterior structure
of a curved streamsurfacewhile still retaininga goodoverview of the spatialar-
rangemenof thestreanmsurfaceitself. Usinghomogeneousliransparensurfaces
would produceseveral layersof overlappingstreamsurfacesegmentswhich are
quitedifficult to interpretspatially[71].
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Figure4.4: Varyingthe shapeof the streamarravs texture.

4.3 Hierar chical streamarr ows

Thestreamarranvs approach51] is basednaregulartiling of texturespace This
is not well-suitedfor streamsurfacesthatspreadover regionsof high divergence
or corvergence.Thearravs becomeeithertoo big or too smallin certainareas.To
eliminatethis undesirablesffect we present hierarchicalextensionto the stream
arrovs technique.

A stack of streamarr ows textures

Thegoalis to developanalgorithm,whichis capableof generatingtreamarrons
that arealmostequal-sizedn the renderedmage. As we do not wantto loose
the ability to representocal divergenceor cornvergenceusingthe streamarrovs
techniguewe decidedto constructa hierarchicalalgorithminsteadof a continu-
oussolution. Whenflow divergeslocally, the hierarchicalstreamarrovs method
switchesdiscretelyto the next detailedlevel of streamarrons. Thesestreamar-

rows aresmallerin texture spaceput sincethey areusedfor divergentareasof the
streamsurface they arefinally almostequal-sizedo all otherstreamarravsin the
renderedmage.Referto Fig. 4.7 for animagewhich demonstratethis situation.

The hierarchical streamarrowstexture is specifiedby the shapeof onetile,
I.e., the outline of an arrav, andtwo vectorsdc anddr (seeFig. 4.8) which
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streamarrows texture streamsurface

LTS

Figure4.5: Mappingthe streamarrows textureto a streamsurface.

f u-lines : streamlines

define the offsets betweenadjacentcolumnsand rows of arrons, respectiely.

Additionally thereis afactora which representthe scalerelationbetweerlevel ;

andi+l. If a=1/2 the size of streamarrawns is doubled, when the algorithm
switchesto the next coarserlevel. Finally thereis a vectoro, which is the off-

setof the entiretexture with respecto the origin of texture space.Offsetvector
o becomesmportant,whenanimationis applied. Due to this specificationeach
streamarrav canbeaddressedy exactly oneidentity ID givenby threenumbers.
ID (level, col, row) identifiesone streamarrov asa copy of the basetile, first

translatedy o + col - dc + row - dr, andthenscaledaboutthe origin by a‘v¢.

The separationalgorithm

Thehierarchicaktreamarravstechniquas triangleoriented becauseve produce
the streamsurfacesastriangularmeshesthe front of the streamsurface(~ time

line) is advancedthroughphasespacewnhile the streamsurfaceis integrated. Tri-

anglesaresmallerin streamsurfaceareaswherecurvatureis high, flat areasof

streamsurfacesaretriangulatedwith largertriangles.

During the streamsurfacealgorithmverticesareassigne®D texture coordi-
nates.Onetexturecoordinateof eachvertex (v coordinate)s setto theintegration
time of a streamline from the seedpoint to the vertex. The othertexture coordi-
nateof eachvertex is setin suchaway thatall verticesconnectedvith onestream
line getthesametexturevalue,i.e.,the 1D seedparameteof thestart-pointof the
streamline (u coordinate) SeeFig. 4.5.

To applythe hierarchicalstreamarrows textureto the streamsurfacethe hier-
archicalstreamarravs algorithmprocessethe streamsurfacetriangleby triangle
andperformsthefollowing separatioralgorithm:
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Figure4.6: Usingsemi-transpareryceitherfor thearronvs or theremainingstream
surfaceportions.

activeTiles = {} /I . . . IDs of active tiles
lockedTiles = {} /I . . . IDs of locked tiles
FOR ALL Triangles tri  DO:

| level:=findLevelOfTriangle(tr i) /I get most appropriate level
| tiles:=getMaybeTiles(tri,leve ) // . . get overlapping tiles
| FORALL Tiles tile IN tiles DO:

| | IF NOT (tile.active OR tile.locked) THEN:

| | | IF overlap(tile,activeTiles) THEN: tile.lock

| | | ELSE: tile.activate

| intersect(tri,activeTiles) /I . . . . do the separation

Thealgorithmneedgwo datastructuresn additionto the triangularmeshof the
streamsurface: activeTiles storesthe IDs of all tiles that actually are in-
stancedwithin the streamsurface,whereasn lockedTiles all IDs of tilesare
storedthatoverlapatleastoneactie tile andthusshouldnot be generatedBoth
datastructuresneedto be be searchedasfastas possible(in overlap() and
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Figure4.7: Hierarchicalstreamarravs, two examples.

intersect() ) andeasyto extendby anew tile. Sincetiles arerelatedvia their
2D locationin texture spaceandsearchings alsoperformedin a ‘geographical’
manneiusingtexturecoordinateglDs), we usealinkeddatastructurethatclosely
representghe spatialrelationbetweertiles.

The algorithmprocesseshe streamsurfacetriangle by triangle. For eachtri-
angletri  the correspondindevel in the hierarchicalstreamarrows texture
is determinedoy comparingthe size of triangletri  in texture spaceto its size
in phasespacecoordinates.This ratio is usedto find the mostappropriatdevel
in the stackof streamarrows textures. Thenall tiles in thatlevel, which might
intersecttriangletri  aredeterminedgetMaybeTiles() ). Tiles which are
alreadyactivatedor lockedareomitted. All remainingtiles arechecled, whether
they overlapary active tile (overlap() ). Tilesthatoverlapatleastoneactive
tile arelocked (addedo lockedTiles ), andall theothersareactvated(added
to activeTiles ). SeeFig. 4.9 for an examplewith two triangles. After all
tilesarechecledtriangletri isintersectedvith all activetilesandseparatethto
threesets: partsthat belongto the arravs, partsthat do not, andthe separating
outline. All threesetscanbeindividually processedg.g.,assigned certainlevel
of semi-transparencafterthe segmentatioralgorithmhasfinished.

The mechanisnof activeTiles andlockedTiles ensureghat neigh-
boringtrianglesof a streamsurfaceareconsistentlycoveredby entiretiles of the
hierarchicaktreamarronstexture. If thetile instancedor thecurrentlyprocessed
triangleis overlappedoy atile which wasalreadyinstancedor a previously pro-
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Figure4.8: Hierarchicalstreamarrows texture, i.e., a stackof streamarrows tex-
tures— specificatiorparameters.

cesse@ndnearbytriangle—thidtile is actve andof differentlevel thanthecurrent
tile—theactietile is usedfor the currenttriangle. This ensurexonsisteng. The
currenttile which overlapsthe actwvetile is furthermordocked.

4.4 Anisotropic spotnoise

Another part of the proposedapproachs the useof spotnoiseasan additional
streamsurface texture. Spot noise (seeFig. 4.10) hasbeenintroducedto the
computergraphicscommunityby Jarke van Wijk in 1991[87]. It is a power-
ful technigueto generatevariousrandomtexturesthat are suitablefor different
purposes.By constructinga spotnoisetexture, which emphasizestreamlines
andtime lines on a streamsurface, the visualizationof flow using streamsur
facescanbeimproved. SeeFig. 4.11for atypical image. To find anappropriate
spotis facilitatedby the factthatspotnoisetexturesdirectly reflectthe geometric
characteristic®f the spotusedfor its construction. As we wantto usethe tex-
tureto emphasizetreamlinesandtime lines,we parameterizéhe streamsurface
suchthatparametetinesdirectly correspondo streamlinesandtime lines. This
parameterizatiorms easily achiezed, sincethe constructionof streamsurfacesis
basedon streamline integration. Usingthis type of streamsurfaceparameteriza-
tion a spotemphasizinghorizontaland vertical directionsin texture spacee.g.,
a crossor a hash,shouldbe used. In Fig. 4.10the spotwe useandthe result-
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Figure4.9: Activatingandlocking tiles, examplewith two triangles.
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ing spotnoisetextureis shovn. Fig. 4.11shows a texturedstreamsurfaceof the
mixed-modepscillationsmodel.

We alsothoughtof usingline integral convolution[14] asanalternatveto spot
noise,but mainly two reasonsnducedusto usespotnoiseinstead.First, theuse
of spotnoiseallowsto emphasizéothstreaninesandtime linessimultaneously
Using line integral convolution on the otherhand,just streamlines or time lines
could be emphasized Anotherreasonfor the useof spotnoiseis, thatit is less
costlythanline integral corvolution.

Combining spot noise texture and streamarrons producesan expressve
streansurfacevisualizationtechnique While theuseof the streamarrows texture
might raisea problemat ill-behaved areasof the streamsurface,e.g.,regions of
large divergenceor corvergence spotnoisetexturessuffer from lessproblemsin
this situations.

4.5 Selectvecuts

The useof 2D cross-sections a well-establisheanethodto reducethe problem
of occlusionin 3D. A similar effect canbe achiezed,whenpartsof the modelare
cut away andremoved. Simple geometricobjects,e.g., planes,are usedto cut
througha 3D model.

We use this method for the stream surface representatiorof the given
dynamicalsystem,but do not remove surface partsentirely Specifyinga cer
tain cut planethe streamsurfaceis separatednto threeparts,i.e., components
of the streamsurfacebehind,on, andin front of the cut plane. The geometrical
separatiorof the streamsurfaceallows to specify differentvisibility parameters
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Figure4.10: spot(enlaged)andtheresultingspotnoisetexture.

for all threeparts. Componentsn front of the cut planemay be renderedsemi-
transparently The intersectioncurves of the streamsurfacewith the cut plane
may be emphasizedy representinghemastubes. Several arbitrary cut planes
may be appliedsimultaneouslyso that, for example,a wedge-shapegart of the
streamsurfaceis extracted.Fig. 4.11givesanexample wherepartsin front of the
planearerenderedsemi-transparentlyEnhancingsomeof the streamlines, for

example,the edgesof the streamsurface,facilitatesthe perceptionof the spatial
arrangemendf the semi-transparergortions.

Thelocationandorientationof objects thatareusedfor modelseparatiorand
componentsemoval, arecrucialfor the benefitof this method.Theseparameters
canbedetermineckitherautomaticallyor interactvely by theuser An automatic
approachwould meanto searchfor anoptimal positionandorientationof the cut
suchthat the mostimportantpartsof the visual representatiomare keptandless
importantpartsareremoved. Obviously anautomate@pproachs easilyextended
to supportthe calculationof animationsequencesOn the otherhandit is quite
difficult to meetthe users requirementautomaticallywhenstudyingthe system
representationin the caseof this thesisan automatedintelligent’ approachor
the placementof cut planeswas not implemented. Animation sequencesvere
generatedby specifyingsimplemovementf thecutplane.Thecutplanecan,for
example,move alongonecoordinteaxis while remainingorthogonalto this axis
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Figure4.11: Streamsurfacewith anisotropicspotnoisetexture.

duringthe entireanimation.SeeFig. 4.12for two snapshotsut of ananimation
sequence.

4.6 Animation aspects

As fourth partof streamsurfaceenhancemenwe applyanimationto certainparts
of thevisualrepresentationAs streamarravs areimplementedn the scopeof the
DynSys3Dsystem(seeChaptei8), whichitself is basedn AVS [2], animationis
well-supported.AVS allows to export certainmoduleparametergsinput ports.
Furthermorethereare alreadysomebasicanimationmodulesavailable as, e.g.,
animatedinteger or animatedfloat Connectingsucha moduleto an exported
moduleparameters the simplestmethodof animatinga visualizationsetup.

Severalparametersanbeanimatedo improvethevisualization.An animated
offsetvectoro (seeSect.4.3 andFig. 4.8) is usedto move streamarrows along
streamlines within the streamsurface. Composingthe tiles of the texture in a
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Figure4.12: Two snapshot$rom an animationsequence- the first from the be-
ginningandthe secondrom the endof theanimationsequence.
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regularmanneyjustafew imagesof theanimationsequencéave to berendered.
A longersequenceanbe producedy loopingthecyclic sequencasereraltimes.

Othersequencearerenderedoy animatingthe constructionof a streamsur
face. The temporalevolution of a streamsurfacestartingfrom an initial setof
colinearpointsis illustrated. Taking the streamsurfaceof the mixed-modeos-
cillations modelto be opaqueclearly shavs how somepartsof the modelrepre-
sentatiorseverely occludeotherportions. With streamarrows this unsatiséctory
situationis improved. Theanimationof the streamsurfaceevolution givesa good
impressiorof thedynamicsnducedby the givendynamicalsystem.

Theremoval of certainpartsof themodelcanbeanimatedaswell. A simulated
processof successiely removing more and more partsof the streamsurfaceis
easierto interpretthanstill imageswherepartsof the modelhave beenremoved.
Anotheranimationsequenceave renderedshons sucha process—aut planeis
usedto distinguishsemi-transparemartsof the streamsurfaceabove the plane
from opaqueareasbelon. During the animationthe planeis movedtowardsthe
centerof themodel,sothatsuccessiely mostpartsof the streamsurfacebecome
visible.

Many other parametersre suitableto be animated. Moving the viewpoint
aroundthe modeldoescertainlyhelpto understandhe systembehaior. Theini-
tial curve of theconstructesgtreamsurfacemaybemovedto demonstratstability
featuresof thedynamicalsystem.This correspond$o successiely displayingnot
only onebut variousadjacenttreamsurfaces. The streamlines usedto enhance
the edgesof the streamsurfacecould be animatedoy moving their originsalong
the line of initial conditions. This would improve the visualizationof the flow
within a streamsurface.

4.7 Additional extensions

The streamsurfacestechniques usedwith color codinglocal attributes,e.g.,ve-
locity magnitude,integrationtime, divergence,or helicity (seealso Chapt. 3).
This extensionallows to focusthe viewer’s attentionon streamsurfaceregions
thatexhibit certainvaluesof alocal parameter

After the geometricseparatiorof streamarrowvs hasbeenperformedwo pos-
sibilities of extendingstreamarrows into 3D have beenrealized.Onepossibility
is to shift the separatedtreamarrows slightly in a directionperpendiculato the
remainingstreamsurfaceportions. To avoid ary confusion— onecouldinterpret
the streamarrows aslocal solutionsof the dynamicalsystem which is certainly
not the casein mostsituations- the shiftedstreamarraovs areconnectedvith the
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@) (b)

Figure4.13: (a) Streamarrows shiftedout of the streamsurfaceplus anisotropic
spot-noise. (b) Streamarrows outlinesrepresenteds 3D tubesandcolor coding
of velocity magnitude.

remainingpartsof thestreansurfaceby semi-transparematchesGeneratingdD
arrows usingthis techniqueimprovesthe perceptionof spatiallocationand ori-
entationof the streamsurface(seeFig. 4.13a)). In thisimagestreamarrons are
showvn with anisotropicspotnoise[87] illustrating streamlinesandtime lines.

Althoughthis methodof shifting streamarrows slightly out of the streamsur
faceoften generatesisefulresults,it hasits disadwantagesn othercases.Espe-
cially if nearbystreamsurfacesarefarfrom beingcoplanarto theenhancedtream
surface— a streamsurfaceasa stablesystemsolutioncanbeimaginedassucha
case(seeFig. 4.14)—thistechniquamight give awrongimpression.

Therefore,anotherextensionof the underlyingdynamicalsystemallows to
build up the shiftedstreamarron asalocal solution. This is achiered by starting
anew streamsurfaceat the shiftedtail of the streamarronv andcuttingthe arrow
out of this streamsurface. This techniquewill allow to representhe dynamical
systemnot just at the streamsurface,but alsoin its vicinity. Othershapesf 3D
streamarrans, e.g.,atent-like shapeor variationsof the 2D baseshapealsohave
beeninvestigated.

Another3D extensionis the representationf the separatingoutline asa 3D
tube(seeFig. 4.13b)). Usingthisapproactstreamarrons canberealizedwithout
removing ary part of the streamsurface. Almost all of the advantagesof the
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Figure4.14: Misleadingshiftedstreamarraws (bright: integratedstreamarrow).

streamarrows techniqueare presered as, e.g., indication of flow directionand
local velocity.

Furtherextensiongo the streamarravs techniquemight be 3D streamarrovs
which canbe seenasglyphswith a setof free parameters.Scalardatasuchas
velocity andhelicity aswell asvectordata,for example,vorticity, maybemapped
to astreamarravs parameterNot only 3D shapeattributesof streamarrons could
beinterpretedasglyph parameterdyut alsosize,2D shapeppacity andcolor.

Relatedto the hierarchicalstreamarrows texture we worked on otherexten-
sionsconcerningheplacemenof streamarrovs. Oneideais to randomlyposition
streamarrows on streamsurfaces.Anotherideais to uselocal streamsurfaceat-
tributesfor thelocationof streamarrons. Surfacecunaturecouldbeusedfor this
purpose.This hasalreadybeenshown to be useful[34]. The opacityof stream
arrovs couldmodulatedaccordingo the curvatureof the streanmsurfacesuchthat
ratheropaquearrows are placein regionsof high surfacecurvature. Finally we
think of includingviewing parameter$o determineoptimal placement®f stream
arrows. Thisideawasagaininspiredby thebookof AbrahamandShaw [1], where
theseparameterareincludedin the hand-dravn illustrationsaswell. Locationas
well aslengthandwidth of arrons could be chosenin a way that occlusionof
detailsbehindis diminuished.

4.8 Discussion

Streamsurfacesare a usefultechniqueto visualizethree-dimensiondlow data.
For an entire continuousset of initial conditionsthe temporalevolution is de-
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picted. Usingstreamarrons, someof thedisadwantageselatedto streamsurfaces
areomitted or diminished: by texturing the surfaceaccordingto the flow of the
3D dynamicalsystem,flow directionandvelocity is visualizedevenfor interior
points of the streamsurface. Lessocclusionis achieved, using selectve semi-
transparenc Combiningstreamarrovs with anisotropicspotnoiseandselectve
cutsyieldsexpressve imagesof three-dimensiondlows.

Onedifficulty with streamarraws is the numberof parameters.To generate
usefulimagesin a certainsituationit is necessaryo tunethe streamarrowns pa-
rametersfor instancescalingfactora for hierarchicaktreamarrons. To comeup
with a completelyautomaticparameteset-up,seemso beanon-trivial problem.
Another problemwith streamarrows is the numberof trianglesbeing handled,
whenhigh-qualityimagesareto be generatedGeometricsggmentatiorof stream
arrows usually causesnary trianglesof the original streamsurfacemeshto be
splitin evenmorepolygons.Thus,the useof streamarrons within aninteractve
set-up(e.g., a virtual/augmentedervironmentset-up[26]) might causeperfor
manceproblems.

It is usefulto sub-structurestreamsurfacesby the useof texture thatis gen-
eratedwith respecto the underlyingflow. Importantlocal information,e.g.,flow
directionandvelocity, is additionallyintegratedin the visualization. Streamar-
rowsarequiteusefulto generatdigh-qualityrepresentationsf three-dimensional
dynamicalsystemsor flow data. The cover imageof this chapter(seepage35)
shows a visualization,which is quite similar to oneof the expressve imagespre-
sentedby AbrahamandShaw [1] (seeFig. 4.2).
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Chapter 5

Poincaré mapsand visualization

A mantravelstheworld overin searclof whatheneedsandreturns
hometo find it.

Geoge Moore (1852-1933)
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This chapterpresentsa methodwhich is basedon Poincaé mapsand Poincaé
sectiong49]. Visualizationis enabledo moredirectly show the crucial aspects
of systemdynamicsby usinga mathematicatool to distill essentiainformation
from dynamicalsystemghataredominatedby a cyclic or quasi-gclic behaior,
i.e.,thederivationof adiscretePoincaé map. Cycle characteristicsor example,
areespeciallywell-suitedfor beingvisualizedusingthis approach.

5.1 Intr oduction

Poincaé sectionsare an importanttool for the investigationof dynamicalsys-
temsin theoryaswell asin applications. They are usedfor models(usuallyin

3D) thatexhibit periodicor quasi-periodidehaior. In additionto mathematical
descriptions—therés a lot of theory aboutdynamicalsystemd4, 5, 32, 92—

periodicor quasi-periodiadynamicalsystemsanbefoundin mary fields,e.g.,in

physics,chemistry biology, ecology Especiallychaoticsystemsare often exam-
ined by the useof Poincaé sectiond80, 83, 92].

A 2D Poincaé sectionthrougha periodic 3D flow is a planarcross-section
trans\erseto the flow suchthat a periodic orbit intersectst at its center The
correspondindgPoincaé mapis definedasa mapcorrelatingconsecutie intersec-
tionsof flow trajectorieswith the Poincaé section. The Poincaé mapis adiscrete
dynamicalsystemof onedimensionlessthanthe continuoudlow whichit is con-
structedfrom. As mary of the mostimportantflow propertiesareinheritedby the
Poincaé mapandits analysisis usuallymore simpledueto its reduceddimen-
sionality; it is often usedfor analysisinsteadof the 3D flow. SeeSect.5.2for a
moredetaileddiscussiorof somebasicson Poincaé sectionsandPoincaé maps.

Sincetheir introductionto dynamicalsystemanalysisby Henri Poincaé in
1899[66] the visualrepresentationf Poincaé mapshasbeenalwaysa very im-
portantpartof thisresearchechnique Hand-dravn sketchesf the Poincaé map
wereusedfor alongtimeto guideor illustratethe mathematicahnalysiq1]. Due
to theability of integratinga dynamicalsystemnumericallyby the useof acom-
puter visualizationtechniqueghatare basedon the numericalapproximationof
thePoincaé maphave becomepopular[63, 83]. Thereareanumberof programs
that calculatePoincaé maps[22]. SeeSect.5.3 for a brief review of previous
work in thisfield.

Many visualizationtechniquesor Poincaé mapssuffer from rathersevere
limitations. Oneproblemis, thatwith the useof 2D visualizationtechniqueghe
context of the 3D flow is lost. Certainfeaturesge.g.,the numberof windings of
a Mobiusband, cannot be derived from the 2D Poincaé map alone. Another
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Figure5.1: An illustration of the Poincaé mapdefinition.

problemwith thesetechniqueds that the temporalcorrelationbetweenpoints
of the Poincaé mapis not encodedwithin the 2D image. Most limitations of
the 2D techniquesn this field areusuallynot dueto a weaknes®f the software
or method,but ratherdueto aninherentdifficulty with dimensionreductionap-
proaches.

Wethereforgproposeasetof advanceswithin thisratheruntouchedield of vi-
sualization.First, we suggesto adaptsomewell-known visualizationtechniques
as,e.g.,spotnoise,to Poincaé mapsto improve the visual representationf the
2D map.SeeSect.5.3for adiscussiorof thesedeas.Furthermorave presentan
embeddingof thesetechniqueswithin a 3D visualizationof the underlyingflow.
Thisapproacthallowsto significantlyreducesomeimitationsof previously known
techniquesReferto Sect.5.6 for adescriptionof this approach.

5.2 About Poincaré maps

A Poincaré sectionis usedto constructa (n—1)-dimensionaldiscretedynamical
system,i.e., a Poincaré map of a continuousflow givenin n dimensions.This
reducedsystemof n—1 dimensiongnheritsmary propertiesge.g., periodicity or
quasi-periodicityof the original system.We will concentraten thefollowing on
the caseof n beingequalto three.

Poincaé mapsare usedto investigateperiodic or quasi-periodicdynamical
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Figure 5.2: (a) An example of a traditional Poincaé map visualization[76].
(b) An exampleof a 3D Poincaé map[15].

systems. Often thesesystemsexhibit a periodic cycle or a chaoticattractor A
Poincaé sectionsS is now assumedo bea partof a plane,whichis placedwithin
the 3D phasespaceof the continuousdynamicalsystemsuchthat eitherthe pe-
riodic orbit or the chaoticattractorintersectghe Poincaé section. The Poincae
mapis now definedasa discretefunctionp : S — S, which associatesonsecu-
tive intersection®f atrajectoryof the3D flow with S (seeFig. 5.1).

Thereare someimportantrelationsbetweena 3D flow andthe correspond-
ing Poincaé map: A cycle C of the 3D systemwhich intersectsthe Poincaé
sectionsS in ¢ points(g>1) is relatedto a periodicpointc = CNS = p?(c) of
Poincaé mapp, i.e., c is a critical point of the map p?. Furthermorestability
characteristicof the cycle are inheritedby the critical point: stable,unstable,
or saddlecyclesresultin stable,unstable or saddlenodes, respectiely. There-
fore mary characteristic®f periodicor quasi-periodidynamicalsystemsanbe
derivedfrom the correspondindPoincaé map.

5.3 Previousand relatedwork

Visualizationtechnique$ave beenusedfor theillustrationof Poincaé mapssince
they wereintroducedby Henry Poincaée. Most of theseimagingmethodsare2D
or 1D plots that are calculatedby numericallyintegrating the underlyingflow.
SeeFig. 5.2(a) for anexampleof sucha technique.RarelyPoincaé mapsin 3D
or evenhigherdimensionsareinvestigatedSeeFig. 5.2(b) for anexample.

In additionto thesetraditional2D plotsafew moregenerakechniquesanbe
foundin theliterature.Hand-dravn imagesn thebookby AbrahamandShav [1]
demonstratéhatacombinatiorof thePoincaé sectionandtheunderlying3D flow
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Figure5.3: Poincaé mapvisualizationby AbrahamandShaw [1].

within a singleimagecorvey a betterunderstandingf the underlyingflow char
acteristics(seeFig. 5.3). The book by Abrahamand Shaw is in effect quite an
inspirationalsource. We think that a numberof artistic techniquesusedfor the
hand-dravn imagesn thebookarewell-suitedfor computersupportedrisualiza-
tion techniques.

5.4 Visualizing Poincareé map p

SincePoincaé mapp mapsx onto p(x), bothlying in S, avisualizationbased
on a directedstroke connectingx andp(x) hasbeenimplementedn AVS (see
Chapt.8). A modulenamedFLow generates setof arrovs on the Poincaé
sectionwhich startata pointx; andendin a correlatedooint p(x;). SeeFig. 5.4
for a visualizationof a non-linearsaddlecycle wherethis techniquewas used.
S is representedsa semi-transparerdisk. A setof light-grey arrows is placed
on S to visualizep!. Sequencesf consecutie applicationsof p arevisualized
by the useof smallred spherestepresentindp’(x) | 7 >0}, wherebythe sphere
depictingx=p°(x) is coloreddifferentlyfrom the others.The visualizationof the
sequencgp’(x) | j >0} with x, closeto the origin of phasespaces combined
with avisualizationof the constructinglow trajectory

We alsoadaptedspotnoise[87] to Poincaé maps.We placeelliptic spotsontoS
suchthatthefocal pointsof the ellipsescoincidewith x; andp(x;), respectiely.
SeeFig. 5.5 for an example. This choiceis dueto the fact that no directional
information shouldbe encodedwhen p(x;)=x;. In this caseboth focal points
coincide and the elliptic spot degeneratego a circular spot. Imagesrendered
with this methodarewell suitedto visualizethe entiretyof p(S) within onestill
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Figure5.4: Visualizinga non-linearsaddlecycle.

image. SeeFig. 5.6 for a visualizationof a non-hyperbolicsaddlecycle (3 stable
and 3 unstablemanifolds)wherespotnoisewas usedfor visualization. Similar
asin Fig. 5.4,six sequence$p’ (x;) | j > 0},c(, , . ¢ arevisualizedby the useof
white andredspheres.

The resultsof the previous techniquesare now embeddednto a 3D visual-
ization of the underlyingflow. We thereforerepresenfoincaé sectionS asa
semi-transparermtisk placedwithin theflow andrealizethearravs andspotnoise
asa texture of this disk (seeFigs. 5.4 and5.6). Semi-transparerycwasusedfor
themapto allow the viewer to seethrough. This improvesthe understandingf
the context of mapp.

5.5 Visualizing the repeatedapplication p”

There are several reasonsto investigatethe repeatedapplicationof Poincaé
mapp, i.e., p". Probablythe mostimportantoneis the analysisof the asymp-
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Figure5.5: Visualizingancycle attractorusingspotnoise.

totic behavior inducedby the (iterated)Poincaé map. Periodicsystemsneara

cycle canexhibit differentasymptoticbehaior, e.g.,corvergenceor divergence
with respectto the cycle. This aspectis dueto differentpossiblecycle charac-
teristics,namelystable,saddle or unstablebehaior. A stablecycle attractsnear
trajectorieswhereasunstableandsaddlecyclesrepelneartrajectories.A saddle
cycle C separatests Poincaé sectionS into regionsof attractionandregionsof

repulsion. Almost all trajectoriesnearc=p(c) emegeinto the repellingpartsof

S andthusarefinally repelledfrom C. Figs.5.4and5.6 shav two Poincaé maps
of differentsaddlecycles.

We implementeda module TRAJECTORY which producesa visualizationof
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Figureb.6: Visualizinga non-hyperbolicsaddlecycle.

theset{p’(x) | j >0} asdescribecbn page57. SeeFig. 5.6 for anotherexample
wherethis techniquevasused.

Sometimesp?, ¢>1, is more interestingto investigatethanp. This is the
case for example,whenbasecycle C itself piercesthe Poincaé sectiong times
during one completeloop (seeFig. 5.7).  In the given exampleC intersects
S two more times before it returnsto the initial intersectionpoint and thus
closesthe cycle. The behaior of trajectories7 nearC are better described
by one arbitrary xe 7NS and p?(x) ratherthan x and p(x). In fact ary
pair (p? (x), p’™(x)), 0<j<q, canbechoserfor thistype of analysis.

The usercan changethe default value of ¢, i.e., 1, suchthat all the previ-
ously discussedisualizationtechniquese.g.,spotnoise,areadaptedo this new
parametesetting.Moreover we allow the userto specifythatonly thoseintersec-
tionsy =7NS areconsideredvheref(y)-f(CNS) > 0 (f beingthe underlying
3D flow). Only thosepointson trajectory7 areof interestwhere7 crosseshe
Poincaé sectionwith the sameorientation.This meanghat7 crossesS in both
caseitherin front-to-backor back-to-frontorientation.Fig. 5.8(a) wasrendered
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Figure5.7: Visualizingwhy p? is sometimesnoreexpressve thanp.

Figure5.8: Visualizing (a) { (x;, p(x;)) } vs. (b) {(x;, p?(x:))}-

with g=1 andFig. 5.8(b) with ¢=3. In this casethebasecycle piercesS threetimes
duringonecompleteoop.

Althoughtherearestill someatrtifactsin Fig. 5.8(b) which aredueto thelim-
ited sizeof S, it is moreexpressve thanFig. 5.8(a). The egg-shapedntersection
of aninvarianttorus (containingthe basecycle) and Poincaé sectionS canbe
clearly seenasdarkline aroundthe centerof this image. Furthermorehe unsta-
ble cycle within this toruscross-sectiomanbe distinguishedasa critical point of
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Poincaré Section

initial situation w {initial s'ituation)

Figure5.9: Evaluatingtheinitial texture aftertwo applicationsof w.

thePoincaé mapp. Theradialrepulsionaway from this critical pointtowardsthe
torusis well representedly the starlik e spotnoisetexture.

The visualizationof p”, n>1, is moredifficult thanvisualizing p itself. A
techniquewe investigatedfor the representatiorof p”, n increasing,is image
warping[11]. A moduleWARP wasimplementedhatapproximatep by awarp
functionw onthebasisof £ andp(£) whereL canbechoserto beeitherajittered
or regular setof line segmentsspreadover S. This approximationis necessary
sinceevaluatingthe Poincaé mapfor all the pointsonthe Poincaé sectionwould
causextremelyhigh computationaéfford —for eachsingleevaluationpotentially
thousandsip to millions of numericalintegrationstepsarenecessary thusonly
afew evaluationsaredone,i.e.,p(£), andwarpingis usedto approximatep”.

WARP loadsaninitial texture TEX onto S andthenappliesthe warp trans-
formationn times,wheren is specifiedvia a parameteof WARP. Theresulting
texture TEX o w—" (seeFig.5.9)placedon S givesagoodimpressiorof themain
characteristicef p”. SeeFig. 5.10for animagesrenderedisingthis technique.

The reasonwhy we approximatePoincaé map p by the useof a warping
functioninsteadof usingp directly for the transformatiorof thetextureis thatp
is usuallyrathercostly to compute. Warp function WARP, on the otherhand,is
capableof approximatingp quite goodif warpingparametersre chosemappro-
priately At leastanideaof p™ is gainedusingthistechnique.
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Figure 5.10: Imagesresultingfrom one, two, and eleven applicationsof warp
functionw, i.e.,w(S), w?(S), andw'}(S).

5.6 Visualizing Poincaré maps together with the
3D flow

The simultaneousisualizationof a Poincaé mapandthe underlyingflow allows
to overcomesomelimitations of 2D visualizationtechniquesf Poincaé maps.
Flow characteristicsvhich cannotbe derived from 2D Poincaé mapsaloneas,
e.g.,therelationbetweenconsecutre intersectionscanbe madevisible andthus
enrichthecapabilitiesof thisvisualizationtechnique SeeFig. 5.1 1for anexample
wherethe secondaryotation of the flow aroundthe cycle could not be derived
from the Poincaé map.

A Poincaé sections is representedsa circular patchthatis renderedsemi-
transparentlyThereforevisualizationiconsbeforeaswell asbehindS arevisible.
Theimplementatiorof this techniqueas basedon the existenceof a basecycle C
within the 3D flow. CycleC defineshe centerof Poincaé sectionS. ThecycleC
is renderedasan opaquetubethrough3D phasespacetogetherwith a sphereat
CNS wherethe basecycle intersectshe Poincaé section.SeeFig. 5.4 or 5.6 for
animagewheres, C, andtheintersectiorCNS canbeeasilydetected.

The modulewhich generateshis Poincaé map visualizationtakes carethat
initially a usefulview pointis chosen.S is viewed underananglewhichis little
bit lessthan 7 sothatboththe Poincaé mapandthe intersectingoasecycle are
easilyrecognizablgseeFig. 5.4). We alsofoundit very usefulto provide arela-
tive placementapabilitysuchthatthe usercanmove the Poincaé sectioneasily
aroundthe basecycle C. The actualpositionof the mapon the cycle is specified
by avaluebetweer) and1.

Additionally we suggessomemoreelaborate@®D extensiongo Poincaé map
visualization.Module TRAJECTORY, for example,generategitherthe entiretra-
jectory which constructghe orbit © = {p’(x) | j >0}, only shortpartsof this
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Figure5.11: Visualizingflow propertiesnot encodedvithin the Poincaé map.

trajectoryin the vicinity of S, or just the spheregepresentinghe consecutre
intersections.

Drawing the entire trajectorythat generaterbit O, for example, helpsto
relateconsecutie pointson S mentally(seeFigs.5.1and5.7). Longtrajectories,
however, may cluttertheimage.

Using only shortpartsof the trajectorynearS avoids the problemof visual
clutter (seeFig. 5.12). Assumea periodic 3D systemwhich exhibits somehigh
frequeng oscillationparallelto the rotationalaxis of the flow (seeFig. 5.12a)).
If thefrequeny (measuredh oscillationsperoneentirerevolution of thecarrying
periodicsystemaroundthe rotationalaxis of the flow) is anintegernumber the
resultingPoincaé mapis not affectedby this oscillationat all. Resultsarethe
sameas for a systemwithout the modulatedfrequeng. CompareFig. 5.12a)
and5.12b). The differencebetweenboth systemswhich is not apparenin the
Poincaé mapsis visible throughthe embeddingof the Poincaé sectionsin the
3D flow.

Both imagesin Fig. 5.12 are generatedwith techniquesalready dis-
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(b)

Figure5.12: Visualizingsupplementarynformationin 3D.

cussedpreviously in this chapter Spot noise is usedto representthe en-
tirety of p, whereaswhite and red spheresare usedto visualize three se-
quencesp’ (x;) |j20}i€{1’2’3}. The sequencestartingnearthe origin of phase
spacds enhancedby shortpartsof theconstructinglow trajectory Thisenhance-
mentis necessaryo visualizethe differencedetweerbothsystems.

Anothertechniquefor the investigationof Poincaé mapsis realizedasmod-
ule SEEDLINE. By parameters, ¢, and dist aline sggment) of length2 - r is
specifiedwithin S thatis perpendiculato thevectorconnecting®NS andthemid-
pointof ). Thelengthof this vectoris specifiedby parametewist. Parameters
andr arethe polarcoordinate®f oneend-pointof this line segmentwith respect
to its mid-point. SEEDLINE canbe usedto generatea streamsurface[33] or a
ragof streamlinesalternatvely (seefigure on page53). In additionto the stream
surface, the flow trajectory which constructsa certainsequencef consecutie
applicationsof p, wasvisualizedby the useof a greentube. Othertechniques
discussegbreviously in this chaptethave beenusedfor visualizingPoincaé sec-
tion S.

5.7 Animation aspects

Animationis a powerful approacho increasehe dimensionalityof visualization
results. We found the following parameter®f the modulessuitableto be ani-
mated:
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TRAJECTORY parametersio and/en — Module TRAJECTORY generates se-
guence® of consecutie intersectionsof trajectory7 and Poincaé sec-
tion S, i.e., O = TNS. Parameterno specifieshow mary intersections
shouldbe calculated.len canbe usedto control |O] via the spatiallength
of 7.

Animating one of theseparametersthe constructionof Poincaé map p
canbe visualized. Furthermorehe asymptoticbhehaior of p"(x), n—oo,
can be investigated. This specificapplicationof animationis capableof
representingheinherentnatureof Poincaé mapp.

TRAJECTORY parameters and¢ — Anotherpair of TRAJECTORY parameters,
which is very well suitedfor animation,is (¢, ). It encodegshe initial
conditionx of solution7 (x) in polar coordinatewith respecto somear-
bitrary local coordinatesystemon S. In otherwords (¢, r) specifiesthe
startingpointx of sequencgp’(x) | j >0}.

Animating thesetwo parametersllows to investigatethe developmentof

arbitrary curves Q within §. Sucha curve Q = (Q,(s), Q,(s)) should
be given as a parameterizegdubsetof S with s asthe parameter Given
suchacune Q, parameter canbe animated:The module TRAJECTORY

takes x(s) = (Qy(s), Q,(s)) asan initial condition for the generation
of {p/(x(s)) | 7>0}. Initial conditionx(s) movesalongcurve Q, andsi-

multaneouslyits long-termbehaior {p’(x(s)) | >0} is visualized.

WARP parameter — The animationof WARP parameter. (numberof applica-
tions) improvesthe expressvenessof the imagewarpingapproach.A se-
guenceof imageswith consecutre applicationsof the warpingfunctionw
shownstheoverallbehaior of p”, n—o0. Referto Fig. 5.10for threeimages
resultingfrom consecutie applicationsof thewarpingfunctionw.

5.8 Discussion

Poincaé mapsare a usefulmathematicatonceptfor the analysisof periodicor
guasi-periodidlows. Thus,it is agoodideato usethis concepftfor the visualiza-
tion of dynamicalsystemghat exhibit sucha periodicbehaior. Similarly to the
investigationof continuousdynamicalsystem,alsothe examinationof Poincae
mapsdependon the investigationgoal of the user The techniqueproposedn
this chapterallows to investigatethe long-termbehaior of specificpointsof in-
terest,or oneiterationof the mapfor mary pointsof the Poincaé section(or even
the entireset). Furthermoret is usefulto integratevisualizationon the basisof
Poincaé mapsanddirectflow visualization.
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Figure 5.13: Extremephaserelationsas difficult casesfor the visualizationof
Poincaé maps.

Figure5.14: Combinedvisualizationtechniquego disambiguateesults.

Thereare, however, somedifficult situations,wherethe applicationof the
Poincaé techniquetself is notuseful. For instanceif extremephaseaelationsoc-
curcomparingmainrotationandsecondaryotation,thenresultingimagesusually
aredifficult to interpret— seeFig. 5.13for two examples.In casesof frequengy
coupling, for example, visualizationcomposecdf at leasttwo of the presented
techniguesanhelpto disambiguateesults.SeeFig. 5.14for two examples.
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Chapter 6

Visualization of critical points

To move freely you mustbe deeplyrooted.

Bella Lewitsky (1916-)
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| density | completenesg quantities |

thetopologicalstructure| high usuallyyes | almostnon
thegeometryof behaior | medium| potentiallyyes| justafew
selectve directvisualization| regular no yes,details

Table 6.1: densityand completenessf information, and amountof quantities,
providedthroughdifferentapproachesf dynamicalsystemanalysis.

After streamarrows for streamsurfacesand a visualizationtechniquebasedon
Poincaé maps,a local visualizationtechniguefocusingon critical point is pre-
sented44]. Critical points,i.e., systemstateswherethereis no evolution at all,
usually are propertiesinvestigatedn the very first place. Examiningthe neigh-
borhoodof the critical pointsoftentells quite importantprincipal characteristics
aboutthe entiresystembehaior. Thus,it’ slogical to comeup with visualization
techniquegocusingon thatkind of information.

6.1 Intr oduction

As alreadyaddresseth Chapterl, therearemary waysto investigateadynamical
system. An abstractapproachto analysisis the investigationof the topological
skeletonof a dynamicalsystem[5, 6]. The topology of behaior is built from
characteristielementssuchas,for example,critical pointsandseparatrice¢see
also Section6.2). Oncethe topologicalstructureof a dynamicalsystemis de-
rived, the long term evolution is known for all the pointsin phasespacequalita-
tively. However, almostno quantitatve information,suchas, e.g., spatialextent
of trajectoriesjs providedthroughthis approach.

Spatially quantitatve insightsare gainedfrom building the geometryof be-
havior. Locationandshapeof thetopologicalentitiesarecomposedo ageometry
within phasespace[l, 31]. Thetopologicalstructureis extendedby the spatial
attributesof its elements.Therebyat leastsomequantitatve informationis pro-
vided. Thegeometryof behaior is aratherdensedescriptionof the flow without
flow detailsapartfrom characterististructures.

Detailed(local) informationis gainedby directly visualizingthedynamicsus-
ing streamlines, streamsurfaces particlesystemspr otherintegral objects[67].
SelectedrajectoriesarevisualizedthroughthesetechniquesThis kind of visual-
izationtechniquealwayslackscompleteness.

As the previously describedapproachesiave their advantagesanddisadwan-
tageseach(seeTah 6.1 for a summary),a combinationof themis appropriate.

69



Vector field topology and local analysis/ 6.2

Most approachefoundin literature,on the otherhand,concentraten eitherthe
oneor theothet

In this chapterwe first presenttwo new techniquedor the visualizationof
a continuousdynamicalsystemin 3D space which belongto two differentap-
proachesoncerninghe analysisof the flow data. Furthermorewe demonstrate
thatcombiningbothmethodsyields betterresults.

6.2 Vector field topology and local analysis

A commonprocedureto extract the topology of a dynamicalsystem[6] is to
proceedn thefollowing way [5]:

1. Identify all the critical pointsc; (also calledfixed points, roots, etc.) by
solvingequationf, (c;) = 0.

2. Investigatehe Jacobianmatrix of f;, atthecritical points,i.e., Vfy|_ . Inthe
hyperboliccasethis matrix of derivativesrepresentshe major corﬁponents
of theflow nearthecritical points. Eigervaluesandeigervectorsintuitively
describethe characteristic®f the dynamicsof f,(c;+d), i.e., of the flow
nearc;.

Dependingon the local flow characteristicsgritical points are classified
as attractors,repellors,or saddles. Focal critical points exhibit a pair of
conjugatedcomplex eigervalues,whereasnodesexhibit real eigervalues
only.

3. Searchfor higherordercharacteristielementssuchas, e.g.,cyclesC;(t)
(C:(t+T) = C;(t)). Again performananalysisof derivativesto learnabout
local flow characteristics.

4. Extend the eigen-manifoldsnear the characteristicelementsinto phase
spaceto determinetheir relationto othercharacteristie@lements.Thereby
structuressuchasseparatriceg,e., elementsvhich divide the phasespace
into regionsof qualitatively differentdynamics areidentified.

Extractinglocation and shapeof the topologicalelementsthe geometryof be-

havior [1] is constructedFor a review of stateof theart visualizationtechniques
concerninglow topologyseeChapter2.
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CHARDIRS —visualizing eigen-maniblds/ 6.3

(@) (b) (c)

Figure6.1: Visualizingthe geometryof behaior nearthecritical pointof alinear
dynamicalsystem- threedifferentsaddleconfigurations.

6.3 CHARDIRS-—vVisualizing eigen-maniblds

Thefirstvisualizationtechniquepresentedhere,i.e., CHARDIRS, is similar to the
iconic representationf flow nearcritical points[31, 74]. Insteadof usingaglyph
to encodethe flow topology we directly representhe geometryof behaior by
theuseof streaminesandstreamsurfaces We first inspectthe eigervaluesof the
Jacobiamatrix anddistinguishbetweertopologicaldifferentcases:

1. If all theeigervaluesarereal, differentfrom eachother anddifferentfrom
zero,threepairsof streamlines areintegratedinto the directionof the cor-
respondingeigervectors.Therebythe (locally) mostsignificanttrajectories
aredepictedseeFig. 6.1(a)).

2. If all theeigervaluesarereal,differentfrom zero,but two of themareequal,
al-manifoldanda2-manifoldcorrespondingo thedoubleeigervaluebuild
up the geometryof behaior nearthe critical point. In additionto a pair of
streanlineswe usethreestreanlineswithin the2-manifoldplusanoptional
streamsurfaceto encodehis specialflow topology(seeFig. 6.1(b)).

3. If two eigervaluesare complex and the real partsof all eigervaluesare
differentfrom zero,the samegeometryof behaior is presentasin the sec-
ond case. Thusthe samevisualizationtechniqueis used(seeFig. 6.1(c)).
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SPHERETUFTS — using many streamlets/ 6.4

Figure 6.2: Visualizing the flow characteristicsiear the critical points of the
Lorenzsystem: (a) CHARDIRS and (b) SPHERETUFTS.

However, the flow characteristicaredifferent— spiralingvs. radial attrac-
tion/repulsionoccurs.

To add more quantitatie information we encodethe order of magnitudeof the
eigervaluesby a certainnumberof arrovs along the characteristidrajectories.
Therebythegeometryof behaior nearcritical pointsis visualizedfor themostim-
portantcasesDegeneraciesf flow geometrye.g.,non-hyperbolicritical points,
arenot consideredhroughthis approach.

In Fig. 6.2(a) the Lorenzsystem[63] wasvisualizedby the useof this tech-
nique. Two saddlefoci with (each)a pair of conjugateccomple eigervaluesand
a large negative real eigervalue drive the rotating characteristicof this chaotic
dynamicalsystem.A third saddlecoordinateghe alternatingdominanceof these
two foci.

6.4 SPHERETUFTS—usingmany streamlets

The secondechniquepresentedhere,i.e., SPHERETUFTS, is basedon directvi-
sualizationof flow ratherthanon topologicalor geometricaknalysis.A bunchof
streamletgmary shortstreanlines)is usednearthecritical pointsof adynamical
systemto directly representhe flow characteristics.The seedpoints of all the
streamletsare stochasticallychosenon a small spherearoundthe critical point.
Forward integrationaswell asbackwardintegrationin time is performedwith a
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(b) (€)

Figure6.3: Visualizinga linearsystemnearthecritical pointwith a pair of conju-
gatedcomplex eigervalues: (a) arepellorand (b,c) two saddles.

fixedlengthin time. Therebythe spatiallengthof the streamletgirectly encodes
velocity. Forward streamletsare colored differently from backward integrated
onesto distinguishbetweersaddledrom attractors/repellors.

In Fig. 6.3 threeexamplesare given. Fig. 6.3a) shavs a linear repellorfo-
cus,whereasFig. 6.3(b) depictsthe saddlefocus of a linear dynamicalsystem.
Fig. 6.3(c) shavs alsoa linear saddlefocusasin Fig. 6.3(b) with differenteigen-
values. Using this direct visualizationtechniquesubtle differencesin the flow
characteristickecomevisible. By the useof SPHERETUFTS the differencede-
tweenFig. 6.3(b) andFig. 6.3(c) becomevisible, althoughthe flow geometryis
identicalin bothcasesthe flow componentelatedto therealeigervalueis much
strongerin Fig. 6.3(c) thanin Fig. 6.3(b).

In Fig. 6.2(b) the Lorenzsystenmwasvisualizedby placingbunchesof stream-
letsnearthecritical points. Themostimportantflow characteristicareintuitively
depicted. SeeFig. 6.4 for a visualizationof the Lorenz systemby the use of
SPHERETUFTS andCHARDIRS.

Although the resultsgainedwith this methodare quite expressve, the uni-
form distribution of streamleseedpointsoveraspheresnclosinghecritical point
might not be the optimal choice. Using a seedvaluedistribution, which reflects
the distanceto the characteristidirections,i.e., the trajectorieswhich coincide
with the eigervectorsof thecritical point, the visualizationcanbeimproved.
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Figure6.4: Visualizingthe LorenzsystemusingCHARDIRS and SPHERETUFTS.

6.5 Combining CHARDIRS and SPHERETUFTS

If bothmethodpresentedn the previoustwo sectionsarecombined thefollow-
ing adwantagesare achieved: first, a completedescriptionof the flow topology
is giventhroughthe CHARDIRS visualization. Additionally direct visualization
cuesareusedto intuitively describethelocal flow dynamics.

Fig. 6.5 demonstrateshis combinationof adwantagesn threedifferentlin-
earcases.A saddlefocus (Fig. 6.5a)) andtwo saddlenodes(Fig. 6.5b,c) are
shavn. Topology geometry andflow detailsareintegratedwithin one pictorial
representationThefigure on page68 shows the Lorenzattractorvisualizedwith
this combinedtechnique The strongdifferencesoncerningvelocity (aboutthree
ordersof magnitudeecomevisible throughdirectvisualization while still topo-
logicalinformationis provided.

74



Discussior/ 6.6

(@) (b) ()

Figure6.5: Threedifferentsaddleconfigurationsisualizedusingboththe eigen-
manifoldvisualizationandbunchesof streamlets.

6.6 Discussion

Most approachesf eithervisualizingthe geometryof behaior or, on the other
hand,directly representinglow dynamics,have advantagesand disadantages.
Visualizingthe topology of behaior facilitatesa denseand abstractdescription
of the flow dynamics. Directly visualizingthe vectorfield yields moreintuitive
representationsf thedynamicalsystemby simultaneouslyackingcompleteness.

In this chapterntwo techniquesverepresentedhatbelongto both classesand
demonstratéow a combinationof bothcanbe usedto achiese a moreexpressve
visualizationmethod. Enhancinghe abstracinformationby cuesof directvisu-
alization helpsthe viewer to more intuitively depictflow motion within critical
regions.
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Chapter 7

Visualizing characteristic
trajectories

Slight notwhat's nearthroughaiming atwhat’s far.
Euripides(485-406BC)
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Thefourthapproacho visualizingdynamicakystemsn thisrow of differenttech-

niquesis aresultof the aim to locally enhancehe visualizationof characteristic
trajectoried46]. Systemanalysisoftenresultsin asetof characteristipointsand

streamlines. Visualizing suchstreamlines togetherwith informationaboutthe

behaior in their vicinity hasthe power of representingrucial informationin a

compresseavay insteadof over-populatingphasespacewith directvisualization

cues.

7.1 Intr oduction

Severalapproacheto thevisualizationof dynamicalsystemcanbedistinguished
[47]. Oneclassof techniquesdealswith the visualizationof characteristic el-

ementsas, e.g., critical points, cycles, or separatrices.A structureof lower

dimensionalobjectsis composedn phasespaceto describethe key featuresof

the systems behaior [1]. For example,a separatrixs visualizedto indicatetwo

subsetof phasespacewith qualitatvely differentdynamics.A brief overview on

therelationbetweenocal linearizationandcharacterististructuressanbefound

in Chapt.3.

Anotherclassof approacheslealswith the directvisualizationof the system
behaior. Integral curves visualizethe evolution of specificseedpoints which
changeaccordingto the dynamicsof the underlyingflow. Many techniquesare
alreadyavailablefor the 2D case. Spotnoise[87] andline integral convolution
(LIC) [14], for example,provide an overvien of 2D dynamicswithin a 2D do-
main. In 3D, however, directvisualizationis difficult. Renderedmagestendto
be overloadedvhenentireportionsof flow in three-spacaresimultaneouslyi-
sualized.Someattemptsanto this directionareilluminatedstreamlines[94] and
volume-rendere@D flow [25]. Work by Interranteet al. [35] alsoaddressethis
problem.

In additionof the visualizationof characteristi@lementsanddirectvisualiza-
tion, a third classof techniqueslealswith the representatiof local properties
[52]. Glyphs[19, 86] canrepresenguantitiesderived from the Jacobiarmatrix
(local linearizationof theflow) as,e.g.,accelerationtotation,or divergence.An-
otherapproaclj75] transformsa polygonpositionedperpendiculato atrajectory
to representocal information.

In this chaptemwe presenta techniquewhich to a certainextentbelongsto all
of thethreeclassesnentionedabove. It wasinspiredby the conceptof modeling
knit wearasyarnwith acomplex micro-structurg28]. A yarntherebyconsistsof
mary fibreswith similar spatiallocationandorientation.We visualizethevicinity
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dt =len/no
len (2dt)_
: : ® |
L
—® .
— | oy
Ts(0)=s . basel trajectorL
L | |
0 'dt  '2dt '3dt time
no (2)

Figure7.1: Relationbetweenstreamledensity(no), streamleintegrationlength
(len), andstreamleinstantiationinterval (dt).

of interestingtrajectories,e.g., the streamlines emanatingirom critical points.
A large numberof shortintegral curves(streamlets)s usedto directly codethe
systemsbehaior nearthebasetrajectory By this approactof selectvely placing
streamletsve omit distractingimageclutteringwhile still providing directcues
to the (local) systembehaior. Visualizingthe vicinity of characteristicstream
lines enhanceshe abstractrepresentationf the systems behaior by local cues
of directvisualization.

7.2 A threadof streamlets

To comeupwith ausefultechniqueof locally enhancedtreamines,we proposea
modelfor thegeneratiorof athreadof streamlets Neara streandine of interest7,
(the basetrajectory) mary short streamletsare placed. Therebya continuous
representatiorof the systems behaior in the vicinity of the basetrajectoryis
approximated.

Using constantflow as a referencemodel — streamlines are straightlines
in this case— the threadof streamlets{7s,} is definedas follows: Any cross-
sectionperpendiculato basetrajectory7; is piercedby a constaninumber(no)
of streamletsUsingintegrationtime ¢ asparameterizationf the basetrajectory
(7s(0) = s = seedpointof 7;), streamlets];, areinstantiatecattime t; = i- d¢
and integratedover the time interval [i - dt & len/2]. SeeFig. 7.1 for anillus-
tration of the relationshipbetweenno, dt, and len, i.e., dt = len/no. Seed
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A threadof streamlets/ 7.2

Figure7.2: Probabilitydensityfunctiond(c, r) for theinstantiationof streamlets
basedon a perpendiculacross-sectiothroughthe basetrajectory

points 75, (t;) = 7s,(i- dt) of newly instantiatedstreamletsare randomlychosen
within a perpendiculacross-sectiothrough7(: - dt) (referencdocationon the
basetrajectory)correspondingo a probability distribution function(PDF)d(«, 7)

(seeEq.7.1andFig. 7.2).

D ifo<r<gqgR

0 fR<r

PDFd(a, r) is definedby parameters? (themaximaldistancebetweert/;(t;) and
T, (t;)) andge[0, 1). Thelatter parameters usedto definePDF d asa truncated
cone. This shapeprovidesthe fade-outcharacteristiof the streamlefplacement
procedurewith respectto the distancefrom 7;. To guaranteghatd is a PDR
Jd(e, r) dadr mustequalto 1, i.e., the volumeof the truncatecconemustbe 1.
This constrainttanbe expressedsspecificatiorfor parameteiD:

3
(1+q+¢*)R?n

In otherwords,

e mary streamletsre positionedarounda certainbasetrajectory7; in acir-
cularfashion.Thus,polarcoordinategr anda) whereusedto describehe
seedpointsof thestreamlets.

e ThroughPDFd thegeneratedtreamledistributionis uniformwithin acer
tain radius(qR) andfadesout linearly outsideradiusgR. This way of in-
stantiatingstreamlet®mphasizethe flow nearbasetrajectory;.
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Figure7.3: Visualizingtheflow nearalinearnoderepellorin 3D: (a)eigervectors
andeigervalues, (b) characteristid¢rajectorieplusthread<of streamlets.

Computingathreadof streamletgor thereferencanodel(x=const.), abunchof
line sgments(streamlety 7, }) of equalspatiallength(len - |x|) is generatedIt
this caseof constanflow the streamletsare parallelto the basetrajectorywhich
is a straightline itself. The seedpointsof the streamletsj.e., {s;}={7s,(t:)},
are determinedaccordingto the PDF d(«, r). For ary time ¢ the cross-section
perpendiculathrough7;(¢) is piercedby exactly no=len/dt streamlets.

Applying this modelto real (usuallynon-constantjlow data,local flow char
acteristicsarevisualizedthroughthe following variationsfrom the constantlow
referencesetup:

e theshapeof the streamletsdirectly visualizesthe flow locally to the base
trajectory Local corvergence/diergenceor rotational behaior with re-
spectto the basetrajectoryis intuitively depicted. Sincelocal variations
aresignificantin theareaof (partial)degeneraciesf theflow, characteristic
trajectoriesareespeciallywell suitedto be choserasbasetrajectories.

e the streamlet length is a direct visualizationof flow velocitiesnearthe
basetrajectory Flow velocity, for example, can be depictedvery good.
Comparedo color codingwhichis oftenusedfor velocity visualizationthe
useof streamletss moreeffective.

Takingalinearnoderepellorwith eigervaluesl, 10,and100asexample theflow
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characteristicsn the vicinity of this critical point canbe visualizedin different
ways(seeFig. 7.3). Usingthreadsof streamletdor a visualizationof the charac-
teristictrajectories- thosewhich arealignedwith the eigervectorsof the critical
point’'s Jacobiarmatrix — a denseandintuitive representatioof the 3D flow near
thecritical pointis generatedThroughthe threadsof streamletgFig. 7.3(b)) the
flow next to thecharacteristi¢rajectoriess visualized.A purelyabstracnhotation
(Fig. 7.3(a)) encodeghe eigervectorsof the Jacobiarmatrix andthe magnitudes
of the associateceigervalues. No direct information aboutthe vicinity of the
characteristi¢rajectoriess provided.

7.3 Rendering

Drawing 1D objectsin 3D spaceposessereral problemsin the renderingstage.
Shading,for example,improvesthe visual cuesconcerningthe spatialarrange-
mentof objects but shadings usuallydefinedon the basisof a surface(normal).
In 3D linesandcurveshave aninfinite numberof normalsat eachof their points.
Thereforetypical shadingmodelsas Phongshading[64] cannot be applieddi-
rectly to 1D objectsin 3D.

In 1989 Kajiya presentedan “ad hoc” approacho dealwith the problemof
line shadingn 3D whichis basednanintegrationof all reflectedntensitied38].
In 1996 Zockler et al. describedan efficient computationschemefor line shad-
ing in 3D which generategomparablaesultsto the techniqueproposediy Ka-
jiya [94]. A generalframenork for the task of shadingk-manifoldsin n-space
wasworked out by Banksin 1994[8]. In additionto a consistenframework for
shadingwith arbitraryco-dimension8anksalsodealtwith the problemof excess
brightness-compensatiovhichbecomesnimportanttopic whenmanifoldswith
co-dimensiorhigherthanl areshaded.

Anotherproblemassociateavith line shadingn 3D is (self-)shadwing. Nor-
mally, when shading2-manifoldsin 3-spacewe (implicitly) dealwith this as-
pectby assumingll surfacepointsin (self-)shadw, wherethe outwardnormailn
pointsaway from thelight vectorl, i.e.,n-1 < 0. Furthermorave considershadaov
raysbeforewe computesurfaceshading.Both aspectaredifficult with line shad-
ing in 3D. Oneapproactio dealwith theseaspect€omedrom volumerendering:
linespopulatingcertainregionsof three-spaceanbe consideredsvolumeopac-
ity of a certaindensity This assumptiotyieldsanexponentialbrightnessattenua-
tion for light passinghroughsucharegion. A paperby Max in 1995compilesa
comprehensek list of diversemodelsdealingwith this effect [53].

For the implementatiorof this techniquethe shadingmodelby Zockler was
usedfor shadingthe streamlets.Additionally we useddepthcueingasa rough
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(a) (b)

Figure 7.4: (a) A threadof streamletsvisualizing the flow neara torusin 3D.
(b) Flow neara 3D focusvisualizedusingtwo threadsof streamlets.

approximatiorof shadaving to enhancehe spatialperceptibilityof thestreamlets
in three-spaceSeeFig. 7.4(a) for an example. The headsof the streamletsare
representety smallarron-headgo indicatethe orientationof the flow. Coloris
usedto encodethe flow velocity (blue <+ slow, red «+» fast). Line shadingand
depthcueinghasbeenappliedasdescribedibove.

7.4 Resultsand Implementation

To testthetechniquewe firstly appliedit to a simplecasesi.e., thecritical points
of alineardynamicalsystem.Dependingon the Jacobiarmatrix evaluatedat this
point, differentresultsare obtained. Fig. 7.3(b) shaws six threadsof streamlets
appliedto the characteristidrajectoriesemanatingrom the critical point. In this
casethe eigervaluesof the Jacobiamrmatrix at thecritical pointarel, 10,and100.
Thenew visualizationtechniqueallowsto easilydepicttheslow, medium,andfast
directionsof flow. Moreover, animpressionis corveyed, how systemstatesare
repelledfrom the planedefinedby the slow andmediumdirection(eigervaluesl
and10). Within thatplanestatesarerepelledfrom the slow directionwhich itself
is thereforeextremely instablein this setup. Theseflow characteristicgypical
for a dynamicalsystemneara critical point cannotbe communicatedy either
showving anabstractioronly (Fig. 7.3(a)) or acompletesetof streamlines.

Fig. 7.4(b) is generatedby usingtwo threadsof streamletgor thevisualization
of a 3D focus,of alineardynamicalsystem.The Jacobiammatrix of this system
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exhibits one negative eigervalue andtwo conjugatedcomplec eigervalueswith
positive real part. Systemstatesare attractedalongan instable1-manifold— a
line in the caseof alinear system- andrepelledinto a stable2-manifold(plane)
perpendiculato theinstableset. Applying thethreaddo bothinstabletrajectories
the dynamicsnearthis critical point are visualized. As in Fig. 7.4(a) color was
usedto encoddlow velocity.

Thereis norestrictionto applythe new techniqueto characteristidrajectories
only. Fig. 7.5 shavs two exampleswheredifferentresultswhereproducedwith
this technique.The left imageshaws a threadof streamletshroughthe Roessler
system.Insteadof the streamletgshemselesjust arrov-headsat the endof each
streamletaredisplayed.Usingsizeandcoloraccordingo thevelocity of theflow
slow andfastareaswithin this systemarevisualized.Theright imagedepictsthe
dynamicsof aperiodicflow nearatwistedtorus. Colorcodingindicatesheveloc-
ity alongthestreamletsin Fig. 7.5a)and7.5b) no characteristi¢rajectoriesvere
used,the evolution of the streamletss alignedwith the basetrajectory Regions
of local corvergence/drergenceareshovn asareaswvith more/lesstreamlets.

The techniquepresentedn this chapterwasimplementedwithin DynSys3D
(seeChapter 8). The modulegenerate®nethreadof streamletdor a specific
dynamicalsystemby using a specificnumericalintegrator Parameterdor the
modulearethe startinglocations of the basetrajectory(s = 75(0)) andits length
(eithertemporalor spatial),the numberof streamletger cross-sectiorfno), the
maximumdistanceof their seed-pointgR) togetherwith the fade-outparame-

ter (g).

7.5 Discussion

We presenta new techniquefor the visualizationof dynamicalsystemspamely
theuseof athreadof streamlet$or characteristi¢rajectories.Thisis useful,since
atrade-of is madebetweeronly displayingstructuralinformationas,e.g.,critical
pointsandseparatricegnddirectly visualizingthe systenmdynamicdy theuseof
streamlinesor streansurfaces.As anabstractdenotatiorof thedynamicscaused
by a dynamicalsystemis very hardto understandor mostusers.enhancinghis
informationby locally addingcuesof directvisualizationhelpsto communicate
the crucialaspectof the systembehaior.

Contraryto surface-basedtreamline visualizationtechniquedik e the stream
tubeof sweep-basettajectoryrepresentationshreadf streamletvisualizethe
flow continuouslyin the vicinity of a streamline. Using a threadof streamlets
insteadof entirely populating3D phasespacewith streamlines, hasthe adwvan-
tageof reducingocclusion.Although quite a numberof papersdealwith densely
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(a) (b)

Figure 7.5: (a) Visualizing the flow velocity neara streamline of the Roessler
system. (b) Visualizingthe dynamicsof a periodicdynamicalsystemexhibiting
atwistedtorus.

visualizingflow in three-spacet seemdo be necessaryo placevisual cuesse-
lectively to reduceocclusionproblems.
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Chapter 8

Implementation: DynSys3D

As far asthe laws of mathematicseferto reality, they arenot cer
tain; andasfar asthey arecertain,they do notreferto reality.
Albert Einstein(1879-1955)

The distanceis greatfrom the firm belief to the realizationfrom
concretexperience.
Isabellal of Spain(1451-1504)

After presentingour differentapproacheso the visualizationof dynamicalsys-
tems, implementationdetailsaboutall theseapproachegseeChapters4, 5, 6,
and7) arediscussedA systemnameddynSys30 thatitself is basedn AVS [2]

hasbeendevelopedwhich allows to easily combinedifferentvisualizationtech-
niquescorrespondingo the needsof theuser

8.1 Intr oduction

DynSys3D[45] is a flexible ervironmentfor implementingand evaluatingnew

ideasin the field of advancedvisualizationtechniqueswith specialemphasis
on three-dimensionatdynamical systems. For designand implementationof

DynSys3Dknowledgegainedfrom previous projects(VEGA [82], BaBel [81])

was used. Startingwith somespecificrequirement@and goals(seeSection8.2)

the systemdesignof DynSys3D(seeSections8.3and8.4) waschoserto comply

with mostof thesegoals.DynSys3Dprovidesanexperimentaworkbenchto eas-
ily investigatevisualizationtechniquesanddynamicalsystemsn a collaboratve

ervironment.
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Whenstartingin a new field of researclthe questionof whereto embedthe test
implementationis very important. Especiallyin the field of visualizationthis
questionis crucial, sinceimplementingthe whole visualizationpipeline [60] is
clearly not practicableor desirablein mostsituations. In the caseof this thesis
it wasdecidedto implementandtestnew visualizationtechniquesn thefield of
three-dimensionalynamicalsystemson the basisof AVS [2].

AVS is ageneral-purposervironmentfor developingandcompositingvisual-
izationtechniquesApplicationsaretherebyrealizedasa setof moduleqelemen-
tary tasksin the visualizationprocess)which areconnectedo form a data-flav
network by associatingoutputandinput portsof consecutie modules.

AVS modulescontaineasyto specifyuserinterfacecomponentsApart from
alarge setof predefinednoduleq3], userdefinedmodulesmaybeimplemented.
As long asthe dataof a userdefinedmodule,which is handedover to AVS, con-
formsto standardAVS datastructuresthesemodulescanbeeasilycombinedwith
alreadyexisting ones. The availability of mary visualizationtechniqueswithin
AVS led usto chooseAVS asthebasisfor DynSys3D

8.2 Systemrequirementsand goals

Whenstartingto build DynSys30 we wantedto developaworkbenchfor several
researchesvorking collaboratvely in the field of three-dimensionatlynamical
systems. Thereforeseveral requirementsand goals influencedthe design of
DynSys3D:

e Extendibility: It shouldbe very easyto extendthe systemby new compo-
nents,e.g.,new visualizationtechniques.Similarly it shouldbe assimple
aspossibleto apply alreadyimplementedvisualizationtechniquego newv
dynamicalsystems.

¢ It shouldbepossibleo easilycomparelifferenttechniquese.g.,thebeha-
ior of differentnumericalintegrationmethods.Component®f the system,
which obviously allow alternatve solutions, should be exchangeableas
well.

e The systemshouldespeciallysupportrapid prototypingin a collaboratve
ervironment,i.e., thestructureof DynSys3Dshouldallow multiple userso
develop additionalsystemcomponentsn parallel,evenif they dependon
eachotherswork.
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e Interactvity: Realtime visualizationis quitedifficult to achieze in mostsit-
uations.Within DynSys3Dthe geometricrepresentatioms controlledby a
parametemwhich influencesthe geometriclevel of detailto allow aninter-
active examinationof theresults.

e Thesystemdesignshouldinducesomesymmetryguidelinesto helpdevel-
opersto implementmoduleswhich areintuitiveto combineanduse.Ques-
tions aswhereto usethe AVS data-flav mechanisnor which parameters
shouldbe handedover to the user shouldbe answeredorior to individual
decisiongduringthe development.

e The systemshouldprovide controlmechanismso allow developersto se-
lectively offer only thoseparameterso the user which heis primarily in-
terestedatin his currentinvestigation It is very importantto adjustnumber
andrepresentatiomf module parameterso provide a sensibleuserinter-
face.Too mary parameteraswell asmissingoneshamperthe usability of
amodule.

¢ |t shouldbepossibleor developerdo concentratspecificallyonthevisual-
ization partof theinvestigation.This requiremengespeciallytargetsrelated
problemsas,e.g.,how to find critical pointsor cyclesof adynamicalkystem.
Generabolutionsto thesetaskswerenotin the scopeof this project.

8.3 DynSys3D systemdesign

Thedesignof DynSys3Dmainly consistsf a setof structuralspecificationsand
principal decisions. Thereis no specificfunctional core of the system,which

hasto beavailablewhenimplementingfurther softwarebasecdn this workbench.
The main advantageof working within DynSys3Dis the ability to reusealready
existing softwarecomponentand, simultaneouslyto extendthe systemby new

features.

Principal components

A major elementof the systemis the principal component Initially DynSys3D
consistedf threeof them: DYNAMICAL SYSTEM, NUMERICAL INTEGRATOR,
and VISUALIZATION TECHNIQUE. A moduleis built by choosingappropriate
representatiesof the principalcomponentsvolvedandlinking themtogetherto
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anAVS module.For example,a combinationof LORENZ, EULER and STREAM-
LINE, would resultin an AVS module,which is capableof generatinga stream
line which representshe Lorenzattractorby usingEulerintegration[63].

All representaties of a principal componentmust conformto an interface
given by DynSys3D The interface specificationis representes a headerfile
within the system.This file lists the maximumcapabilitiesof a principal compo-
nent. Representatesof a componentwhich do notimplementthe whole list of
functionsarealsopossible but may not, dueto their limitations, be ableto work
with certainothercomponentnstancesThe checkwhethersomeinstancesvork
togetheror notis doneautomaticallyduringthelink step.

Separatingvisualization techniquesand module interfaces

The mostimportantprincipal componeniof DynSys3Dis the VISUALIZATION

TECHNIQUE. Instancef this classrepresenthe core of the modulesandthus
provide the mechanismghat are necessaryor building an AVS module. The
visualizationtechniquetself shouldbe clearlydecoupledrom the AVS interface
functionality This allows easyreuseof the visualization-techniqueodewithin

othercompoundvisualizationtechniques.For example,it shouldbe possibleto
reusethe streamline techniquewithin anothermodulewhich generatesinentire
rackof streamlines.

AVS modulesmainly consistof onemain C proceduresach.lt is invoked by
AVS, whenerer new datahasbeenpropagatedo the modulethroughthe data-
flow network or a moduleparametewas changedoy the user During eachcall
the currentinput dataandparameteraluesarehandedover to this mainfunction
via parametersGenerallythis mainfunctionperformsthevisualizationtechnique
representetly the moduleandfinally returnstheresultingoutputdatato AVS.

Within DynSys3Dthe mainfunctionof amodulerepresenta separationayer
betweerthe AVS interfaceandtheimplementatiorof thevisualizationtechnique.
Parametersinput, andoutputare managedvithin this layerandanotherfunction
is calledto performtherequiredvisualizationtechniquelt is this secondunction
which canbereuseddy othermoduleswithout majorchange®r adaptations.

Multiple developers
DynSys3Dwasdesignedo supportmultiple developersextendingthe systemin

parallel. In generalseveraldifficultiesarisein sucha situation: Developersoften
getalocalcopy of thesystemandextendit by theirown contrikutions. Afterwards
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all thesecopieshave to be melged, which is potentially ratherdifficult. Evenif
the instantiationof multiple copiesof the systemis omitted,problemsmay arise:
Codewhich was alreadyusablemay becomecorruptagain,whendeluggingis
performedon thecode.

Thedesignof the systemallows to reducetheseproblems.Only the directory
hierarchyof DynSys3Dis replicatedfor all the developers.They build their im-
plementationgocally until it is finished. Wheneer a developerneedsanalready
existing systemcomponent,a link to the DynSys3Ddirectory tree is installed
insteadof the replicatedlocal directory Developersare encouragedo make al-
readyworking partsof their work early available to the othersby placingthem
ascompiledcodewithin the DynSys3Dfile space.Thesesubmittedobjectfiles
stayavailableto the othersevenif thelocal copy of the developermay not work
momentarily Whenanew components finished,it is movedfrom thedevelopers
local hierarchyto the DynSys3Dareaandinstalledasstandarccomponent.

Focuson visualization

The designof DynSys3Dreflectsthe intentionof providing a system,which al-
lows to concentrateon visualizationaspects.Sometasksduring the analysisof
dynamicalsystemshowever, belongto otherareadik e mathematicandnumer
ics andhadto betackled,atleastpartially, aswell.

One classof suchproblemsis the identificationof characteristicsubsetan
a dynamicalsystem.Writing a pieceof software,which is capableof finding all
theseelementss,e.g. critical points,cycles,andseparatricess beyondthescope
of DynSys3D In this specificcasewe transferedhe searchfor thesecharacter
istic elementdrom the visualizationcomponento the dynamicalsystemitself.
Thisis doneasit is mucheasierfor aspecificdynamicalsystento declarats crit-
ical pointsthanfor a generalpieceof softwareto identify characteristicsubsets
for arbitrary dynamicalsystems.Anotherreasonwhy this solutionseemso be
appropriatas thatoftentheresultsof analyticalanalysesreavailableprior to the
visualizationstep.

Interacti vity

Visualizationusuallyis demandingn termsof time andcomputeresource$73].
Comple operationduringthe several stepsof the visualizationpipelineandthe
hugeamountof datainvolvedin the calculationsslow down the visualizationin
mostcases.Moreover in mary caseghe datagenerationge.g.,numericalsimula-
tions,take evenlongerthanthevisualizationitself.

89



Evaluation / 8.4

In the caseof this thesisthe actualvisualizationtechniquesarealsooften far
from beinginteractve. Anyhow we thoughtthatat leastaninteractve inspection
of the resultsof the visualizationshouldbe possiblefor the techniquesnvesti-
gated. Thereforethe visualizationmodulesinclude a parameterwhich controls
the complity of the geometricrepresentatiof the result,e.g.,the numberof
triangles.

This geometricrepresentatioparametedoesnot influencethe numericalac-
curag, whichis usedfor thecalculationof theresults.It justforcesthe moduleto
useacourserrepresentatioof theresultsthanreportedrom the calculation.

Symmetry

Anotherconcepbf DynSys3Dis theaimto increaseheamountof softwaresym-
metry acrosdifferentimplementation®f multiple developers.Symmetryin this
context meansthat implementatiorshouldreflectcertainmacrostructurese.g.,
semanticatelations(streamline «» streamsurface)or the modularconcept.

Theseparatiorof principalcomponentsndthe specificatiorof theinterfaces
is akey designelementwhich leadsto moresymmetry Additionally someprin-
cipaldecisionsg.g.,therequirementf a parametecontrollingthe compleity of
the geometricrepresentationyerethoughtto leadto moresymmetrythroughout
the system. The achiazementof a high degreeof symmetryis formulatedasa
designguidelinewhich mustbeadheredo by the differentdevelopers.

8.4 Evaluation

After presentingthe designof DynSys3Dwe now want to evaluatethe system
againsthe goalsandrequirement®f Section8.2.

The conceptof linking a setof alreadycompiledprincipalcomponentsllows to

rapidly extendthe systemby new componentsExistingnumericalintegrators for

example,canbelatercombinedwith new visualizationtechniquesvithoutary re-

compilation.Comparingdifferentsolutionsto a specificproblemis alsovery easy
aslong asthe implementations extractedas a separatecomponent. Currently
we can easily comparedifferentdynamicalsystemsnumericalintegrators,and
visualizationtechniques.

The designdecisionto postponethe combinationof componentdo be done
after the compilation step hasanotheradvantageas well: Multiple developers
canwork togetherandextendthe systemin parallel. Working component®f the
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implementationare madeavailable to the other developersby placing compile
codein theDynSys3Dfile area.

Interactvity is a tough goal to meet. With most of the investigatedvisual-
ization techniquest is not possibleto achieve realtime response.The modules
allow avariationof thegeometriccompleity of theresults.Thereforeat leastan
interactve inspections feasible.

DynSys3Dprovides somemechanismswhich enforcea certainamountof
symmetry Additionally we aretrying to increasethe amountof symmetryby
specifyingguidelineswhich developershave to follow. For example,we decided
to handover informationaboutthe startinglocationof streamlines by usingthe
AVS data-flav mechanismalthoughsucha seedpoint alsocould be specifiedby
theuseof Ul elementsThis clearlydoesnothold for the specificatiorof theseed
locus of a streamsurface. Providing the seedinput for both techniquegstream
line, streamsurface)by the sameimplementatiormechanismmoresymmetryis
achieved.

The separationof interfacesand the implementationof visualizationtech-
niques, allows to reusecertain methodswithin compoundvisualizationtech-
nigues.Input dataandparametersf sucha reusedcomponentanbe controlled
by the moduleusingit andthusit is possibleto reducethe parametesetof any
AVS moduleto a meaningfulandintuitive extent.

Up to now we were ableto omit situations,wherewe would have hadto in-
cludesomenon-trivial techniquedrom afield we arenot expertsin, e.g.,numer
ics. For example,we did not implementa generalsearchengine,which reports
thecharacteristisubset®f adynamicakystem Insteadve requirethedynamical
systemitself to tell it’ s characteristideaturesg.g.,critical pointsandcycles. Ob-
viously theuserrunsinto troublesif this featureis notimplementedor a specific
dynamicalsystemhewould like to visualize.

SeeFig. 8.1 for asamplenetwork shaving the concepiof visualizationbased
on DynSys3D In theupperpartthreegroupsof modulescanbedistinguishedon
theleft sidea streamsurfaceis computedandstreamarrows arecomputed.Next
to it an “back-stream”surface,i.e., a streamsurface computedusing backward
integration,is computed.On the right side a representationf the axesof phase
spaceis generated.All threegroupsfeedtheir outputinto the viewer module
wherethe scends rendered.
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Figure8.1: An examplefor a data-flav network in DynSys3D
8.5 Systemcapabilities

In the scopeof the projectspresentedn previous chaptersof this thesisa num-
ber of systemcomponentavereimplementednto DynSys3D. Basicvisualiza-
tion techniguess,e.g.,STREAMLINE and STREAMSURFACE have beenrealized
within thesystem67]. Additionally threedifferentnumericalintegratorsnamely
EULER, RK4, i.e., a Runge-Kitta integrator of fourth order and ADAPRK 4, a
fourth orderRunge-Kutta integratorwith fifth ordererror correction,is available
to DynSys3Ddeveloperd70]. Severaldynamicakystem$ave beenmplemented

aswell. Prominentexamplesare,e.g.,L ORENzZ andROESSLER, two well-known
chaoticattractorg63].
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Chapter 9

Summary

If you have animportantpoint to make, don't try to be subtleor

clever. Usea pile driver. Hit the pointonce. Thencomebackand

hit it again.Thenhit it athird time — atremendousvhack.
WinstonChurchill (1874-1965)

Flow visualizationandthe visualizationof dynamicalsystemsmake up anim-
portantresearchareain the field of visualization. Complex dynamicsapparent
over multi-dimensionabdlomainsrequiresophisticatediisualizationtechniquego
beinvestigateckfficiently. Eithersimulateddata— usuallyhugedata-setsesulting
from finite elementcalculations- or analyticmodels— differentialequationsep-
resentinga dynamicalsystem- significantlyextendthe sizeof easilyandquickly
understandablenformation. This, generally is the point wherevisualizationis
required.

Quiteareasonablaumberof usefulvisualizationtechniqueslreadyareavail-
ablefor the purposeof gettinginsightin data-set®f thatsize.Directvisualization
by meansof directvisualencodingof thegivendynamicsprobablyis themostin-
tuitive and, thus, the oldestapproacho the visualizationtask. Hedgehogplots,
streamlet@ndstreaninesalreadyhave along traditionin flow visualization.Es-
peciallyin 2D they directly andintuitively representhe motionto bevisualized.

More elaboratedtechniqueslike spot noise and line integral convolution,
streaminesin 3D andstreamsurfaces streanballs, streanribbons,streampoly-
gonsandstreamtube,flow volumes,aswell asparticlesystemsenrichthe possi-
bilities of directly visualizinga dynamicalsystemor flow data.
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Insteadof directly representinghe flow dynamics,sometimedocal or abstract
dataderived from the dynamicalsystemshould be visualized. Critical points,

for example,usuallyareespeciallyinteresting.Thus,local informationextracted
from higherorderderiatives,arevisualizedusing,for instanceglyphsor icons.
Abstractdata, lik e lower-dimensionakkeletonsthat describethe flow dynamics
just qualitatiely, i.e., the topologicalstructureof a dynamicalsystem,oftenare
of specialinterestalso. Combiningthosetwo approacheappears$o beespecially
useful, sincea denserepresentatiorns used,the mostimportantinformationis

corveyed.

9.1 Streamarrows

The direct extensionto streamlines in 2D are streamsurfacesin 3D. A one-
dimensionaketof initial conditionsis developedthroughphasespaceby the use
of localintegrationof theflow data— a streamsurfaceis constructedSincethree-
dimensionakpaceas muchmoredifficult to investigatehan2D, somedisadwan-
tagesare given for the use of streamsurfaces. The projectionof 3D datainto
imagespaceandthe useof large-scalesurfacestructureqstreamsurfaces) often
causeocclusionto becomea severeproblem—importantpartsof thevisualization
cuesmay be hiddenfrom the viewer.

Streamarrawns, i.e., the useof a specialtexture featuringsemi-transparerdr-
rows within the streamsurface,enhanceshe visualizationof three-dimensional
flow by severalmeans:

e The problemof occlusionis diminished,aspartsof the streamsurfaceare
modeledsemi-transparentlgndthe viewer is ableto perceve visualization
cuesplacedbehind.SeeFig. 4.3for atypicalimagefeaturingstreamarrowns.

e With streamarraws orientation directionandvelocity of theflow is shovn
additional to the spatial extent of the integral surface. Even corver-
gence/drergencebecomewisible by the useof streamarrows.

Extensiondo streamarrons are:

e Anisotropic spot noiseis combinedwith streamarrons to depict stream
lines as well as time lines simultaneouslyon the streamsurface (see
Fig.4.11).

e Streamarrons can be extendedinto 3D. For instance,the vicinity of a
streamsurfaceis visualizedtogetherwith the streamsurface. In the case
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of stable(stream)surface-setshe behaior nearsucha surfaceoftenis very
importantto beunderstoodTheintegratedstreamarrow in Fig. 4.14shows
theattractingcharacteof the streamsurface.

The procedurefor generatingstreamarrows is ratherstraightforward. First, a
streamsurfaceis calculatedor a specificsetof initial conditions.Texture coordi-
natesareassignedo eachvertex usingthefollowing principle: A 1D parameteri-
zationof thesetof initial conditions for instancethearc-lengthparameterization,
is assumedAll surfacepointslying on onestreamline inheritthe 1D parameter
of the associatedhitial conditionasu-coordinate.The v-coordinateof a surface
pointis theintegrationtime, assumingheinitial conditionto have time zero(see
Fig. 4.5).

Next, the streamarrows texture is defined. Vertical linesin texture spaceare
correlatedto streamlines, horizontal lines correspondo time lines within the
streamsurface. In the implementationthe texture is definedon the basisof a
basetile representingpnearrov andatiling mechanisngeneratingmplicitly as
mary streamarronvs asnecessarylinsteadof onesinglestreamarrows texture,an
entirestackof texturescanbe used(hierarchicalstreamarrows). This eliminates
someproblemswith the standardstreamarrowns techniquan caseof greatlocal
divergence/covergence.SeeFig. 4.8for anillustration of this extension.

Thereare (at least)two possibilitiesto realize streamarrovs within stream
surfaces. Oneis to specifyan alpha-teture for the surfaceelement,andlet the
renderercareaboutsemi-transpareryc Anothertechniquds to geometricallyseg-
mentthe streamsurfaceinto threeseparatérianglesets,onefor the opaqueparts,
the borderelementg1D), andthe semi-transparergarts. An efficient sgmenta-
tion algorithmis describedn Sect.4.3.

Anisotropicspotnoiseis generatedisingthe sameexture coordinatespecifi-
cationasusedfor the streamarronvs andagainexploiting the correlationbetween
u-lv-lines and stream/timdines. A cyclic texture is generatedn texture space.
Constanflow alongu-linesis assume@ndananisotropicspotis usedto empha-
sisstreamandtimelines,simultaneouslySeeFig. 4.10for an(enlaged)imageof
the spotandtheresultingtexture. Mappingsuchananisotropicspotnoisetexture
to the streamsurfaceillustratesstreamandtime lines.

Anotherapproactio diminishthe problemof occlusionis to useselectve cuts
throughthe visualizationmodel. Partsin front of others,also importantparts
of the visualizationarerenderedalmosttransparentlyto allow insightwithin the
model. Animationis usedto move cut planesandhelp the viewer to understand
thecuttingoperatiorperformed.SeeFig. 4.12for two imagesout of ananimation
wherethe cut planewasmovedthroughthe model. The intersectiorof cut plane
andstreamsurfacewasenhancedy white tubes.
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In additionto selectve cutsthereareseveralotherpointsin the streamarrovs
technigue whereanimationeasilyand usefulcanbe hooked in. Arrows canbe
move over the streamsurfaceinto thedirectionof flow, theinitial conditionsmay
be alteredwithin ananimation.Viewpoint animationalsoimprovesthe percepti-
bility of visualizationmodelsgeneratedisingthe streamarrovs technique.

9.2 Poincaré mapsand visualization

Dynamicalsystemftenexhibit cyclic or quasi-gclic behaior, e.g.,food chains,
oscillating chemicalreactionsweathermodelsbasedon the period of oneyear
etc. Thecyclic propertyof suchsystemsisuallydominateshecharacteof thebe-
havior. Sincetheperiodicor quasi-periodidehaior usuallyis known in advance,
thelocal changegurn afterturn aremuchmoreinteresting.

In casedik e thesePoincaé maps,a techniqgueusedby mathematicianshe-
comesuseful. A planarcross-sectiongalledthe Poincaé section,is placedor-
thogonalto the periodicflow. Consecutie intersectionof flow trajectoriesare
relatedvia the Poincaé map,i.e., a discretedynamicalsystemof onedimension
lessthanthe cyclic flow. This Poincaé mapinheritsmary importantproperties
from the periodic or quasi-periodidlow. SeeFig. 5.1 for anillustration of this
relationbetweerthe 3D flow andits 2D Poincaé map.

Thevisualizationof periodicor quasi-periodicynamicalsystemganbedoneon
thebasisof Poincaé maps.Severalpossibilitiesaregiven:

Visualizing {p(x;) | 0<i<m} — A directvisualizationof Poincaé mapp is to
visually correlatex andp(x). This canbe doneby placingsmall arrovs
onthePoincaé sectionwith thetail alignedwith x andthe headcoinciding
with p(x). SeeFig. 5.4 for a visualizationof a non-linearsaddlecycle
wherethistechniquewvasused.

Visualizing p(S) — Insteadof plotting a rathersmallnumberof arrows for a dis-
cretesetof pairs(x;, p(x;)), acontinuougepresentationf p(S) by theuse
of adaptedpotnoisecanbeused.Elliptic spotsareplacedonthespotnoise
texture suchthatthe focal pointsof the ellipsescoincidewith x andp(x).
Usinga high numberof spotsa directrepresentationf continuougp(S) is
achieved(seeFig. 5.6).

Visualizing {p’(x,) | >0} — Often the long-term behaior of a dynamical
systemis of specialinterest. Thusthe visualizationof the repeatedappli-
cationof Poincaé mapp is alsovery important. Insteadof shaving mary
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arrovsrepresentingneapplicationof p to mary pointsof thePoincaé sec-
tion, {p’(xo) | >0}, i.e., therepeatedpplicationof p to onespecificini-
tial conditionis representedT he discreteorbit canbe shavn, for instance,
assetof smallspheresSeeagainFig. 5.4, wherea few orbitsareincluded
to visualizethelong-termevolution inducedby the dynamicalsystem.

Visualizing p? insteadof p! — Sometimestheinvestigatiorof p? is moreuseful
thanvisualizingp itself. Usuallythisis thecasejf ag-loopcycle,i.e.,acy-
cle thatclosesafter ¢ revolutions,dominateshe behaior of the dynamical
system. Visualizationon the basisof Poincaé mapsshouldtake this into
account(seeFig. 5.8).

Visualizing {p’(S) | >0} — Using animationeven the repeatedapplicationof
Poincaé map p to the continuoussub-setsof Poincaé sections, i.e.,
{p?(S) | j > 0}, canbe visualized. For efficiency reasonsa texture on
sub-setS is transformedusinga warp approximationof p in discretetime
stepsfor eachapplicationof p. Thevectorsof the warp approximationare
derivedfrom the Poincaé mapp.

Adding Flow Visualization — It is alsohelpful to combinePoincaé sectionvi-
sualizationwith flow visualization. The relation betweenPoincaé map
and continuoudlow is depicted. This helpsto keepthe periodicor quasi-
periodic structurein mind when investigatingthe Poincaé map (seethe
figureonpage53).

9.3 Visualization of critical points

Besideghedirectvisualizationof dynamicalsystemshevisualizationafteranal-
ysisis animportantfield of research Oftenthetopologyof a dynamicalsystem
is extractedin adwvance,andvisualizationis usedafterwardsto communicatehe
results.Usuallythefollowing procedureas used:First, thecritical pointsareiden-
tified. Next, the Jacobiammatrix is investigatedor all critical pointsto classify
theirtype(attractorrepellor etc.),andto extractthecharacteristitrajectorieem-
anatingfrom thesepoints. Furtherinvestigations usedto clarify theinterrelation
betweerthe critical points. Then,critical elementf higherorder e.g.,cyclesor

tori, aresearchedAgain local derivativesareinvestigatedo identify the type of

thesehigherordercritical elements.

Theidentificationof critical pointsasthemostimportantstepof flow topology
analysisraisesa demandon sophisticated/isualizationtechniquedo corvey the
resultsof theanalysis.Location,type,aswell asthelocal propertiesderivedfrom
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the Jacobiammatrix canbevisualized.Dependingon the type of the critical point
differentmethodsareuseful:

Threecharacteristic trajectories — if all eigervaluesof the Jacobiarmatrix are
real, differentfrom eachother anddifferentfrom zero,threecharacteristic
trajectoriesare connectedo the critical point. If all of the eigervaluesare
negative (positive), thecritical pointis anattracting(repelling)node.Mix ed
signsindicatereal saddles.

An intuitive visualizationis to (numerically)integratethe characteristidra-
jectoriesandindicatethe orderof attraction/repulsiotby the numberof ar
row glyphs positionedonto them. As an exampleFig. 6.1(a) shaovs the
critical point of a lineardynamicalsystem.

Two characteristic sets(1D & 2D) — if two of threereal eigervaluesare equal
or apairof comple« numberspnelocal characterististructures asurface.
Again, thetypeof thecritical point canbe anattractor repellor or saddle.

Visualizingsucha critical point, a streamsurfaceis integratedto represent
the 2D characteristielement,andtwo streamlines are integratedfor the
1D characteristi@directionassociatedvith the critical point.

Other types— Of coursethereareother usuallynon-hyperbolidypesof critical
points. Arbitrary complex local structuresanappearespeciallyif theJaco-
bian matrix degeneratesndhigherorderderivativesareto beinvestigated
for analysis.

Specifyinga generalvisualizationtechniquefor all thesetypesis cumber
someandusually not necessarysinceusuallycritical pointsare of one of
the simpletypesdescribedabore — non-hyperbolicsystemsoften are con-
sideredto be just a transitionalelementbetweentwo hyperbolicsystems
with differing behaior.

For the visualizationof systemabstractionst is usefulto alsoincludea certain
amountof directvisualizationto give afew intuitivevisualhintsfor understanding
theabstracstructure . Streamletsfor example,usuallyareeasilyunderstooagnd,
thus,well suitedfor beingcombinedwith the visualizationof flow topology See
Fig. 6.5for threeexamplesof suchacombination.Characteristielementaswell
asfew directvisual hints, i.e., streamletriginating nearthe critical points,are
displayed.
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9.4 Visualizing characteristic structur es

Besidescritical points, characteristidrajectoriesbelongto the mostimportant
elementsof flow topology Similar to the visualizationof critical points, it is
usefulto combinethe visualizationof abstractopologywith directvisualization
alsoin the caseof characteristicurves.

In Chapter7 the ‘thread of streamlets’techniqueis proposedo selectvely
placestreamletsn thevicinity of characteristidrajectories A certainprobability
functionis usedto randomlychooseseedpointsfor a numeroussetof streamlets,
i.e., athreadof streamlets.Using constantflow asa referencemodela relation
betweennumberof streamletsjntegration length and seedpoint distribution is
derived. Theactualspatialarrangemenshapeandlengthof the streamlet€om-
municateghe flow velocity nearthe basetrajectoryandlocal informationabout
convergence/drergence androtation.

SeeFigs. 7.3b) and7.4(b) for two exampleswherecharacteristidrajectories
belongingto thecritical pointsof alineardynamicalsystemsarevisualizedusing
thistechnique Comparedo thevisualizationof topologicalinformationasshown
in Fig. 7.3(a) advantagesanddisadantagesanbe found:

+ thedynamicsrelatedto thetopologicalstructureis moreintuitively displayed
usingthreadsof streamlets Having just topologicalinformation,it is usu-
ally impossible(or quite difficult, at least)to imagine, how a trajectory
would evolve startingfrom a specificstatenearthecritical point.

- thesetof visual cuesnecessaryor visualizationis lessdenseusingthreads
of streamletghan displayingtopologicalinformationonly. This reduces
the remainingbandwidthof the visual channelusedfor visualization. The
combinationof this techniquewith othervisualizationresultsmight cause
problemsdueto visualoverload.

An importanttopic whenusing 1D elementdor visualizationin 3D. As 1D el-
ementsn 3D have aninfinite numberof normals(opposedo surfaceswith one
pair of normals),moreelaborateechniqguesnustbe used. A physicallycorrect
solutionwould requireto evaluatean integral over all directionswithin the nor-
mal plane. Simple but useful approximationsare available that allow efficient
renderingof 1D elementsn 3D.

Besidesline shadingthe problem of line shadeving should be addressed.
Again, a correctsolutionwould require costly computationssimilar to volume
rendering. Instead,depthcueingcan be usedas a rough approximationof line
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shadaving. Combiningline shadingandline shadaeving, or, at least,someap-
proximationsof theseaspectsallows to renderusefulresultswith the ‘threadsof
streamletstechnique.

Thread=f streamlet@reextendedn severaldirections.Color codingis used
for communicatindocal properties.Arrow headscanbe attachedo the stream-
lets,alsoproviding parameter$or visualization(seeFigs.7.4(a) and7.5a)).

Theentireprojectonadvancedvisualizationtechniquegoncerninglynamical
systems, including the sub-projectsstream arrows, visualization based on
Poincaé maps,visualizing critical points, and the visualizationof characteris-
tic structuressharesa commonimplementatiorplatform,calledDynSys3D The
systemitself is basedon AVS, which is a generalpurposevisualizationsystem,
featuringa data-flav modeltogethemwith a schemeo build modules.A few de-
signfeaturescharacterizé®®ynSys3D

Principal components— Each visualization module developed within the
scope of DynSys3D consistsof, at least, three principal components:
DYNAMICAL SYSTEM, NUMERICAL INTEGRATOR, andVISUALIZATION
TECHNIQUE. Ratherstrict interface specificationsbetweenthe principal
componentsllow to freely combinedifferentcomponentsvith eachothet
For example,it is very easyto reuseanew, integrationtechniquewith other
existing visualizationmodules.

SeparatingVisualization and User Interface — Each instanceof the compo-
nent VISUALIZATION TECHNIQUE is itself composedof a core provid-
ing the visualization,anda shelladdingthe userinterfacewhich is visible
throughthe AVS ervironment.This separatiorallows to re-usealreadyim-
plementedrisualizationtechniquedik e streamline integrationwithin other
maybemorevisualizationmethoddik e processing rake of streamlets.

Focuson Visualization — Insteadof comingup with generakolutions,in related
fieldsthatdo notdirectly contribute to visualizationresearchgertainprob-
lemslik etheidentificationof critical pointsor theevaluationof theJacobian
matrix wheredecidedo besolvedindividually insteadof comingup with a
generalsolver for all cases.A dynamicalsystem for example,is required
to know aboutits critical pointsinsteadof usingsomegenerapieceof code
whichis ableto find critical pointsfor any dynamicalsystem.

Interactivity — Onemajoraim of DynSys3Dwasto be a platformfor rapid de-
velopmentof new ideasin the field of visualizingdynamicalsystems.To
examinevisualizationresultsin areasonabléime it is necessaryo prevent
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the renderingpipeline of being overloadedwith too mary geometryele-

ments. The representationf the geometrybeinggeneratedy DynSys3D
modulesis parameterizedo that coarseapproximationf the calculated
geometrycanbe usedfor investigation. Decouplingnumericalsimulation
accuray andoutputgeometrycompleity allowsto computeaccuratesolu-

tions, but useonly a smallnumberof trianglesfor investigation.
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Conclusions

A clever personsolvesa problem.A wise personavoidsit.
Albert Einstein(1879-1955)

Thosearemy principles.If youdont like theml have others.
Grouctho Marx (1890-1977)

After this projecton the visualizationof dynamicalsystemsj.e., after yearsof

researchn thisfield, afew conclusionsanbedravn. Maybethe mostimportant
insightwasthefollowing: it is usefulto intuitively communicatalynamicsby the

useof directvisualization.It is alsousefulto first derive topologydataandthen,

afterwards,do thevisualization.Ilt seemshowever, to be mostusefulto combine
both approachesfirst, seewhethercharacteristieelementscan be identified by

theuseof dynamicalsystemanalysis.Then,visualizethesetopologicalstructures
andadddirectvisualizationto includesomeintuitive hintsfor readingtheabstract
representation.

Anotherexperiencdearnedfrom this work is animportantimplication of the
ratherobvious fact ‘the bandwidthof the visual channelavailablefor communi-
cationvia visualizationis limited to a certainextent’: visualizationresearchs
not only working on the question'How to visualizecertaininformation’; equally
importantis the questionf Whatinformationshouldbevisualized or whatpartof,
i.e.,whatshallbe omitted etc..

Usuallyit is notsufficientto provide high-qualitysoftwareto users.Oftenthe
visualizationexpertnecessarilys includedwithin the procesf visualizationto
generataisefulresults. The knowledgeof how to mapdatato visualinformation
is in mary caseqotintuitive, andhasto belearnedalso. Eitherusershave to be
trainedto usevisualization,or visualizationexpertsareto be includedwithin the
visualizationprocess.

An interestingpoint for doing visualizationof three-dimensionalata,is that
3D is morethanjustanextensionof 2D. New challengesvaitin 3D, for instance,
characterististructureof dynamicalsystemghatsimply do notexist in 2D like
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saddlecyclesor tori. Therenderingstepinvolvesa projectionfrom 3D into 2D.
This confrontsthe visualizationexpertwith problemsthataresignificantlymore
complex than2D to 3D extensionswould produce.Occlusion,for example,is a
problemof akind, which simply doesnot exist in 2D.

A conclusioncan be dravn which is not limited to scientific visualization,
computergraphicsor eventechnicalsciencethe optimalvisualizationtechnique
obviously dependsn whatthe userwantsto see! Especiallyin the caseof visu-
alization,the questionsof usersoftenvaryin a significantway. New ideasin this
field often do not replaceother alreadyexisting methods but, ratherenrichthe
assortmenof possibleviews ontothe users data.
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Appendix A

RelatedURLS

Outsideshaw is a poor substitutefor innerworth.

Aesop(620-560BC)

Streamarr ows —
e http://www.cg.tuwien.ac.at/re
dynsys/Streamarrows96/

¢ http://www.cg.tuwien.ac.at/re
dynsys/HierStreamarrows97/

e http://www.cg.tuwien.ac.at/"m

Poincaré Maps and Visualization —
e http://www.cg.tuwien.ac.at/re
dynsys/Poincare97/

¢ http://www.cg.tuwien.ac.at/'t

Visualization of Critical Points —

e http://www.cg.tuwien.ac.at/re
dynsys/AdvFPViz/

Visualizing Characteristic Trajectories —

e http://www.cg.tuwien.ac.at/re
dynsys/KnitDS97/

Implementation: DynSys3D—

¢ http://www.cg.tuwien.ac.at/re
dynsys/DynSys3D96/
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Other DynSys3D-RelatedMaterial —

e http://www.cg.tuwien.ac.at/st
VisSem97/

¢ http://www.cg.tuwien.ac.at/re
studierstube/AVS/html/

References-
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Appendix B

Sampledynamical systems

Exampleis not the mainthing in influencingothers.It is the only
thing.

Albert Shweitzer(1875-1965)

In thisappendixasetof simpledynamicalsystemss discussedwhichwerespec-
ified astestcasedor the visualizationtechniquegpresentedn this thesis. Each
exhibits a specialfeatureof 3D dynamicalsystemsas, e.g., a critical point or

cycle.

B.1 REALFP

As avery simpletestcasewe definea dynamicalsystemwhich hasexactly one
critical point at the origin of phasespaceandreal eigervalues/-ectorsof the Ja-
cobianmatrix there:

T = Az, A#0
= B-y, B#0
z = C-z, C#£0,A>B>C

Dependingon the valuesof A, B, and C' the critical point is either attracting,
repelling, or a saddlecritical point. Note, thatrelation A > B > C'is nota
restrictionto this system sinceaxesz, y, andz arearbitrarychoicesandcanbe
reorderedo fulfill any otherrelationbetweenA, B, andC.

0>A>B>C — attractingnode
A>0>B>C — saddlenode(attractingz axis)
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ComMmPLFP/B.2

A>B>0>C — saddlenode(repellingz axis)
A>B>C>0 — repellingnode

B.2 COMPLFP

In additionto the casethat all eigervalues/-ectorsof the critical point’'s Jaco-
bianmatrix arereal,a pair of conjugateccomplex eigervalues/-ectorscanoccur
This caseis not possiblein dynamicalsystemREALFP, thusanothersystemis
necessaryo testthis case- we startwith » and¢ denotedn polarcoordinates:

o= A-r, A#0
6 = 1
2 = B-z

Dependingon the valuesof A and B this systemexhibits either an attracting,
repelling,or saddlecritical pointwith a pair of conjugateccomplex eigervalues/-
vectors:

A<0,B<O0
A<0,B>0
A>0,B<0
A>0,B>0

attractingfocus
saddlefocus(attractingz axis)
saddlefocus(repellingz axis)
repellingfocus
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In termsof Cartesiarcoordinategxz = r - cos ¢, y = r - sin ¢) this dynamical
systemcanbewritten as

T A-xz—y
y = A-y+zx
2 = B-z

B.3 REALCYC

For testingPoincaé mapswe definea simplecycle in 3D. The critical point of
the Poincaé mapof this dynamicalsystemshouldbe eitheranattractingnode,a
saddleor arepellingnode.For this purposewe think aboutpointsin phasespace
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NLCycl/B.4

asspecifiedby coordinates:, ¢, andz: r and ¢ denotepolar coordinatesn the
z-y plane.REALCYC cannow bespecifiedasfollows:

o= A-(r’-1), A#0
]
2 = B-z, B#0

This dynamicalsystemcontainsa cycle. This is easyto shav: 7|,.—; = 0 and
Z|,=0 = 0 inducethattheunitcycleC = {x : » = 1} is a cycle of this dynamical
system.Furthermordt canbe statedthatthereareno othercyclesthan( in this
specificdynamicalsystem: since z|, # 0 no cycle canexist outsidethe z-
y plane;r| ., # 0 assureshatno othercycle thanthe unit cycle resideswithin
thez-y plane.

Usingthis definition,we candirectly influencethe Poincaé mapof cycleC by
adjustingparameterst andB:

A<0, B<0 — stablelimit cycleC

A<0, B>0 — saddlecycleC, attractingcylinderr =1
A>0, B<0 — saddlecycleC, attractingz-y plane
A>0, B>0 — instablecycleC

To embedthis systemin the scopeof DynSys3D,jit hasto be definedon the basis
of Cartesiarcoordinates:

r = r-cos¢o
y = r-sing
Thedynamicalsystemin termsof Cartesiarcoordinatess thengivenas:
T = a-zxz—y, a=A-(r—1/r), r=+/22+y?

a-y+zx
z = b-z, b=B

B.4 NLCvycl

Another test casefor the Poincaé sectiontechniquess NLCycl, which is a
dynamicalsystemthatexhibits onecycle with anon-linearPoincaé map.
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REALTORUS/ B.5

First we specify a linear 2D systemwith a critical point in the origin and
characteristicirectionscoincidingwith the axesof the system:

a = A«
B = B-p

Next we applyanon-lineartransformatiorto variablea: v = o + 5%, andv = .
This transformatioryieldsanother2D dynamicalsystemasfollows:

U = A-u+ (2B — A)-0?
= B-v
We now placethe entire systeminto the half-plane{ (v, v") : v’ > 0} by trans-
formationv’ = ¢, v = v (u = Inv/, v = v') andendup with the following
system:
w'/u' = A-Inu' + (2B — A)-0”?
v = B

Finally we transformthe systeminto 3D by rotatingit aroundthe z-axis(r = v/,
¢ = C,andz = v"). Thisyieldsthefinal systemasfollows:

i = 2-(A-Int+(2B—-A)-24) —~C-y, r=+/22+92
g = y-(A-Inr+(2B—-A)-2)+C -z
2z = B-z

B.5 REALTORUS

REALTORUS shouldbe a dynamicalsystem,which exhibits an invarianttorus,
eitherattractingor repelling. To designthis systemwe startin 2D:

= A-(r*-R), A#0,R>0
p =1

Dependingonthevalueof A this systemhaseitheranattractingor repellingcycle
of radiusR. In Cartesiarcoordinategu = r - cos p, v = r - sin p) thissystemis
givenasfollows:

“ = a-u—v, a=A-(r—R/r), r=vVu?+v?

v o= a-v+u
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REALTORUS/ B.5

We now squeezeahis systeminto half-plane{(v’,v") : v’ > 0} by transforma-
tionu' =e*, v = v (u = Inv/, v = v'") andendup with thefollowing system:

W/ = a-u—v, a=A-(r—R/r), r=Vul+u?

v = a-v+u

Usingthis dynamicalsystemn 2D, we canconstructathree-dimensionaystem,
which actuallycontainsaninvarianttorusby thefollowing definition:

= - cos¢
= o -sing
z =

Assumingg = C (v = Inu/ = In /22 + 32, v = v = z) thisdynamicalsystem
canbeexpressedsfollows:

t = (a-u—v)-2—C-y, a=A-(r—R/r), r=Vu?+1?
' (a-u—v)-y+C-x
z = (a-v+u)
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Appendix C

Noteson the notation

Welcometo The Machine!
Pink Floyd, LP “Wish You Were Here” (1975)

scalarnumbers— italic letters,e.g.,n (dimensiorof phasespace)m (dimension
of parametespace)jndices: andj, timet, period7’, radiusR.

vector data— bold letters, sometimesindexed, e.g., x (current state of the
dynamicalsystem),v (somevelocity vector),normaln, initial conditions,
critical pointsc;.

vector components— vector(boldletter)indexedby theuseof squaredraclets,
e.g.,v[1], n[i].

sets,spacesmanifolds— standardabelsfor predefinedsets,e.g.,R (realnum-
bers)and C (complex numbers);capital Greeklettersfor specialsubsets,
etc.,e.g.,phasespacef? C R? or parametespacell C R™; calligraphic
lettersfor curves,surfacesmanifolds,e.g.,trajectory7;, cyclesc;.

functions, mappings, parameterizations— embraced functional armguments,
e.g., trajectory 75(t), dynamical systemspecificationf,(x,t), Poincaé
mapp(x).

dependenceon parameters— parameter(sasindices,for instancef;,.

matrices— bold uppercasdetters,e.g.,Jacobiant, A.
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