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Abstract, Kurzfassung

Oneof themostimportanttechnologicaldevelopmentsin the20th centuryis the(engl.)
useof computersin many areasof daily life, work, and research.Due to the
new abilities in processingdata, the amountof information that is handled,is
muchlarger comparedto previous times. As a consequence,the graphicalrep-
resentation,i.e., the visualizationof data,establisheditself asa usefulapproach
to investigatelargedata-sets.Amongotherapplicationareas,thevisualizationof
dynamicalsystems(togetherwith flow visualization)is a very importantresearch
field. Either sampleddatalike a simulationof a wind tunnelor analyticmodels
of real world phenomena,e.g.,modelsof chemicalreactionsor food chains,are
visualizedfor furtherinvestigation.Many usefultechniqueshavebeendeveloped
in this areaduringthepastfew years.In this thesissomeadditionalcontributions
to this researchfield arepresented.

After abrief introductionto thevisualizationof dynamicalsystemsandashort
overview over thestateof theart, thenew contributionsto this researchfield are
presented:Streamarrowsimprovetheuseof streamsurfacesfor thevisualization
of three-dimensionalflow data.Additional(local)informationis displayedandthe
problemof occlusionis diminishedby transparency modulation.Poincaŕemaps
areusedfor thevisualizationof periodicor quasi-periodicflows. Extractinga2D
mapasessentialinformationandcombiningit with selective cuesfrom the 3D
flow, allows to efficiently investigateevencomplex flows with periodicbehavior.
Critical points of a flow provide importantinformation– usuallymathematical
analysisstartswith their identificationand investigation. A methodfeaturinga
direct representationof flow nearcritical points as well as the visualizationof
higher-orderlocal informationis presented.Characteristictrajectoriesareimpor-
tantcomponentsin anabstractdescriptionof dynamicalsystems.Similarly to the
visualizationof critical points,directvisualizationof thevicinity of thesecurves
in phasespaceis usedto enhancetheinformationprovidedthroughvisualization.

Eine der wichtigstentechnologischenEntwicklungenim 20. Jahrhundertist die(dt.)
Verwendungvon Computernin vielen BereichendestäglichenLebens,der Ar-
beit und der Forschung. Aufgrund der neuenMöglichkeiten zur Datenverar-
beitung, ist die Menge an Information, die behandeltwird, viel größerals in
früherenZeiten. Als eineFolge davon hat sich die graphischeRepr̈asentation,
also die Visualisierungvon Daten,als ein nützlicher Ansatzzur Untersuchung
vongroßenDatens̈atzenetabliert.Die VisualisierungvondynamischenSystemen
(gemeinsammit derStrömungsvisualiserung)machtunteranderenAnwendungs-
gebieteneinensehrwichtigenForschungsbereichaus. Es müssenentwederer-
hobeneDatenwie die einerSimulationeinesWindtunnelsoderanalytischeMod-
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elle von PḧanomenenderrealenWelt, beispielsweiseModellechemischerReak-
tionenoderNahrungsketten,visualisiertwerden,um sie zu untersuchen.In den
letztenJahrenwurdenvielenützlicheTechnikenin diesemBereichentwickelt. In
dieserDissertationwerdenein paarzus̈atzlicheBeiträgezu diesemForschungs-
feld vorgestellt.

NacheinerEinführungin dieVisualisierungdynamischerSystemeundeinem
kurzenÜberblick überdenaktuellenStandder Wissenschaftwerdendie neuen
Beiträgezu diesemForschungsfeldpräsentiert:Strömungspfeileverbesserndie
VerwendungvonStrömungsfl̈achenfür dieVisualisierungvondrei-dimensionalen
Strömungsdaten. Zus̈atzliche (lokale) Information wird dargestellt und das
Verdeckungsproblemwird durchdie lokaleVariationvon Transparenzreduziert.
Poincaŕeabbildungenwerdenfür dieVisualisierungvonperiodischembzw. quasi-
periodischemFlüssenverwendet. Komplexe Flüssemit periodischemCharak-
ter werdeneffizient untersucht,indem eine 2D Abbildung als essentielleIn-
formation extrahiert und diesemit einzelnenMerkmalendes3D Flusseskom-
biniert dargestelltwird. FixpunkteeinesFlussesbietenwichtigeInformationen–
gewöhnlich startetdie mathematischeAnalysemit derenIdentifikationund Un-
tersuchung.Eswird eineMethodevorgestellt,welchesowohl diedirekteDarstel-
lung der Strömungsdatenin der Näheder Fixpunkteals auchdie Visualisierung
von lokaler InformationhöhererOrdnungbeinhaltet. CharakteristischeTrajek-
torien sind wichtige KomponentenabstrakterBeschreibungenvon dynamischen
Systemen. Ähnlich zur Visualisierungvon Fixpunkten,wird die direkte Visu-
alisierungder NachbarschaftdieserKurven im Phasenraumverwendet,um das
lokaleVerhaltenbesserveranschaulichenzukönnen.
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Chapter 1

Intr oduction

Thepurposeof computingis insight,notnumbers.
Richard W. Hamming(1915-1998)

The real voyage of discovery consistsnot in seekingnew land-
scapes,but in having new eyes.

Marcel Proust(1871-1927)

This thesispresentsresearchwork concerningthe visualizationof dynamical
systems. The introduction is split into threeparts: first (Sect.1.1), visualiza-
tion, scientificvisualization,andsomefieldsof applicationsaredescribed.After-
wards,a brief introductionto dynamicalsystemsis given(Sect.1.2). Finally, the
context of this work, namelythevisualizationof dynamicalsystemsis discussed
(Sect.1.3).

1.1 Visualization, scientificvisualization

‘visualize’: to form a mentalvision, image,or pictureof (some-
thing not visible or presentto the sight, or of an abstraction);to
makevisible to themindor imagination.

Oxford EnglishDictionary, 2nd edition,1989

In scienceoften large and/orcomplex collectionsof datahave to be processed.
Usually it is not suitablefor humanresearchersto investigatesuchdata-setsby
readinglists of numbersor othertextual representations.Themappingof infor-
mationinto graphsor images,i.e.,visualization,wasidentifiedasapowerful tool
for datainvestigationalreadya long time ago. Leonardoda Vinci (1452–1519),

1



Visualization, scientific visualization / 1.1

Figure1.1: Two examplesof earlyflow visualizationby LeonardodaVinci (im-
agesoutof “Frontiersof ScientificVisualization”by PickoverandTeksbury [65]).

for example,alreadyuseddrawings to communicatescientific results. Fig. 1.1
shows two examplesof his work. More recently, theextensive useof computers
for dataprocessinggenerateda new needfor elaboratedvisualizationtechniques.
In theearly1990sannual-conferenceseries,solelyfocusingonvisualization,e.g.,
the“EUROGRAPHICS WorkshoponVisualizationin ScientificComputing”or the
“ IEEE Conferenceon Visualization”,wereestablished.Tenyearslateralreadya
few compendiaonvisualizationareavailableascomprehensivetext books,for ex-
ample,“Scientific Visualization”by Gregory Nielson,HansHagen,andHeinrich
Müller [59]. To illustratethe role visualizationis playing at the endof the first
millennium,someof themostimportantapplicationfieldsarelistedbelow:

Medical data visualization – (anatomic)datais acquiredthroughmeasurement
devices,e.g.,MRI or CT, which is thenpresentedusingvolumevisualiza-
tion techniques,e.g.,directvolumerenderingor iso-surfaceextraction.

Flow visualization – vectordata,eithercomputedby flow simulation,or mea-
sureddatausingexperimentalsetups,is plottedfor thepurposeof datain-
vestigation.For example,thedesignof new aircraftscanbecheckedusing
simulationandvisualizationwithoutconstructingexpensiveprototypes.

Geographicinformation systems(GIS) and visualization – for hundrets of
years up to now maps are used as visualization of geographicdata.
Techniqueslike color coding,heightfields, iso-lines,and icons,areused
to show topographicinformationlike mountains,rivers,etc.,togetherwith
additionalinformation,for example,temperature.

Inf ormation visualization – big databases,multi-modaldata,andabstractdata
(usuallynon-scientificdata)increasinglyrequireappropriatevisualization
techniques.Businessdatavisualization(charts,diagrams,andgraphs)is
alreadywidly usedto illustrateeconomicdataandrelationships.

Visualization of microscopicdata – moleculesand/oratomic structuresinves-
tigatedin biology, chemistry, andphysics,increasinglyarevisualizedfor
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Dynamical systems,vector fields / 1.2

analysis.Also dataacquiredby non-opticalmicroscopesusuallyneedsto
bevisualizedbeforeinvestigationcanstart.

Lar ge-scaledata and visualization – astronomy, for instance,dealswith data
that is simulatedor measuredat a scalethat prohibitsdirect investigation
in mostcases.Again,visualizationcanhelpto “fit”, for example,theentire
universeinto thestudyroomof anastronomer.

Ar chitectural visualization – Planningof urbanregionsaswell asbuildings is
enhancedby visualizationmethods.New buildings, arevisualizedon the
basisof computeraideddesign(CAD) datatogetherwith existing context.
Thisallows to evaluateplansbeforeactualconstruction.

Ar cheologyand visualization – to investigatearchaiccultures,for instance,vi-
sualizationenablesresearchersto imaginelife, habits,rites,etc.,in former
ages.Reconstructionof historicbuildingsusingvisualizationis anareaof
increasingimportance.

Visualizationaimsto maximallyexploit thevisualchannelto thehumanuserfor
informationcommunication.Visual resolution,spatialaswell astemporal,and
‘resolution’of thehumanperceptionalcapabilitiesrestrictthecontentof informa-
tion thatcanbeconveyedto thehumanuserthroughvisualization.

1.2 Dynamical systems,vector fields

Vectorfieldstypically representflowsondiscretelocationsin space.Variousgrid
structures(regulargrid, curvilineargrid, etc.) arein use.Dynamicalsystemson
theotherhandareusuallydefinedanalytically, for example,by asetof differential
equations.

In the previous sectionvariousfields of applicationsof visualizationbriefly
havebeenpresented.Thework presentedherecloselyfits into theflow visualiza-
tion area,sinceflow dataanddynamicalsystemsmatchupquitegoodwith respect
to visualization– many techniquesdevelopedfor flow visualizationareusefulfor
dynamicalsystemvisualizationandvicaversa.

Dynamicalsystemsarea descriptionof theevolution of some(usuallyinter-
dependent)entitieswithin acommonsystem.A foodchain,for instance,describ-
ing thewho-eats-whomrelationbetweenseveralspecies,sharingsomecommon
placeof living, is modeledasa dynamicalsystem.The predator-prey modelby
Lotka andVolterra[72] is anexampleof sucha food chain. It describestheevo-
lution of asystemconsistingof onespeciesof consumers(predators)andanother

3



Dynamical systems,vector fields / 1.2

one of resource(prey). Basically, it consistsof two numbersrepresentingthe
amountof bothspeciespresentin thesystemat a certaintime, anda description
of thetemporalchangeof thesenumbersdueto thegivensettingof thesystem.

More general,a dynamicalsystemis a setof � numbers���
	�� – usually � is
called the dimensionalityof the system– that vary accordingto specificsetof
rules. Thesesystemvariables ���	�� build up thestate ��������� � of thesystem,
where� usuallyis calledthephasespaceof thedynamicalsystem.Somespecific
value ������� representstheactualconfigurationof thesystemat a specificpoint in
time � . In additionto systemvariablesandtime,usuallyparameters ��� ��� arepart
of therulesof evolution. Theirdifferentvaluesspanaclassof dynamicalsystems
over � �!�#" , calledparameterspace.

A continuousdynamicalsystemusually is given by a setof ordinarydiffer-
entialequations(ODEs)[4], whereasa discretedynamicalsystemis specifiedby
differenceequations:$���%��� & '(�)�%���+*,'(� & -/.0�%�������21+��� (continuouscase,�3�4� )5 ���%���6& ���%�87:9;�=<>�������6& -/.0�%�������21+��� (discretecase,���@? )

(1.1)

Thereare other possibilitiesto describethe dynamicsof a dynamicalsystem,
for instance,discretedynamicalsystemsare sometimeswritten as ���%�(7A9B�>&-C.0�%�������21+��� . Usuallymostof thealternativesareeithercompatibleto thenotation
presentedabove,or canbetransformedsuchthatthey matchtheabovedefinition.

A dynamicalsystemis calledtime-dependent, if therulesdeterminingthedy-
namicsdependon time, i.e., -C. itself dependson time � (seeEqs.1.1). If, on
theotherhand,theserulesarestaticover time, a steady, i.e., a time-independent
systemis given.In thiscase-/. onlydependsonthepresentstateof thesystem�������
andparameters� .

In the caseof theLotka andVolterramodel,a two-dimensional,continuous,
andsteadydynamicalsystemis given: thestate�D�@�:&A�FE(1HGI�KJ of thesystemis
composedof L (amountof prey) and M (predators),andtwo ODEsincludingfour
parametersthatrepresenttherulesof evolution:$L & NPOQLR<TSUOQL#O;M (evolutionof prey)$M & V!O+SUOQLWO;MX<AYZO;M (evolutionof predators)

(1.2)

In this rathersimple model prey is assumedto grow exponentiallyat a rate N
(
$L[&�NPOQL ) if no predatorsarepresent.Predatorshunt a certainpercentageS of

prey, therebydecreasingthe amountof prey proportionally(
$L\&^]Q]Q]�<TSUOQLRO;M ).

Huntedprey is ‘used’ for reproductionof predatorson thebasisof a certaineffi-
ciency V (

$M_&`VaObSROQLRO;MX<I]8]Q] ). Opposedto reproductionof predatorsthereis a
certainrateof mortality Y (

$M_&^]Q]Q]�<AYZO;M ).
4



Visualization of dynamical systems/ 1.3

Solutionsof adynamicalsystem,i.e.,solutionsto thedifferentialor difference
equations,arecalledtrajectoriesor orbits. For continuousandsteadydynamical
systemsa trajectory c(dQ����� startsat a specificseedvalue e andevolvesover time
accordingto thefollowing equation:c(d8�%���)&fe�7 gihjlknm -C.o��c(d8��pq�+�('np
Dynamical systemsusually are depictedin phasespace � . Sometimesother
spaces,e.g., �sr�� – time is addedasan additionaldimension– or �sr�� , i.e.,
investigatingthe dynamicsof an entireclassof dynamicalsystems,areused. If
the dimensionalityof sucha spacegetstoo large, sub-spacesare examinedin-
stead.Returningto theLotka andVolterraexampleagain,onecould investigate
thedynamicsof this modelin thephaseplaneassuminga fixedsetof parameter
values(seeFig. 1.2(a)). Anotherpossibility is to plot oneof the statevariables
againsttime, againin theplane– in Fig. 1.2(b) theamountof prey ( L ) is plotted
over time � .
1.3 Visualization of dynamical systems

As a dynamical system usually is a very denserepresentationof a multi-
dimensionalamountof complex information, the needfor visualizationis ob-
vious. Many useful techniquesare alreadyavailable. Especiallyfor two- and
three-dimensionalflow fieldsmany visualizationtechniqueshavebeendeveloped
in thepastyears[67].

2.5 5 7.5 10 12.5 15 17.5 20

5

10

15

20

25

(a) (b)

Figure1.2: (a)Cyclesof evolutionin 2Dphasespace,and (b) evolutionof variableL over time � (bothcomputedfor apredator-prey modelby Lotka/Volterra).
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Visualization of dynamical systems/ 1.3

Visualizing
system

abstractions

Visualizing classes of dynamical systems

Visualizing one specific dynamical system

(critical point visualization, glyphs)
(eigenvectors, eigenvalues)

parameters:
fixed

(bifurcation diagrams)
(visualization of combined phase/parameter spaces)

(hedgehog plots, spot noise, LIC, stream surfaces, 

local
investigation:

Visualizing a specific region of interest
of a specific dynamical system

(critical points, separatrices)

stream lines, volume visualization of 3D dynamical systems)

Figure1.3: Dif ferentwaysof viewing dynamicalsystems.

However, theentiretyof all kind of dynamicalsystemsis muchtoo diverseto
be addressedby a singlevisualizationtechnique.Thereis too muchdifference
between,for instance,a discreteanda continuousdynamicalsystem.In general,
apropervisualizationtechniqueis dependenton thekind of datato bevisualized,
andthespecificgoalof investigation.Thus,a separationof techniquesaccording
to thespecificsub-classof dynamicalsystemsaddressed,is necessary.

Onepossibleway of classifyingvisualizationtechniquesfor dynamicalsys-
temsis to look at thedatascalethey focuson. Stressingtheaim of maximizing
information transmissionthroughthe visual channel,it becomesclear that dif-
ferent visualizationtechniquesare necessaryfor different scales. Investigating
a specificdynamicalsystemlocally allows to view many moredetailssimulta-
neouslythananalyzingan entireclassof dynamicalsystems.A separationinto
threelevelsof datascaleis usefulfor identifying differentkindsof visualization
techniques(seeFig. 1.3):

Visualizing classesof dynamical systems– dynamical systemsas defined in
Eqs.1.1 aredependenton phasespaceandparameterspace,i.e., �Trt�u��#�;v(" , in casesteadydynamicalsystemsareconsidered.A visualization
of -C. encodingall thedynamicsis only possible,if phasespaceaswell as
parameterspaceareof quitelow dimensionality, for example,if � + Y = w .
In Fig. 1.4(a) avisualizationof aone-dimensionalclassof one-dimensional
dynamicalsystems(

$L\&�Loxy< L�<zS ) is shown. Statevariable L is associ-
atedwith theverticalaxis,whereastheonly parameterS is mappedto the

6



Visualization of dynamical systems/ 1.3

(a) (b)

Figure1.4: (a) Visualizinga 1D classof 1D dynamicalsystems– theparameter
is variedalong the horizontalaxis. (b) Visualizingonespecific2D dynamical
system.

horizontalaxis. Similaritiesaswell asdifferencesbetweensystemswith
differentparametervalueS candirectlybeinferredfrom theimage.

Visualizing onespecificdynamical system– fixing parametersto a specific
value, onememberout of a classof dynamicalsystemsis depicted. All
theavailabledimensionsof thevisualizationchannelcanbeusedto repre-
sentinformationaboutthesingleselectedsystem.Techniquesbelongingto
this scalelevel of visualizingdynamicalsystemsusuallymapthe dynam-
ics in phasespacedirectly into visualproperties.Many techniquescanbe
foundin this area,especiallyfor systemdimensionsup to three.Thereare,
however, approachesto thevisualizationof higherdimensionaldynamical
systemsalso[91].

Fig. 1.4(b) shows a two-dimensional visualization of a specific
member out of the class of Lotka-Volterra models (cf. Eq. 1.2,�{&|��N}S_V�Y[�K~\&|��9�9�E�]�wPw��K~ ). The dynamicscausedby this dynamical
systemis directly encodedby theusedvisualizationtechnique.

Visualizing a specificregionof interest– restricting spatial resolution to spe-
cific sub-spacesof interestenablesthevisualizationto communicatemore
details.Datalocally availablecanalsobeincludedwithin thevisualization,
while neighboringinformationis omitted.

7



Visualization of dynamical systems/ 1.3

(a) (b)

Figure1.5: (a) Visualizinga local sub-spaceof interest[44]. (b) Typical bifurca-
tion diagram.

Fig. 1.5(a) shows a visualizationof a three-dimensionaldynamicalsystem,
restrictedto a sphericalsub-spacearoundthecritical point of this system.
Although phasespaceis three-dimensionalthis local techniqueavoids vi-
sual overloadingwhile still preservingdirect visualizationof the system
dynamics.

In general,therearetwo principalpossibilitiesfor designingavisualizationtech-
nique: direct visualizationmeansto directly mapprincipal flow propertieslike
directionandvelocity to a visual representation.All the threeclassesof visual-
izationmentionedabove(moreor less)belongto thiskind of approach.

The visualization of systemabstractions, on the otherhand,meansto first
derivesecond-level propertiesof theflow likecritical pointsandseparatrices,and
thenvisualizetheabstractinformation.At any scaleof theunderlyingdata,anal-
ysis can be donefirst, and visualizationusedafterwardsto convey the results.
Characteristicstructureslike,e.g.,critical points(systemstateswherethereis no
motionat all) or cycles(statesof a dynamicalsystemswhich reoccuraftera cer-
tain periodof evolution),maybeextractedusingdynamicalsystemanalysis,and
mappedto visualizationcuesafterwards.

Bifurcationdiagramslike theoneshown in Fig. 1.5(b) depict(anapproxima-
tion of) thestablesub-setfor each(discrete)dynamicalsystem(1D, verticalaxis)
in a one-dimensionalclass(horizontalaxis). Bifurcationsoccur at parameter-
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(a) (b)

Figure 1.6: (a) Visualizing an abstractionof a three-dimensionaldynamical
system[44]. (b) Visualizingtheresultsof local analysis[19].

valuechanges,wherethestablesub-setchangesqualitatively, e.g.,at pointsof a
phasedoublingor a torusbeak-down [77].

A typical resultof visualizinga dynamicalsystemafterdoingsomeanalysis
first, canbeseenin Fig. 1.6(a). Thecritical pointsarevisualizedtogetherwith the
resultsof aneigenvectorandeigenvalueanalysisof thesystem’s Jacobianmatrix
at thesepoints.

A sampleresult of visualizing derived data at specific sub-setsof phase
space[19] is shown in Fig. 1.6(b). At a specificlocationin 3D phasespacethe
Jacobianmatrixof thedynamicalsystemis analyzedandthederived(local)prop-
ertieslike, directionof flow, velocity, acceleration,rotation,etc., arevisualized
usingaglyph.

An overview of thestateof theartin visualizingdynamicalsystemsandrelated
fieldsis givenin Chapter2. Notesabouttermsandthelocalanalysisof dynamical
systemsare given afterwards. Then, four techniques,namely, visualizationby
theuseof streamarrows, visualizationbasedon Poincaŕe maps,visualizingcrit-
ical points, and the visualizationof characteristictrajectories,are describedin
Chapters4, 5, 6, and7, respectively. A noteon theimplementationof thesevisu-
alizationmethodsis appended(Chapt.8). Finally, a shortsummaryis given,and
conclusionsaredrawn. After thebibliography, aglossaryof someimportantterms
relatedto dynamicalsystemsis given. The thesisconcludeswith appendiceson
thenotationusedanddescriptionsof thesampledynamicalsystemsused.
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Chapter 2

Stateof the art

Lord grantmetheserenityto acceptthethingsI cannotchange,the
courageto changethe things I can,and the wisdomto know the
difference.

St.Francisof Assisi(1181-1226)

The visualizationof dynamicalsystemsmustbe viewed in the context of a few
relatedfields.Flow visualization,for example,is tightly relatedto it, asflow data
canbeseenasaspecialclassof dynamicalsystems– flow, for example,usuallyis
consideredto becompressibleonly up to a certainlevel. No attractingnodescan
befoundin sucha system.Dynamicalsystems,on theotherhand,principally do
not haveany restrictionsand,thus,canbeconsideredasasuper-classof flows.

Nevertheless,it is usefulto distinguishbetweenflowsanddynamicalsystems,
sinceoftendifferentaspectsof interestareinvestigatedthroughvisualization.An-
otherdifferencebetweenflows anddynamicalsystems,which significantlyinflu-
encesvisualization,is thatflows usuallyaregivendiscretelyon large-sizedgrids
whereasdynamicalsystemsusually are given analytically by a few equations.
Next to computationalmethods,experimentalflow visualizationtechniquesare
alsoof interest.They provide thepossibility to evaluatecomputationalmethods.
Furthermorethey have beeninspirationalfor quitea few computer-basedvisual-
izationtechniques.

Anotherfield relatedto thevisualizationof dynamicalsystemsis visualizing
tensorfields. In this casethetypeof data(vectorsvs. tensors)is not compatible.
However, themethodsusedto visualizeeithervectoror tensorfieldshaveseveral
conceptsin common,e.g.,theuseof integral curves. Theaim for extractingthe
field topology in order to condensethe contentof information transportedvia
visualizationis alsocommonto bothfields.
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Figure2.1: Two examplesof visualizationusedfor thecommunicationof results
gainedfrom in-depthanalysisof two-dimensionaldynamicalsystems(imagesby
Strogatz[80]).

Themathematicaltheoryaboutordinarydifferentialequations(ODEs)is another
importantrelatedfield. It providesa commonlanguageto effectively describe
dynamicalsystems.Furthermore,thefieldof computationalfluid dynamics(CFD)
providesa numberof useful termsto characterizeanddescribedynamicalsys-
tems.Its mainfocusis thesimulationof flows. Both fieldsarekind of a basisthe
visualizationof dynamicalsystemsis built on.

2.1 Visualizing dynamical systems

The investigationof dynamicalsystemsspansa wide researcharea. Modelsof
systemswith a statethat variesover time, oftenareformalizedusingdynamical
systems.Examplesarefood chains,econometricmodels,chemicalreactionsys-
tems,meteorologicmodels,andstockmarket models. Usually researchersstart
with an in-depthanalysisof the dynamicalsystem. Afterwardsvisualizationis
usedto communicatethe resultsof the analysis. Critical sub-sets,e.g., critical
points, separatrices,or bifurcation lines, are combinedwith additional integral
cuesas,for example,streamlines,streamsurfaces,etc. In many text booksabout
dynamicalsystemsonecanfind imagesaccompanying the theoreticalanalysis.
Mappingphasespaceto imagespaceis anintuitiveway to visualizespecificsub-
setsof a two-dimensionalphasespace.Critical pointsandcharacteristictrajecto-
riesusuallymake up animportantpartof suchillustrations.SeeFig. 2.1 for two
examplesoutof “NonlinearDynamicsandChaos”by Strogatz[80].

In the left graphthreecritical points (‘A’, ‘B’, and ‘C’) aredenoted.Char-
acteristictrajectoriescoinciding with the eigenvectorsof the Jacobianmatrices
associatedwith thecritical pointsareadded.Smallarrowsindicatetheorientation
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(a) (b)

Figure2.2: Two examplesof hand-drawn flow visualization(imagesby Abraham
andShaw [1]).

of flow. In addition to the critical pointsalsoa cycle (‘D’) appears.Finally, a
few additionaltrajectoriesareplottedto give an impressionaboutthe important
featuresof the dynamicalsystembeingvisualized. This type of sketchis quite
usualfor illustratingthemostimportantstructuresof low-dimensionaldynamical
systems.

Anotherinterestingbookondynamicalsystemsis “Dynamics–TheGeometry
of Behavior” [1] by Abraham,amathematician,andShaw, anartist.Hand-drawn
imagesareusedto visualizecertaincharacteristicsof specialdynamicalsystems.
The mathematicianprovides knowledgeconcerningthe importantstructuresof
thedynamicalsystems.Theartisthasanability to clearlyconvey complex spatial
arrangementsthroughonly a small setof visual cues. The cooperationof both
resultsin effective depictionsof dynamicalsystems.Two examplesout of this
bookcanbeseenin Fig. 2.2.

Fig.2.2(a)givesasketchof atwo-dimensionalsystem.A cycle(redtrajectory)
arounda critical point in thecenteris shown togetherwith a few accompanying
trajectories. Fig. 2.2(b) visualizesa dynamicalsystemwith threevariables. A
saddlecritical point anda saddlecycle areshown in redandwhite. Thesurface
structuresin-betweenthesetwo characteristicsub-setsmake up themainpartof
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the image. The sketchillustratesa rathercomplex relationbetweenthe critical
point andthesaddlecycle.

2.2 Flow visualization

Comparedto visualizationof dynamicalsystems,muchmorework hasbeendone
in thefield of flow visualization.Experimentaland/orempiricaltechniqueshave
alreadybeenusedfor quitea long time.

In recenttime flow visualizationincreasinglyis doneone a computational
basis. Fluid flows as well as gaseousflows are simulatedin the researchfield
of computationalfluid dynamics(CFD).Oftenfinite elementmethodsareusedto
handlecomplex flow structures,for instance,local solversof the Navier-Stokes
equations,which work on variouskindsof grids. Usuallydatasetsarecomputed
thatprovide a hugeamountof sampledvectorinformationspreadover a two- or
three-dimensionaldomain.

Without visualizationit is usually impossibleto reasonablyinvestigatesuch
datasets. At this point flow visualizationcomesinto play. It alreadyprovides
numeroustechniquesto view variouspropertiesof suchhugedatasets,e.g.,tur-
bulences,vortical structures,separationlines,etc.

Experimental and empirical approaches

For quite a long time, researcherswho deal with flows are using experimental
setupsto get an impressionof its propertiesand structures,to get ideasabout
improvementsto theirwork, and/orto evaluatetheirmodels.Threebasictypesof
experimentaltechniquescanbedistinguished[67]:

Adding foreignmaterial – Dye or magnesiumpowder is injected into liquid
flow to visualizeflow dynamics.SeeFig. 2.3(a) for an example,wherea
modelof aharborwasvisualizedusingparticleswithin theflow. In gaseous
flows smokeor oil dropletsareinjected.

A problemwith injecting materialis that the injection processandthe in-
jectedmaterialmay influencethe flow. Using electrolytic techniquesfor
generatinghydrogenbubbleswithin theflow decreasestheseproblemsto a
certainextent.Also photochemicalmethodsareused,for instance,generat-
ing dyewithin theflow usinga laserbeam.
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(a) (b)

Figure 2.3: Experimentalflow visualization,two examples[67]: (a) particles
within the flow (imageby Delft Hydraulics)and (b) shadow graphtechnique
(imageby High-SpeedLab,Dept.of AerospaceEng.,Delft Univ. of Techn.).

Applying tufts to the walls of a flow simulation,or coatingcertainborder
surfacesof interestwith someviscousmateriallike oil, visualizesflow be-
havior nearobjectswithin theflow, for example,flow closeto aircraftwings
in awind tunnel.

Optical techniques– lessdisturbenceof theflow canbeachievedusingoptical
methods.Opticalpropertieslike light refractionchangeatplaceswithin the
flow wheretherearebig local differencesin flow density. Working with a
light beam,imagesaregeneratedwith shadowsandcaustics.SeeFig. 2.3(b)
for anexample,whereshadowsin theimagedenoteshockwaveswithin the
flow.

Anothervisualpropertywhichchangesin regionsof highdensitygradients,
is thephaseof light rays.Interferometryis anexampleof atechniquewhich
exploits suchphaseshifts.

Adding heat/energy – heatcan be applied to flows to artificially increasethe
densityvariation– opticaltechniquesarethenusedfor visualization.Shoot-
ing electronsinto the flow volumeis usedto excite gasmolecules.After
beingexcitedthemoleculesemit theirextraenergy aslight particles,which
visualizesflow patterns.

Although experimentalmethodshave advantages– feedbackis intuitive, no nu-
mericalerrors,immediateresponse,etc. – therearesomesignificantdisadvan-
tages:mostsevereis thefact,thatexperimentalmethodsinfluencetheflow itself.
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(a) (b) (c)

Figure 2.4: Three basic visualization techniquesused for the Lotka-Volterra
model: (a) hedgehogplot, (b) streamlets,and (c) LIC.

Next, experimentalsetupsusuallyare time consumingandvery expensive. Fi-
nally, thereis just a limited set of flow propertiesthat can be visualizedusing
experimentaltechniques.

In additionto experimentalmethods,empiricaltechniques– flow patternsare
drawn by handafterinvestigation– alsohavea long tradition.LeonardodaVinci
usedhanddrawings to communicatehis researchresultson fluid flows. More
recently, AbrahamandShaw cameup with visualizingflow structuresby using
hand-drawn images[1].

For in-depth information aboutexperimentalflow visualizationtechniques,
seeMerzkirch[55], Yang[93], andvanDyke [85].

Methods for two-dimensionalflow fields

The lessdimensionsa dynamicalsystemhas,the easiervisualizationis. Tech-
niquesfor the visualizationof two-dimensionaldynamicalsystems(or vector
fields) alreadyhave quite a tradition in flow investigation.Hedgehogplots,also
calledarrow plots,usuallyshow a largenumberof smallarrows that indicatethe
flow directionat many (regularly spaced)pointsof thetwo-dimensionaldomain.
Often arrows are normalized,so flow velocity is not encoded.This is, to pre-
vent thedisplayfrom overloadingdueto very long andoverlappingarrows. See
Fig. 2.4(a) for a hedgehogplot of theLotka-Volterramodel(seealsoEq.1.2).

More elaboratedarestreamline graphs.The dynamicalsystemor flow field
is integratednumericallyfor somespecificinitial points. Dependingon whether
the flow is time-dependentor not, streaklines, path lines, or streamlines are
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generated[29]. Temporalcorrelationof virtual particlesthat aremoved by the
flow areintuitively depicted,suchthatan impressionof theembeddeddynamics
canbegainedquiteintuitively. SeeFig.2.4(b) for asetof streamletsfor theLotka-
Volterramodel.

One problem with integral curves usedin the visualizationof continuous
dynamicalsystemsis the choiceof the initial conditions. Evenly spacedseed
pointsusuallydonotgenerateevenlyspacedintegralcurves.Turk andBanks[84]
andJobardandLefer [36, 37] proposemethodsto copewith this problemand
generateevenlyspacedstreamlinesfor two-dimensionalflows.

Insteadof placing many integral lines over the flow domain, texture-based
methods,also provide very useful results. Spot noiseby van Wijk [87, 20] is
generatedby placingmany small ‘spots’, for example,elongatedellipses,on the
flow domainandorientingthemaccordingto the local flow direction. Dif ferent
intensitiesarechosenfor the spots. Therebya noisetexture is generatedwhich
locally is correlatedwith flow direction.Anothertexture-basedtechnique,called
line integral convolution (LIC) by CabralandLeedom[14, 23, 24, 78, 79, 90,
89], generatessimilar results. A white noisetexture is locally convolutedalong
flow trajectories.Again, a visual correlationalong the flow is generated.Both
techniques,spotnoiseandLIC, arecapableof generatinganoverview of all the
dynamicsin a dynamicalsystem.SeeFig. 2.4(c) for a LIC imageof the Lotka-
Volterrasystem.Othertechniquesin this areaaretexture splatsby Crawfis and
Max [17], line bundles[16] andvirtual ink droplets[48].

Dir ect visualization of 3D flows

In 3D the situationis moredifficult thanin 2D, sinceimagesynthesisinvolves
a processof condensingvisualizationcuespopulatingthe three-dimensionaldo-
main.For example,arrow plotsareusuallynot usefulfor three-dimensionalflow,
sincedepthperceptionof one-dimensionalobjects(thearrows) is poorcompared
to surfaceobjects,andpopulatingthree-spacewith arrows easilyproducesover-
loadedimages.

Representingstreamlinesas1D curves,theuseof streamlinesor similar inte-
gralcurvesis difficult for thesamereasons.Nevertheless,theintuitiveunderstand-
ing of this kind of direct representationof flow trajectories,i.e., of streamletsor
streamlines,resultedin someinterestingtechniques,e.g.,illuminatedstreamlines
(cf. Fig. 2.5(a)) by Zöckler et al. [94] andvectorfield rendering(cf. Fig. 2.5(b))
by Banks[8].

Streamribbons show, additional to flow paths,flow rotation aroundtrajecto-
ries [29]. A streamline is integratedthroughthevectorfield. Additionally local
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(a) (b)

Figure2.5: Two examplesfor renderingstreamlinesin 3D: (a) illuminatedstream
linesby Zöckleret al. [94], and (b) vectorfield renderingby Banks[8].

surfaceelementsareusedto encodelocal flow rotation. Either a secondtrajec-
tory is connectedor differentialanalysisof theflow is usedto computetheribbon
twist. Fig. 2.6 shows a visualizationof oil flow patternsat thecontactsurfaceof
theflow andstreamribbonswithin theflow usedfor vortex corevisualization.In
this imageresultsof anexperimentalsetupareoverlaidwith resultsfrom a CFD
simulationof thesameflow.

In addition to streamlines andstreamribbons,streamsurfacesmake up an
importantpart of flow visualizationin 3D. Insteadof a point, one-dimensional
setsof initial conditionsareusedin thevectorfield integrationstep.Hultquistde-
scribed,how to computestreamsurfacesfor dynamicsover a three-dimensional
domain[33]. Problemswith streamsurfacesare,thatextensivesurfacepartseas-
ily occludeotherpartsof the visualization,andmissinginformationaboutflow
directionandvelocity within thestreamsurface. Chapter4 describesstreamar-
rows that might be usedto decreasemostof the problemsapparentwith stream
surfaces.Fig. 2.7(a) showsanexampleof astreamsurface.

Otherintegralobjectsthanstreamletsor streamlinesareusedfor flow visual-
izationalso.Streamballsby Brill et al. [12] arebasedon themetaballsconcept.
A setof initial points(seedpoints)is usedto defineaniso-surface,i.e., thestream
balls, usinga potentialfield proportionalto the distancefrom theseseedpoints
andsomeuser-specifiedthresholdvalue.Consequentlythepointsaremovedfol-
lowing the underlyingvectorfield. Therebynew pointsareaddedto the initial
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Figure2.6: Streamribbonsshow therotationaroundstreamlines(imageby Hans-
Georg Pagendarm)[62].

setanda surface-like metaobjectis generated.In regionsof local divergencethe
iso-surfaceseparatesinto distinct sub-surfaces,whereasin regionsof local con-
vergencetheiso-surfacesrelatedto multiplepointsmergeandbuilt up acoherent
metaobject.

To investigateflow nearboundarysurfaces,virtual tufts areused.Shortinte-
gral objectsarecomputedwith initial conditionsnext to boundarysurfaces.In-
steadof streamsurfaces,aparticlesystemcanbeusedfor flow visualization[88].
Particlesaremodeledassmallsurfacepartsspreadover thelocusof astreamsur-
face.Transparentareasin-betweentheparticlesreducetheproblemof occlusion,
while theparticlesstill giveagoodimpressionof thestreamsurface.Particlesare
drawn assmallellipses.A normalvectorassignedto eachsurfaceparticleis used
in shadingcalculations.

Contraryto one-andtwo-dimensionalvisualizationcues,flow volumesmodel
the temporalevolution of an initial three-dimensionalset [54]. This approach
modelsthe injectionandpropagationof smoke particlesthroughtheflow advec-
tion. Volumerenderingis necessaryto computeanimageshowing 3D flow visu-
alizedby the useof flow volumes.Local convergenceor divergenceis encoded
by thedensityof theflow volume.Fig. 2.7(b) givesanexampleof aflow volume.
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(a) (b)

Figure 2.7: (a) Streamsurface(imageby the Data VisualizationGroup, NAS,
NASA) [58]. (b) Flow volume(imageby theVisualizationgroupat LLNL) [18].

Visualizing local propertiesin 3D

Similar to dynamicalsystemsflow data-setsalsocontainsub-setsof specialin-
terest.Vortex cores,for example,arevery importantstructuresin thesimulation
of flow aroundobjectslike airplanes,ships,turbines,etc [9, 39]. In the caseof
dynamicalsystemsseparatricesareespeciallyinteresting.Becauseof their spe-
cial importancetheselower-dimensionalstructuresoftenareinvestigatedin more
detail. Local propertiesthatarederived from flow derivatives,i.e., the Jacobian
matricesat statesof interest,arealsovisualized.

Oneapproachto thevisualizationof specialtrajectoriestogetherwith their lo-
cal propertiesarethestreampolygonandstreamtubetechniquesby Schr̈oderet
al. [75]. For a certainnumberof samplepointsalongthestreamline of interest,
theJacobianmatrix is examined.A decompositioninto asymmetricandanasym-
metric part yields local rotationalandshearinformationaboutthe flow nearthe
investigatedtrajectory. This informationis mappedto thegeometricalproperties
of polygonswhich areassumedto be normalto the flow direction. Size,shape,
androtationof the polygonsillustrate local flow properties.By connectingthe
edgesof adjacentstreampolygonsa streamtube is generated.In Fig. 2.8 two
examplesof streamtubesareshown.

Even more ‘verbose’than streampolygon and streamtube, the local flow
probe[19] by de Leeuwandvan Wijk representslocal flow propertiesalsode-
rivedfrom theJacobianmatrix. Directionandorientation,velocity, acceleration,
curvature,rotation,shear, andconvergence/divergenceof theflow neara special
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Figure2.8: Two examplesfor flow visualizationby theuseof streamtubes(im-
agesby Schr̈oderet al. [75]).

stateof interestaremappedto distinctgeometricalpropertiesof a rathercomplex
glyph. SeeFig. 2.9(a) for a sampleglyph generatedwith this technique.Placing
severalof theseglyphs,for example,alonganespeciallyimportanttrajectory, an
intuitivevisualizationof local propertiesis provided.

HappeandRumpf [74] extendedtheuseof iconsfor representinglocal flow
characteristicsnearcritical pointsof thesystem.SeeFig. 2.9(b) for a sampleim-
agegeneratedusingthis technique.Postetal. alsopresentadvancedvisualization
techniqueson thebasisof icons[68].

Visualizing the topology of vector fields

HelmanandHesselink[31] proposedto visualizethegeometryof thetopological
structureof flow dynamics.Streamlinesalongtheeigenvectorsof critical points
areusedto show separatrices.Iconscomposedof line segmentsandsmalldisks
encodetheJacobianmatrix nearcritical points. Globuset al. [27] cameup with
a tool to identify topologicalelementswithin datathat is givenat a discretegrid.
Two sampleimagesareshown in Fig. 2.10.

Overviewsof work in this areaaregivenby Levit in 1992[43] andAsimov et
al. in 1995[7].
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(a) (b)

Figure2.9: (a)Localflow probeby deLeeuwandvanWijk [19]. (b) Iconsfor the
visualizationof local propertiesby HappeandRumpf[74].

2.3 Relatedfields

Therearequitesomeimportantfieldsrelatedto flow visualization.Similar tech-
niques,for example,are usedin the areaof tensorfield visualization. A brief
overview is givenbelow:

Tensorfield visualization – besideflow data-setsalso tensordatais examined
(tensorfieldsprovidemulti-dimensionaldatausuallyrepresentedby theuse
of matrices). Stresspropagationwithin certainobjectslike engines,tur-
bines,etc.,producetensordata. Simulationtechniquesthat aresimilar to
methodsknown from CFD areusedto computedensedata-setsof volume
tensors.

Oneway to intuitively describea matrix in 3D is to representit in terms
of its eigenvectorsandeigenvalues.Dependingon whethertheeigenvalues
arereal or complex, all different from eachotheror not, the eigenvectors
build up either threecharacteristicdirections,or onesurfaceof rotational
dynamicsadditionalto onecharacteristicdirection.

Hyper streamlines by DelmarcelleandHesselink[21] area visualization
conceptfor tensordatabasedon thedecompositiondescribedabove. Cer-
taincharacteristiccurvesareintegratedlikestreamlinesfor flow data.Such
curvesfollow, for example,the directionof maximumstresspropagation.
SeeFig. 2.11of a typical imagein this area.
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Figure2.10: Two examplesof thevisualizationof vectorfield topology(images
by Helmanet al. [31]).

Otherrelatedfieldsare:

Computational fluid dynamics(CFD) – as data to be visualized often orig-
inates from flow simulations, techniquesfor simulating dynamics are
strongly relatedto the field of flow visualization. Usually the domainof
flow is subdivided into a grid of many small cells. Then,theequationsof
pressure,motion,etc.,aresolved locally. Variousgrid structuresareused,
e.g.,regulargrids,curvilineargrids,etc.

Mathematics / ordinary differential equations(ODEs) – Lots of mathemati-
cal theoryis availablefor theanalysisof dynamicalsystems.Theextraction
of the topology of behavior is just one example. Finding critical points
usually is simplecomparedto finding cyclesor characteristicsub-setsof
dimensiononeor higher. Advancedtechniqueslike trappingregionsmust
beused.

Numerics – simulatingthedynamicsof flow requirescarefulcomputationsand
advancednumericaltechniques.Especiallynumericalintegrationandnu-
merical derivation of flow characteristicsare crucial componentswithin
flow visualizationtechniques.

Samplingand reconstruction– often flow datais given asa hugesetof sam-
ples. Reconstructingthecontinuoussolutionfrom thediscretedatais usu-
ally non-trivial and must be donecarefully. Advancedinterpolationand
approximationtechniques,for example,workingonarbitrarygrids,arenec-
essary.
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Figure2.11: An examplefor tensorfield visualizationby DelmarcelleandHes-
selink[21].

After somenoteson termsand the local analysisof dynamicalsystems(Chap-
ter3), in Chapters4, 5, 6, and7 four approachesto thevisualizationof dynamical
systemsaredescribedin detail. In eachcasea setof specificgoalshasto bemet
andthusratherdifferentapproachesemerged.
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Chapter 3

Noteson the local analysisof
dynamical systems

Confusionis a word we have inventedfor an order which is not
understood.

HenryMiller (1891-1980)

Several termsanddefinitionsrelatedto the local analysisof dynamicalsystems
arepresented.Multiple termsfor oneandthe sameconceptthat werefound in
literatureareput togetherto providea“dictionary” of termsandto avoid potential
confusiondueto misleadingdefinitions. Additionally, someimportantconcepts
whicharenecessaryto analyzeadynamicalsystemarebriefly discussedandanew
procedureto locally analyzeadynamicalsystem’sbehavior neartrajectorypoints
is proposed.Thischaptershouldgivecomputergraphicsspecialists,whowork on
thevisualizationof analyticallydefineddynamicalsystems– but arenot experts
on the field of dynamicalsystems– a setof mathematicaltools for a thorough
investigationof thelocalbehavior of suchsystems.

3.1 Intr oduction

Dynamicalsystemsarefound in variousfields of research[5]. Usually they are
givenby ananalyticalspecificationor assampleddata.Therearemany possible
ways to analyzesucha system,for example,analyzingits long term behavior.
An importantbranchof theanalysisof dynamicalsystemsis local analysis.For
certainapplicationsit is crucial to know, how initially closestateswill evolve
with respectto eachother. Flow field analysts,for example,areoften interested
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in vortices,that may be detectedby local analysisof the underlyingdynamical
system. Thereforethis chapterconcentrateson the local analysisof dynamical
systems.

Scientiststhat areinterestedin dynamicalsystems(andthe local analysisof
thesesystems)areconfrontedwith a lot of terms,formulas,anddefinitions.Non-
mathematiciansgeteasilyconfusedby studyingsomeof therelevantliteraturein
thebeginning. Dif fering termsfor thesameobjectdo not helpto clearup thesit-
uationaswell assubtledifferencesin theinterpretationof mathematicalsymbols
do not simplify theunderstanding.This wasoneof the reasonsto compilerele-
vant termsthatoccuroften in literatureandto assemblethedifferentdefinitions.
For example,thecurvatureof a3D curvecaneitherbecalculatedfrom theFreńet
formulasor by analyzingtheJacobianmatrixof thedynamicalsystem.

On the other hand it is interestingto seehow some(local) attributesof a
dynamicalsystemcanbe derived by ratherdifferentapproaches.This seemsto
beespeciallyusefulwhensomeof thestraightforwardtechniquesarenotpossible
dueto incompleteor insufficient specifications.Oneexampleis the analysisof
dynamicalsystemsthataregivenassampleddatawhich do not allow theuseof
straightforwardanalyticalapproachesin mostcases.

Before terms and definitions that are relevant for the local analysis of
dynamicalsystemsare discussed,somehigh-level classificationsof dynamical
systemsare listed. Thereafteran arc from differential geometryaspectswhen
analyzingtrajectoriesof dynamicalsystemsis spannedto the analysisof linear
dynamicalsystemsandits interpretation.In this sectionswe presentwell known
conceptsbut concentrateon giving a unifying view of varioustermsanddefini-
tions, which aresometimesusedambiguouslyandinterchangeablyin literature.
Thenwediscussdynamicalsystemanalysisnearspecialsubsetsof thetopologyof
behavior to endup with anew approachto locally analyzepointson trajectories.

3.2 Classificationsof dynamical systems

Dynamicalsystemsaremainly representedby a statethat evolvesin time. The
input aswell asthe currentstateof a dynamicalsystemdeterminetheevolution
of thesystem.Typically anoutputis generatedfrom thestateof thesystem[72].
This is a rathergeneraldefinition of a dynamicalsystem,wheremany different
systemsfit into. For investigatingdynamicalsystemsit is necessaryto specify
somecharacteristicsthatprovide a subdivision into specialclassesof dynamical
systems.Specificmethodsareavailable for someof theseclasses,thussucha
classificationcanhelpto simplify theanalysis.
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An importantcharacteristicof a dynamicalsystemis whetherit is continu-
ousor discrete.Continuoussystems(oftencalledflows) aregivenby differential
equationswhereasdiscretedynamicalsystems(often calledmaps)arespecified
by differenceequations[83]. Autonomoussystemsarecharacterizedby the fact
thatinputandoutputareomittedfrom thedefinition[72].

An importantcriterion for the analysisof a dynamicalsystemis whetherit
is time-dependentor not [41, 42]. For time-dependentdynamicalsystemsthe
functionthatspecifies

$� (continuouscase)or
5 � � (discretecase)dependson the

time itself whereasfor time-independentsystemsthis function doesnot change
over time.

For theanalysisit is very importantwhethera dynamicalsystemis linearor
not. Linear dynamicalsystemsare simple to analyzeasopposedto non-linear
systems,which typically do have intricatedynamicalbehavior [83]. Often lin-
earizationatspecificlocationsis usedto getinsightsinto thesecomplex non-linear
dynamicalsystems.

Using linearization,anotherclassificationof dynamicalsystemsis crucial to
separatesimplecasesfrom morecomplex ones. Hyperbolicdynamicalsystems
canbeanalyzedby linearizationefficiently, whereasnon-hyperbolicsystemsmay
causemajor troublesin combinationwith linearization[1, 27]. Hyperbolicsys-
temsarestructurallystable,i.e., smallperturbationsof thesystemparametersdo
not changethe qualitative behavior of the system. Non-hyperbolicsystemsare
difficult to investigate,occurrarely andcanbe consideredthe transitionalphase
betweentwo hyperbolicsystemsof differentnature[72].

3.3 Differ ential geometryand terms

Thesolutionof a continuousdynamicalsystemis a trajectory c(d8�%��� asdefinedby
Eq. 3.1 [40, 69]. Any point on the trajectoryis givenby its parameter� andan
initial statee of thesystem.Parameter� canbeinterpretedasthetimepassedsince
thesystemevolvedfrom e . Note,thatEq.3.1 is a “recursive” definition(integral
equation)thatcannotbeexpressedexplicitly in mostcases.c(d8�%���)&fe�7 g hjlknm -C.o��c(d8��pq�+�('np (3.1)

Dif ferentialgeometryincludesthe analysisof curvesandsurfacesin higherdi-
mensions.The constructionof a local coordinatesystem(Freńet-Frame)helps
to get insight into local characteristicsof a spatialcurve, e.g.,curvatureandtor-
sion [10, 30]. Local analysisof trajectoriesrequiresa goodworking knowledge
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Dynamical systems� Babylon of terms / 3.4

of varioustermsof differentialgeometry. They areshortly discussedin the fol-
lowing.

Givena parameterizedcurve ������� in three-spacea re-parameterizationis pos-
siblesuchthatthecurve’snew parameter� is equalto thearclengthof curve � in
theparameterinterval �FE�1H�B� . In respectto thesedistinctparametersderivationsof
curve � arewrittendifferently:$�T& '��'(� 1T��T& ' J �'(� J 1 etc., ���(& '��'o� 1���� ��& ' J �'o� J 1 etc. (3.2)

By theuseof thesederivationsa local coordinatesystem(Freńet-Frame)canbe
built at a curve point by thecurve’s tangentvector �l�\&|� � , its principalnormal� ��&u� � � *0� � � � � , andits binormal ����&��8�3r � � . Thesethreevectorsspanan or-
thonormalbasisat a curve point. Note, that � � and ��� areambiguouswhenthe
curve is locally equalto astraightline.

By building theFreńet-Frameat a point on thecurve thecurvature � andthe
torsion � of curve � at thispointcanbederivedin astraightforwardway from the
orthonormalbasis[10]:''��i�� �l�� ����

�� & �� E <�� E� E <a�E � E
�� O �� �8�� ����

�� &�� �W&����� '(�8�'o� ���� 1 �W&Z���� 'n���'o� ����
Curvature � andtorsion � of curve � canbedescribedin othertermsaswell. For
example,thecurvatureof a curve canbewritten as 9B*�N , when N is the radiusof
theosculatingcircle [13]. As athird possibility, � canbederivedby thefollowing
procedure:assuming� to be the angleenclosedby the curve’s tangentandthe
line runningthrough�)�/�B� andsomepoint �)�/�}7 5 �B� , slightly aheadon thecurve,
thecurvature � canbecalculatedas �W&f ¢¡¤£¦¥�§�¨ m �=* 5 � .

Torsion can be similarly derived by a differential quotient. Assuming ©
to be the angle enclosedby a line through �����,� and �)�/�#7 5 �,� the rectify-
ing plane (spannedby �8� and ��� ), the torsion � can be calculatedas �ª& ¢¡¢£s¥�§/¨ m ©«* 5 � [13].

3.4 Dynamical systems¬ Babylon of terms

This section discussessome of the often used terms in combination with
dynamicalsystemanalysis.Mostof thetermsmightbewell-known to thereader,
but oftenseveraldiffering termsareusedin literatureto denotethesameconcept
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or object. To avoid possibleconfusionaboutthesesometimesinterchangeably
usedtermsaclarifying survey is appropriate.

We startwith operator , which is oftenusedto defineotherimportantterms
for theanalysisof dynamicalsystems.It builds up a vectorof thepartialderiva-
tivesof its operandandis definedasshown in Eq.3.3 [13]. If  ’s operand®¯�%���
is a scalarfunction, then #®=�%��� is calledthegradientof ® [13]. If  ’s operand-°�%��� is avectorfunction,then _- is theJacobianmatrix ±²&f³�-B*�³�� of -°�%��� [19].

´& �µ�
¶¶¸·�¹ º�»¶¶¸·�¹ J »...

�8¼� 1 ½�¾b¿�'!®¯�%���}&`#®¯�����21 ±À&fU-°�����)&`³�-B*�³n� (3.3)

An oftenused(scalar)termis thedivergenceof a flow '(¡¤Á�-°����� . It canbewritten
as ÂO;-°����� or asthetrace ÃnÄ of - ’s JacobianU- [13]:'n¡¤Á�-°�%���)&ÅÂO;-y�%���)&uÃ(Ä��/U-;��&`ÆqÇÈ��³�-B*�³n��� Ç¢É Ç (3.4)

Thedivergencebasicallydescribesthelocalamountof outgoingor incomingflow
at a specificlocationof thedynamicalsystem.It is E , if theamountof incoming
flow is equalto theamountof outgoingflow.

Anotherimportanttermfor thelocal analysisof dynamicalsystemsis thero-
tationvectorof a flow: ¾�Ê�Ë�-°����� [61, 75]. This attributeof a flow is oftennamed
vorticity insteadof rotationandabbreviatedby Ì [29]. As a third termsometimes
curl is usedinsteadof rotation[29]. Thevorticity/rotation/curlof aflow is defined
asfollows: ÌD&f¾�Ê�Ë�-°�����)&fÍ8Î(¾+ Q-°�����)&`�r!-°�%��� (3.5)

Vector ¾+Ê�Ë�-y�%��� describesthe rotation axis and its length the rotation velocity,
which is givenat state� . Note, thatsomereferencesdefinethevorticity slightly
differentas ÌD&È�Ï9B*�w��=OQ¾+Ê�Ëo-°�%��� .

A scalartermrelatedto the vorticity asdefinedabove is thestreamvorticity� [29, 75]. It is thecosineof the angleenclosedby thevorticity vectorandthe
flow vector -°����� . This termcharacterizesthetypeof rotationin thesystem.If �
is 9 , the flow rotatesaroundthe flow vector -°�%��� , whereasa valueof E implies,
thateitherthereis no vorticity or theflow rotatesin a planewhich alsocontains
thedirectionof theflow. ��& -aO8Ì� -��ÐO+� Ìt� & -�Oy�/�r!-B��
-(�¢O+�
irz-(� (3.6)

Justslightly differentfrom theabovedefinitionis thespecificationof helicity [19].
Furthermorethe helicity density Ñ_Ò asgiven in the literatureis just the sameas

28



Inter preting linear dynamical systems/ 3.5

helicity [67]. A valueof 0 meansexactly the sameasno streamvorticity, but
helicity increasesproportionalto thelengthof Ì and - . It is definedby:Ñ_Ò�&`�DOn� -(�BOn� Ìt�,&f-!OlÌD&Ó-!O����rz-;� (3.7)

3.5 Inter preting linear dynamical systems

As alreadystatedpreviously, lineardynamicalsystemsareespeciallysimpleto an-
alyze.Sinceweneedthisprocedurefor therestof this chapter, webriefly discuss
somedifferentapproachesof analyzingthe matrix of a linear andautonomous
dynamicalsystem’smatrix Ô [83].

Eigenvaluesand eigenvectors

Continuousdynamicalsystems(
$�Õ&|Ô�OB� ) aswell asdiscretesystems( � �Qv º &ÔÖO,� � ) thatareautonomousandlinearcanbeentirelyanalyzedby investigating

thematrix Ô andits characteristics.Onepossibilityis to computeÔ ’seigenvalues
andits eigenvectorsfrom Eqs.3.8and3.9, respectively [72, 83]. Theknowledge
of Ô ’seigenvaluesandeigenvectorsis alwayssufficientto describethequalitative
behavior of a linearsystem.'n×lË«��Ô´<ÕØ Ç O;Ù8�Ú& E (3.8)ÔÛOQÜ Ç & Ø Ç O;Ü Ç (3.9)

Interpretingmatrix Ô asa (linear) transformationthe eigenvectorsof Ô specify
exactly thoselines(containingÜ Ç ), which areinvariantunderthe transformation.
Thewaysucha line itself is transformedis givenby thecorrespondingeigenvalueØ Ç .

The interpretationof theeigenvalues Ø Ç – they canbe eitherrealor complex
– is different for continuousanddiscretedynamicalsystems,becausea contin-
uoussystemis specifiedby the changeof the currentstate,whereasa discrete
dynamicalsystemis specifiedby giving thenext stateof thesystem(seeTab. 3.1).

Convergence,divergence,androtationare to be interpretedrelatively to the
origin of the coordinatesystem. Note, that a critical point of a continuous
dynamicalsystemis calledhyperbolic,if its eigenvaluesdo not lie on the imag-
inary axis ( Ý!×�Ø Ç Þ&ßE ). Critical pointsof discretedynamicalsystemsarehyper-
bolic, if �Ø Ç � Þ&È9 for all eigenvalues.
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Inter preting linear dynamical systems/ 3.5

continuouscase discretecase
convergence Ý!×�Ø Ç�à E �
Ø Ç � à 9

divergence Ý!×�Ø Ç�á E �
Ø Ç � á 9
rotation âK£IØ°ã É äsÞ&fE âK£åØ�ã É ä¦Þ&`E

Table3.1: Interpretingtheeigenvaluesof a linearsystem.

Decomposingmatrix æ
Anotherpossibilityof analyzingmatrix Ô of a linearandautonomoussystemis
by decomposingit into a symmetricmatrix Ô v andanasymmetricmatrix Ô²ç as
follows [19]: Ô v &éè Ôê7iÔ ~0ëw 1 Ô ç &ìè Ô´<DÔ ~0ëw (3.10)

Theelementsof Ô v and Ô²ç canbeinterpretedratherstraightforwardly [75]:

Ô v & ��Åí�î O OO í�ï OO O íyð
�� 1 and � í�î 7 í�ï 7 íyð �)&Ó'n¡ñÁ�-°�%��� (3.11)

Theelementsof Ô v markedwith ‘ O ’ built up theshearstrainportionof this linear
system.

Ô ç & 9w �� E <!N ð N ïN ð E <zN î<zN ï N î E
�� 1 and �� N îN ïN ð

�� &f¾�Ê�Ë�-°����� (3.12)

Analysis in the local coordinatesystem

A third possibilityof linearsystemanalysisis especiallyusefulwhile investigating
a flow’s Jacobian± . It canbe transformedinto the local Freńet-frameat some
point of a trajectory( ±²ò ±0ó
ô�õ�öCó ). Thentheelementsof ±qó
ôÏõ�öCó asgivenin Eq.3.13
allow adetailedcharacterizationof theunderlyingflow [19].

± ó
ôÏõ�öCó & ��ß÷ø ÷� ÷�÷ù ÷í ÷í 1 ÷�÷ù ÷í 1 ÷� ÷í
��

(3.13)

÷ø 1 ÷ù 1 ÷í 1 ÷�y1 ÷�é]Q]Q] markupsof ± ó
ôÏõ�öCó ’selements.

Elementsof matrix ± ó
ô�õ�öCó thataremarkedwith ‘ ÷ø ’, ‘ ÷� ’, or ‘ ÷ù ’ specifychangesof the
flow thatareparallelto -°�%��� . Theelementmarkedwith ‘ ÷ø ’ givestheacceleration
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Analysis near critical points or cycles/ 3.6

of theflow, whereastheelementsmarkedwith ‘ ÷� ’ givetheshearstrainat thisstate
of thesystem.Elementsthataremarkedwith ‘ ÷ù ’ give thecurvatureof theflow.

Remainingelementsof matrix ±qó
ôÏõ�öCó , thataremarkedwith either‘ ÷í ’ aloneor
‘ ÷í ’ and‘ ÷� ’, specifythechangesof theflow thatareperpendicularto -y�%��� . Splitting
the bottom-right w�rúw -matrix into a symmetricandan asymmetriconegivesthe
divergence(by the elementsmarked with ‘ ÷í ’) and the torsion (by the elements
markedwith ‘ ÷� ’) of theflow.

3.6 Analysisnear critical points or cycles

Linearsystemsby themselveshave a rathersimpledynamicalbehavior. Therea-
son, why linear systemanalysisis so important, is that non-linearsystemsare
often analyzedby local linearization[83], i.e., a non-linearfunction is approx-
imated(locally) by a linear function. Linearizationis typically doneby usinga
Taylorexpansionof afunctionandneglectingthehigher-orderterms.SeeEq.3.14
for Taylor expansionof a scalarfunction ®�ûn�üò � , Eq.3.15shows theTaylor
expansionfor a vectorfunction -sû��#�Xò �#� . This kind of analysisis especially
easynearcritical points,sincethelong-termbehavior trivially coincideswith the
local behavior at thesepoints.®¯� ù 7 í �Ú& Æ Ç¢ý m 9	+þ í

Ç O,®�ÿ Ç�� � ù ���6®¯� ù ��7 í O,®o�%� ù � (3.14)-°���P7��«�Ú& Æ Ç¢ý m 9	+þ ���ÀO,R� Ç - �� 	 �`-°���°��7��²O0U-(� 	 (3.15)

Dynamical systemanalysisnear a critical point

Analyzing the system’s behavior nearits critical points can help to understand
theevolution of any stateof thesystem.Assumingthesystemis non-linearand
hyperbolic,linearizationcanbeusedto determinethebehavior nearcritical points
completely. Continuousanddiscretesystemscanbe treatedrathersimilar [72]
(SeeTab. 3.2).

Tokeeptheanalysissimple,weassumethesystemtobeautonomousandtime-
independent(seeTab. 3.2(a) for thedefinitions).Assumingtheexistenceof atleast
onecritical point (seeTab. 3.2(b) for the definitions)any stateof the dynamical
systemnearcritical point � canbe rewritten with respectto � (seeTab. 3.2(c)).
With this reformulationthe dynamicalsystemcanbe approximatedby a Taylor
expansionas shown in Tab. 3.2(d). _-(� 	 denotesthe Jacobianmatrix of -°�%���
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continuouscase discretecase
vector field def.

$�À&f'(��*,'(�)&f-y�%��� 5 � � &�-°�%� � � (a)
critical point def.

$�¦&�-°���°�)&`E 5 �¦&�-°���°�)&fE (b)
re-writing � , � � �À&
�z7�� � � &��z7�� � (c)

usingTaylor exp.
$��� U-(� 	 O� 5 � � � _-(� 	 O�� � (d)

linearized system
$��&Ö_-(� 	 O�� 5 � � &Ö_-(� 	 O�� � (e)

Table3.2: Local linearizationnearcritical points

evaluatedat � . Using Tab. 3.2(c) again,the left sideof the Taylor expansionin
Tab. 3.2(d) canberewritten. Thisoperationyieldsthelinearizedsystemsfor small
perturbationsaroundcritical point � (seeTab. 3.2(e)). Theselinear systemscan
now beanalyzedasdiscussedin thelastsection.

Dynamical systemanalysisnear a cycle

Cycles are anotherimportantclassof characteristicsubsetswithin continuous
dynamicalsystems.A cycle is given,whenthesystemreturnsto apreviousstate.
Thesystembehavior nearsucha cyclecanbeanalyzedby usinga Poincaŕe map.
Sucha mapis a discretedynamicalsystem,that is producedfrom a continuous
dynamicalsystemandthat is of a lower dimensionthanthe original system.A
Poincaŕe mapis specifiedby the cross-sectionof a surfaceperpendicularto the
cycle (usuallya plane)anda trajectorynearthecycle. ThePoincaŕemapis a dis-
cretedynamicalsystemwith at leastonecritical point � , i.e., � is theintersection
of the cycle andthe surface. Thusthe Poincaŕe mapcanbe analyzedasshown
in the sectionbeforeand the resultsare thenusedfor interpretingthe system’s
behavior nearbythecycle [72].

3.7 Systemanalysisnear trajectories

In the following we proposeanotherapproachto analyzea dynamicalsystem’s
behavior. It is somewhatsimilar to themethodby deLeeuwandvanWijk [19],
asthe dynamicalsystemis alsotransformedinto the Freńet-Frame� of a point
on the trajectory. Contraryto their approachwe usethe analysisby eigenval-
uesandeigenvectorsto interpretthis transformedJacobianmatrix. Expressinga
dynamicalsystem

$�T&Ó-°����� in termsof � onegets$� & ����������-����������l� � �)& �-°� � � (3.16)� ]Q]Q] astateof thesystemin termsof �
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�����ü]Q]Q] transformationfrom theglobalcoordinatesysteminto �
����� ]Q]Q] transformationfrom � into theglobalcoordinatesystem

Nearthepoint of interest� (representedin theglobalcoordinatesystem)a state
of thesystemcanbewrittenas � &`E�7�� in termsof thelocal coordinatesystem.
Note,that � representedin termsof � is E . Usinga Taylor expansionof

�-°� � � up
to first-orderterms,weget$� & �-°� � �)& �-°��Ez7��=��� �-°��Ey��7 ³ �-³ � ����� �;knm O���&`ØRO � º 7ê �- ��� m O�� (3.17)

� º ]8]Q] unit-vectorin termsof � , colinearto theaxis
correspondingto thetrajectory’s tangentØ ]8]Q] lengthof -y���=�

Note,that
�-°��Ey� canbewritten as Ø3O�� º , sincethefirst axisof the local coordinate

system(Freńet-Frame)is specifiedto be colinearto the flow. Transformingthe
left-mostsideof Eq.3.17by using � &fE�7!� wegeta linearizedsystemfor small
perturbationsof � (in termsof � ), because'�Ey*�'��)& �-°��Ey�)&`ØRO � º .$� &�'���Ez7��«�+*,'(�)& $Ez7 $� &�� $��&� �- ��� m O"� (3.18)

Now perturbationsthatareespeciallyusefulto analyzeareinvestigated.Theele-
mentsof � canbeseparatedinto a scalar�3� 98� anda vector �ú� w�]Q]8]F� that is of one
dimensionlessthan � . �ú� 98� is assumedto be E , sinceperturbationsof � thatare
not perpendicularto the trajectory’s tangentmake no senseat all – a stateof the
systemthat is representedasa perturbationof � with a component�3� 98� Þ&{E usu-
ally canbemoreaccuratelyexpressedasa(perpendicular)perturbationof another
point on exactly thesametrajectory. Thus

$� doesnot dependon thefirst row of
matrix  �-�� m . The remainingelementsof

�- ’s Jacobian �-(� m canbe decomposed
into thefirst line  �-n� m � 9�1Hw�]Q]8] � andthelower-right sub-matrix �-�� m �Fw�]Q]Q]81¸w�]8]Q]
� .

Decomposing
$� similar to � yields a part parallel to the trajectory’s tangent

(scalar
$�ú� 98� ) andapartperpendicularto a (sub-vector

$�ú� w�]Q]Q]
� ):$�3� 98�ß&  �- ��� m � 9�1¸w�]8]Q]
��O��3�Fw�]Q]Q]
�$�ú� w�]Q]Q]
�ß&  �- ��� m �Fw�]8]Q]l1¸w�]8]Q]
��O��3�Fw�]Q]Q]
�ß& ÔÛO��3�Fw�]Q]Q]
� (3.19)

Wenow havealocally linearizedsystem(
$�3�Fw�]Q]Q]
�q&`ÔDO#�3�Fw�]Q]Q]
� ) thatdescribesthe

evolutionof variationsorthogonalto theflow. Thesystemhasonedimensionless
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thantheoriginal system.Matrix Ô canbeanalyzedasalreadyshown for contin-
uoussystemsat theneighborhoodof critical points.But we mustbecarefulwith
theinterpretationof this analysis,becauseall theresultshold for theinvestigated
point � only. For example,if the analysisof matrix Ô revealsthat the system’s
evolution is convergent (critical point is an attractor)the only thing that canbe
saidis thatnearbytrajectoriesarelocally attractedby thetrajectoryat thespecific
locationchosen.To detectconvergent,divergent,or saddleregionsof a trajectory
it mustbeshown thatthestructuralcharacteristicsof matrix Ô arepersistentfor a
certainregion of thetrajectory. This might benot simpleanalytically, but canbe
doneapproximatelyby numericalsimulation.

3.8 Discussion

Thischaptercompilesimportanttermsanddefinitionsthatareusefulfor analyzing
analyticallydefineddynamicalsystems.Widely varyingtermsanddenotationsare
sometimesusedin literatureto describeimportantconceptsof dynamicalsystems.
Thusaclarifying survey of thesesometimesinterchangeabletermsanddefinitions
is given.

After presentinga classificationof dynamicalsystems,tools of differential
geometryarediscussedwith respectto the analysisof trajectoriesof dynamical
systems.Thedescriptionof termsdefiningflow characteristicsof dynamicalsys-
tems(e.g.,divergence,rotation)is followedby discussinglinearizationtechniques
for dynamicalsystems.

Togetherwith an investigationof flow behavior closeto a critical point and
cyclesaconceptfor thelocal analysisof adynamicalsystemcloseto anarbitrary
trajectoryis presented.Thisapproachbasicallyinvestigatesperturbationsorthog-
onal to the chosentrajectoryby determiningeigenvaluesandeigenvectorsof a
matrix which is closely relatedto the Jacobianmatrix of the dynamicalsystem
but with lowerdimension.
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Chapter 4

Streamarr ows

$�%&�')(&+*-,.& ‘/10"23 (all thingsarein flux).
Heraclitus(540-480BC)
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As first chapterof this compilation of advancedvisualization techniquesfor
dynamicalsystems,streamarrows [51] andtheir hierarchicalextension[50] are
described.Theuseof streamsurfaces[33] for thepurposeof directly visualizing
systemdynamicsis extendedby severalmeans:

(1) Arrows areaddedto the streamsurface,codingdirectionandorientation
of the flow. (2) Anisotropicspotnoiseis usedto communicatetime lines and
streamlinessimultaneouslywithin thestreamsurface. (3) Selectively removing
partsof thestreamsurfaceallows to copewith occlusionandspatialregistering.
(4) Extensionsinto 3D areproposedto includefurther information,for example,
theflow nearthestreamsurfaceor localproperties.

4.1 Intr oduction

The streamarrows techniquewas developedduring a cooperationwith mathe-
maticianswho investigateddynamicalsystemsthat exhibit mixed-modeoscilla-
tions [56, 57]. Specifically, a simplifiedmodel,calledthe three-dimensionalau-
tocatalator, which describesthe interactionsof threechemicalentities,is inves-
tigated. SeeEq. 4.1 for the mathematicaldescriptionof this three-dimensional
dynamicalsystem. SeeFig. 4.1(a) for a streamline typical for this dynamical
system. $ø & 4[O����X7 ù �=< ø65 J < ø7 $5 & ø85 J 7 ø < 5$ù & 5 < ùø 1 5 1 ù ]Q]Q] systemvariables4¯1¸��1 7 ]Q]Q] systemparameters,in ourexamplefixedto 4!&\E(] w:9<; ,�ú&[w�]>= , 7 &\E(] E(9?

(4.1)

Streamsurfacesweredeterminedto beaproperrepresentationof theprincipaldy-
namicsof this dynamicalsystem.However, streamsurfacesusuallyarespatially
extensive, andthusocclusionoften becomesa problemwhen this visualization
techniqueis used.SeeFig. 4.1(b) for two streamsurfacescalculatedfor thesame
system.By introducingsemi-transparentstreamarrows andselectively removing
partsof the streamsurfacetwo improvementsareprovided (seeSects.4.2, 4.3,
and4.5).

A major inspirationconcerninga solutionof how to dealwith theproblemof
occlusioncausedby complex shaped(for example,curly) streamsurfacescomes
from a book on the “Geometryof Behavior” by Abrahamand Shaw [1]. The
authorsdiscussvarioustypesof three-dimensionaldynamicalsystemsby using
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(a) (b)

Figure 4.1: A typical streamline (a) and streamsurface (b) calculatedfor a
dynamicalsystemexhibiting mixed-modeoscillations.

hand-drawn illustrationswhich representthe topologicalstructureof their sys-
tems.Streamsurfacesmake up animportantpartof mostof their images.To re-
ducethenegativeeffectscausedby occlusionthey useonly arrow-shapedpartsof
astreamsurfaceinsteadof thewholesurface.Additionally they usearrow-shaped
holeswithin streamsurfacesto diminish occlusion. Using this approachdirec-
tional informationis alsoaddedto thestreamsurfaces.Thisenablestheviewer to
obtaina betterfeelingfor theflow within a streamsurface.They alsousesimple
texturesin their hand-drawn illustrationsto convey a betterunderstandingof the
shapeof objectsin phasespace.Referto Fig. 4.2 for a typical imageout of this
book.

Anotherissueof thiswork is to increasetheinformationprovidedby astream
surface.Plainstreamsurfaces,for example,do not representthedirectionof flow
within thestreamsurface.Also, neithertemporalcuesabouttheintegration(time
lines) nor informationaboutthe flow in the vicinity of a plain streamsurfaceis
available.
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Figure4.2: Visualizationof adynamicalsystemby usingstreamarrows [1].

4.2 Streamarr ows for streamsurfaces

Themainextensionto thestandardstreamsurfacetechniqueis theintroductionof
streamarrows. A streamsurfaceis therebysegmentedinto a setof arrow-shaped
objects,i.e., thestreamarrows, andtheremainingsurfaceportion. By assigning
a certainlevel of semi-transparency to thestreamarrows theviewer seesthrough
the“holes” in thestreamsurfaceandgetsmoreinformationaboutthestructureof
themodel. In additionto that, theuseof streamarrows allows to visualizelocal
information that is availableon the streamsurface,e.g.,directionof evolution,
velocity, andlocal divergenceor convergence(seeFig. 4.3).

Thesegmentationof thesurfaceinto streamarrowsandtheremainingsurface
portionsis performedby mappinga regularly tiled texture of arrow-shapedpat-
ternsontothestreamsurfaceandcuttingits patchesalongstreamarrows borders.
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Figure4.3: Streamarrows for mixed-modeoscillations.

The texture is constructedby specifyinga basetile, i.e., theshapeof onestream
arrow, and tessellatingthe texture using this basetile. SeeFig. 4.4 for a com-
parisonof two differentshapesof thebasetile. Threesetsof geometricobjects,
namelytheinsideof streamarrows,theoutside,andtheseparatingborder, areex-
tracted.After this segmentationeitherthestreamarrowsor theremainingsurface
portionscanbeassigneda certainlevel of semi-transparency. SeeFig. 4.5 for an
illustration of this methodandFig. 4.6 for an example,whereboth possibilities
wereused.

A segmentationof astreamsurfaceinto anentirelyopaqueportionandhighly
transparentholes(streamarrows)givesagoodimpressionof theinteriorstructure
of a curvedstreamsurfacewhile still retaininga goodoverview of thespatialar-
rangementof thestreamsurfaceitself. Usinghomogeneouslytransparentsurfaces
would produceseveral layersof overlappingstreamsurfacesegmentswhich are
quitedifficult to interpretspatially[71].
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Figure4.4: Varyingtheshapeof thestreamarrows texture.

4.3 Hierar chical streamarr ows

Thestreamarrowsapproach[51] is basedonaregulartiling of texturespace.This
is not well-suitedfor streamsurfacesthatspreadover regionsof high divergence
or convergence.Thearrowsbecomeeithertoobig or toosmallin certainareas.To
eliminatethis undesirableeffectwepresentahierarchicalextensionto thestream
arrows technique.

A stackof streamarr ows textures

Thegoalis to developanalgorithm,which is capableof generatingstreamarrows
that arealmostequal-sizedin the renderedimage. As we do not want to loose
the ability to representlocal divergenceor convergenceusingthe streamarrows
technique,we decidedto constructa hierarchicalalgorithminsteadof a continu-
oussolution. Whenflow divergeslocally, thehierarchicalstreamarrows method
switchesdiscretelyto thenext detailedlevel of streamarrows. Thesestreamar-
rowsaresmallerin texturespace,but sincethey areusedfor divergentareasof the
streamsurface,they arefinally almostequal-sizedto all otherstreamarrowsin the
renderedimage.Referto Fig. 4.7 for animagewhich demonstratesthis situation.

The hierarchical streamarrowstexture is specifiedby the shapeof onetile,
i.e., the outline of an arrow, and two vectors �@� and �BA (seeFig. 4.8) which
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streamarrows texture

v-lines : timelines

streamsurface

base tile

u-lines : streamlines

Figure4.5: Mappingthestreamarrows textureto astreamsurface.

define the offsetsbetweenadjacentcolumnsand rows of arrows, respectively.
Additionally thereis a factor ø which representsthescalerelationbetweenlevel 	
and 	 + 9 . If ø = 9B*�w the size of streamarrows is doubled,when the algorithm
switchesto the next coarserlevel. Finally thereis a vector C , which is the off-
setof theentiretexturewith respectto theorigin of texturespace.Offsetvector
C becomesimportant,whenanimationis applied. Due to this specificationeach
streamarrow canbeaddressedby exactlyoneidentity ID givenby threenumbers.
ID ( DFEHG:EHD , IKJ D , ÄLJ M ) identifiesonestreamarrow asa copy of the basetile, first
translatedby C¦7NIKJ D0O��O�z7ÓÄLJ M�O��BA , andthenscaledabouttheorigin by øQP R�STR�P .
The separationalgorithm

Thehierarchicalstreamarrowstechniqueis triangleoriented,becauseweproduce
thestreamsurfacesastriangularmeshes:thefront of thestreamsurface( � time
line) is advancedthroughphasespacewhile thestreamsurfaceis integrated.Tri-
anglesaresmallerin streamsurfaceareas,wherecurvatureis high, flat areasof
streamsurfacesaretriangulatedwith largertriangles.

During thestreamsurfacealgorithmverticesareassigned2D texturecoordi-
nates.Onetexturecoordinateof eachvertex ( U coordinate)is setto theintegration
time of a streamline from theseedpoint to thevertex. Theothertexturecoordi-
nateof eachvertex is setin suchawaythatall verticesconnectedwith onestream
line getthesametexturevalue,i.e., the1D seedparameterof thestart-pointof the
streamline ( p coordinate).SeeFig. 4.5.

To applythehierarchicalstreamarrows textureto thestreamsurfacethehier-
archicalstreamarrowsalgorithmprocessesthestreamsurfacetriangleby triangle
andperformsthefollowing separationalgorithm:
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Figure4.6: Usingsemi-transparency eitherfor thearrowsor theremainingstream
surfaceportions.

activeTiles = {} // . . . IDs of active tiles
lockedTiles = {} // . . . IDs of locked tiles
FOR ALL Triangles tri DO:
| level:=findLevelOfTriangle(tr i) // get most appropriate level
| tiles:=getMaybeTiles(tri,leve l) // . . get overlapping tiles
| FOR ALL Tiles tile IN tiles DO:
| | IF NOT (tile.active OR tile.locked) THEN:
| | | IF overlap(tile,activeTiles) THEN: tile.lock
| | | ELSE: tile.activate
| intersect(tri,activeTiles) // . . . . do the separation

Thealgorithmneedstwo datastructuresin additionto thetriangularmeshof the
streamsurface: activeTiles storesthe IDs of all tiles that actually are in-
stancedwithin thestreamsurface,whereasin lockedTiles all IDs of tiles are
storedthatoverlapat leastoneactive tile andthusshouldnot begenerated.Both
datastructuresneedto be be searchedas fastaspossible(in overlap() and
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Figure4.7: Hierarchicalstreamarrows, two examples.

intersect() ) andeasyto extendby anew tile. Sincetilesarerelatedvia their
2D locationin texturespaceandsearchingis alsoperformedin a ‘geographical’
mannerusingtexturecoordinates(IDs), weusealinkeddatastructurethatclosely
representsthespatialrelationbetweentiles.

Thealgorithmprocessesthestreamsurfacetriangleby triangle. For eachtri-
angle tri the correspondinglevel in the hierarchicalstreamarrows texture
is determinedby comparingthe sizeof triangle tri in texture spaceto its size
in phasespacecoordinates.This ratio is usedto find the mostappropriatelevel
in the stackof streamarrows textures. Thenall tiles in that level, which might
intersecttriangle tri aredetermined(getMaybeTiles() ). Tiles which are
alreadyactivatedor lockedareomitted.All remainingtiles arechecked,whether
they overlapany active tile (overlap() ). Tiles thatoverlapat leastoneactive
tile arelocked(addedto lockedTiles ), andall theothersareactivated(added
to activeTiles ). SeeFig. 4.9 for an examplewith two triangles. After all
tilesarecheckedtriangletri is intersectedwith all activetilesandseparatedinto
threesets: partsthat belongto the arrows, partsthat do not, andthe separating
outline.All threesetscanbeindividually processed,e.g.,assigneda certainlevel
of semi-transparency, afterthesegmentationalgorithmhasfinished.

Themechanismof activeTiles and lockedTiles ensuresthatneigh-
boringtrianglesof a streamsurfaceareconsistentlycoveredby entiretiles of the
hierarchicalstreamarrowstexture. If thetile instancedfor thecurrentlyprocessed
triangleis overlappedby a tile which wasalreadyinstancedfor a previously pro-
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Figure4.8: Hierarchicalstreamarrows texture,i.e., a stackof streamarrows tex-
tures– specificationparameters.

cessedandnearbytriangle—thistile is activeandof differentlevel thanthecurrent
tile—theactive tile is usedfor thecurrenttriangle.Thisensuresconsistency. The
currenttile whichoverlapstheactive tile is furthermorelocked.

4.4 Anisotropic spotnoise

Anotherpart of the proposedapproachis the useof spotnoiseasan additional
streamsurface texture. Spot noise (seeFig. 4.10) hasbeenintroducedto the
computergraphicscommunityby Jarke van Wijk in 1991 [87]. It is a power-
ful techniqueto generatevariousrandomtexturesthat aresuitablefor different
purposes.By constructinga spotnoisetexture, which emphasizesstreamlines
and time lines on a streamsurface,the visualizationof flow using streamsur-
facescanbeimproved. SeeFig. 4.11for a typical image.To find anappropriate
spotis facilitatedby thefactthatspotnoisetexturesdirectly reflectthegeometric
characteristicsof the spotusedfor its construction.As we want to usethe tex-
tureto emphasizestreamlinesandtime lines,weparameterizethestreamsurface
suchthatparameterlinesdirectly correspondto streamlinesandtime lines. This
parameterizationis easilyachieved, sincethe constructionof streamsurfacesis
basedon streamline integration.Usingthis typeof streamsurfaceparameteriza-
tion a spotemphasizinghorizontalandvertical directionsin texture space,e.g.,
a crossor a hash,shouldbe used. In Fig. 4.10 the spotwe useandthe result-
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1st Tri. yields . . .

2nd Tri. yields . . . ... locked tiles

... activated tiles

... ‘‘maybe’’ tiles

Legend:

Figure4.9: Activatingandlocking tiles,examplewith two triangles.

ing spotnoisetexture is shown. Fig. 4.11shows a texturedstreamsurfaceof the
mixed-modeoscillationsmodel.

Wealsothoughtof usingline integralconvolution[14] asanalternativeto spot
noise,but mainly two reasonsinducedusto usespotnoiseinstead.First, theuse
of spotnoiseallowsto emphasizebothstreamlinesandtimelinessimultaneously.
Using line integral convolution on theotherhand,just streamlinesor time lines
could be emphasized.Anotherreasonfor the useof spotnoiseis, that it is less
costlythanline integral convolution.

Combining spot noise texture and streamarrows producesan expressive
streamsurfacevisualizationtechnique.While theuseof thestreamarrowstexture
might raisea problemat ill-behavedareasof thestreamsurface,e.g.,regionsof
largedivergenceor convergence,spotnoisetexturessuffer from lessproblemsin
this situations.

4.5 Selectivecuts

Theuseof 2D cross-sectionsis a well-establishedmethodto reducetheproblem
of occlusionin 3D. A similar effect canbeachieved,whenpartsof themodelare
cut away andremoved. Simplegeometricobjects,e.g.,planes,areusedto cut
througha3D model.

We use this method for the stream surface representationof the given
dynamicalsystem,but do not remove surfacepartsentirely. Specifyinga cer-
tain cut planethe streamsurfaceis separatedinto threeparts,i.e., components
of the streamsurfacebehind,on, andin front of thecut plane. The geometrical
separationof the streamsurfaceallows to specifydifferentvisibility parameters
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Figure4.10:spot(enlarged)andtheresultingspotnoisetexture.

for all threeparts. Componentsin front of thecut planemaybe renderedsemi-
transparently. The intersectioncurvesof the streamsurfacewith the cut plane
may be emphasizedby representingthemastubes. Several arbitrarycut planes
maybeappliedsimultaneouslyso that, for example,a wedge-shapedpartof the
streamsurfaceis extracted.Fig. 4.11givesanexample,wherepartsin front of the
planearerenderedsemi-transparently. Enhancingsomeof the streamlines, for
example,theedgesof thestreamsurface,facilitatestheperceptionof thespatial
arrangementof thesemi-transparentportions.

Thelocationandorientationof objects,thatareusedfor modelseparationand
componentsremoval, arecrucialfor thebenefitof this method.Theseparameters
canbedeterminedeitherautomaticallyor interactively by theuser. An automatic
approachwould meanto searchfor anoptimalpositionandorientationof thecut
suchthat the most importantpartsof the visual representationarekept andless
importantpartsareremoved.Obviouslyanautomatedapproachis easilyextended
to supportthe calculationof animationsequences.On the otherhandit is quite
difficult to meettheuser’s requirementsautomatically, whenstudyingthesystem
representation.In the caseof this thesisan automated‘intelligent’ approachfor
the placementof cut planeswasnot implemented. Animation sequenceswere
generatedby specifyingsimplemovementsof thecutplane.Thecutplanecan,for
example,move alongonecoordinteaxiswhile remainingorthogonalto this axis
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Figure4.11:Streamsurfacewith anisotropicspotnoisetexture.

duringtheentireanimation.SeeFig. 4.12for two snapshotsout of ananimation
sequence.

4.6 Animation aspects

As fourthpartof streamsurfaceenhancementweapplyanimationto certainparts
of thevisualrepresentation.As streamarrowsareimplementedin thescopeof the
DynSys3Dsystem(seeChapter8), which itself is basedonAVS [2], animationis
well-supported.AVS allows to export certainmoduleparametersasinput ports.
Furthermoretherearealreadysomebasicanimationmodulesavailableas,e.g.,
animatedinteger or animatedfloat. Connectingsucha moduleto an exported
moduleparameteris thesimplestmethodof animatingavisualizationsetup.

Severalparameterscanbeanimatedto improvethevisualization.An animated
offset vector V (seeSect.4.3 andFig. 4.8) is usedto move streamarrows along
streamlines within the streamsurface. Composingthe tiles of the texture in a
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Figure4.12: Two snapshotsfrom ananimationsequence– thefirst from thebe-
ginningandthesecondfrom theendof theanimationsequence.

48



Additional extensions/ 4.7

regularmanner, just a few imagesof theanimationsequencehave to berendered.
A longersequencecanbeproducedby loopingthecyclic sequenceseveraltimes.

Othersequencesarerenderedby animatingtheconstructionof a streamsur-
face. The temporalevolution of a streamsurfacestartingfrom an initial setof
colinearpoints is illustrated. Taking the streamsurfaceof the mixed-modeos-
cillationsmodelto beopaqueclearlyshows how somepartsof themodelrepre-
sentationseverelyoccludeotherportions.With streamarrows this unsatisfactory
situationis improved.Theanimationof thestreamsurfaceevolutiongivesagood
impressionof thedynamicsinducedby thegivendynamicalsystem.

Theremovalof certainpartsof themodelcanbeanimatedaswell. A simulated
processof successively removing moreandmorepartsof the streamsurfaceis
easierto interpretthanstill imageswherepartsof themodelhave beenremoved.
Anotheranimationsequencewe renderedshows sucha process—acut planeis
usedto distinguishsemi-transparentpartsof the streamsurfaceabove the plane
from opaqueareasbelow. During theanimationtheplaneis movedtowardsthe
centerof themodel,sothatsuccessively mostpartsof thestreamsurfacebecome
visible.

Many other parametersare suitableto be animated. Moving the viewpoint
aroundthemodeldoescertainlyhelpto understandthesystembehavior. Theini-
tial curveof theconstructedstreamsurfacemaybemovedto demonstratestability
featuresof thedynamicalsystem.Thiscorrespondsto successively displayingnot
only onebut variousadjacentstreamsurfaces.Thestreamlinesusedto enhance
theedgesof thestreamsurfacecouldbeanimatedby moving their originsalong
the line of initial conditions. This would improve the visualizationof the flow
within astreamsurface.

4.7 Additional extensions

Thestreamsurfacestechniqueis usedwith color codinglocal attributes,e.g.,ve-
locity magnitude,integration time, divergence,or helicity (seealso Chapt.3).
This extensionallows to focus the viewer’s attentionon streamsurfaceregions
thatexhibit certainvaluesof a localparameter.

After thegeometricseparationof streamarrows hasbeenperformedtwo pos-
sibilities of extendingstreamarrows into 3D have beenrealized.Onepossibility
is to shift theseparatedstreamarrows slightly in a directionperpendicularto the
remainingstreamsurfaceportions.To avoid any confusion– onecould interpret
thestreamarrows aslocal solutionsof thedynamicalsystem,which is certainly
not thecasein mostsituations– theshiftedstreamarrows areconnectedwith the
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(a) (b)

Figure4.13: (a) Streamarrows shiftedout of thestreamsurfaceplusanisotropic
spot-noise. (b) Streamarrows outlinesrepresentedas3D tubesandcolor coding
of velocitymagnitude.

remainingpartsof thestreamsurfaceby semi-transparentpatches.Generating3D
arrows usingthis techniqueimprovesthe perceptionof spatiallocationandori-
entationof thestreamsurface(seeFig. 4.13(a)). In this imagestreamarrows are
shown with anisotropicspotnoise[87] illustratingstreamlinesandtime lines.

Althoughthis methodof shifting streamarrowsslightly out of thestreamsur-
faceoftengeneratesusefulresults,it hasits disadvantagesin othercases.Espe-
cially if nearbystreamsurfacesarefarfrom beingcoplanarto theenhancedstream
surface– a streamsurfaceasa stablesystemsolutioncanbe imaginedassucha
case(seeFig. 4.14)– this techniquemightgiveawrongimpression.

Therefore,anotherextensionof the underlyingdynamicalsystemallows to
build up theshiftedstreamarrow asa local solution.This is achievedby starting
a new streamsurfaceat theshiftedtail of thestreamarrow andcuttingthearrow
out of this streamsurface. This techniquewill allow to representthedynamical
systemnot just at thestreamsurface,but alsoin its vicinity. Othershapesof 3D
streamarrows,e.g.,a tent-likeshapeor variationsof the2D baseshape,alsohave
beeninvestigated.

Another3D extensionis the representationof the separatingoutline asa 3D
tube(seeFig. 4.13(b)). Usingthisapproachstreamarrowscanberealizedwithout
removing any part of the streamsurface. Almost all of the advantagesof the
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Figure4.14:Misleadingshiftedstreamarrows (bright: integratedstreamarrow).

streamarrows techniquearepreserved as,e.g., indicationof flow directionand
local velocity.

Furtherextensionsto thestreamarrows techniquemight be3D streamarrows
which canbe seenasglyphswith a setof free parameters.Scalardatasuchas
velocityandhelicity aswell asvectordata,for example,vorticity, maybemapped
to astreamarrowsparameter. Not only 3D shapeattributesof streamarrowscould
beinterpretedasglyphparameters,but alsosize,2D shape,opacity, andcolor.

Relatedto the hierarchicalstreamarrows texture we worked on otherexten-
sionsconcerningtheplacementof streamarrows. Oneideais to randomlyposition
streamarrows on streamsurfaces.Anotherideais to uselocal streamsurfaceat-
tributesfor thelocationof streamarrows. Surfacecurvaturecouldbeusedfor this
purpose.This hasalreadybeenshown to be useful[34]. The opacityof stream
arrowscouldmodulatedaccordingto thecurvatureof thestreamsurfacesuchthat
ratheropaquearrows areplacein regionsof high surfacecurvature. Finally we
think of includingviewing parametersto determineoptimalplacementsof stream
arrows. Thisideawasagaininspiredby thebookof AbrahamandShaw [1], where
theseparametersareincludedin thehand-drawn illustrationsaswell. Locationas
well as lengthandwidth of arrows could be chosenin a way that occlusionof
detailsbehindis diminuished.

4.8 Discussion

Streamsurfacesarea usefultechniqueto visualizethree-dimensionalflow data.
For an entire continuousset of initial conditionsthe temporalevolution is de-
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picted.Usingstreamarrows,someof thedisadvantagesrelatedto streamsurfaces
areomittedor diminished:by texturing the surfaceaccordingto the flow of the
3D dynamicalsystem,flow directionandvelocity is visualizedeven for interior
points of the streamsurface. Lessocclusionis achieved, usingselective semi-
transparency. Combiningstreamarrows with anisotropicspotnoiseandselective
cutsyieldsexpressive imagesof three-dimensionalflows.

Onedifficulty with streamarrows is the numberof parameters.To generate
useful imagesin a certainsituationit is necessaryto tunethe streamarrows pa-
rameters,for instance,scalingfactor W for hierarchicalstreamarrows. To comeup
with a completelyautomaticparameterset-up,seemsto bea non-trivial problem.
Anotherproblemwith streamarrows is the numberof trianglesbeinghandled,
whenhigh-qualityimagesareto begenerated.Geometricsegmentationof stream
arrows usuallycausesmany trianglesof the original streamsurfacemeshto be
split in evenmorepolygons.Thus,theuseof streamarrows within aninteractive
set-up(e.g., a virtual/augmentedenvironmentset-up[26]) might causeperfor-
manceproblems.

It is usefulto sub-structurestreamsurfacesby theuseof texture that is gen-
eratedwith respectto theunderlyingflow. Importantlocal information,e.g.,flow
directionandvelocity, is additionally integratedin the visualization. Streamar-
rowsarequiteusefulto generatehigh-qualityrepresentationsof three-dimensional
dynamicalsystemsor flow data. The cover imageof this chapter(seepage35)
shows a visualization,which is quitesimilar to oneof theexpressive imagespre-
sentedby AbrahamandShaw [1] (seeFig. 4.2).
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Chapter 5

Poincaré mapsand visualization

A mantravelstheworld over in searchof whatheneedsandreturns
hometo find it.

George Moore (1852-1933)
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This chapterpresentsa methodwhich is basedon Poincaŕe mapsandPoincaŕe
sections[49]. Visualizationis enabledto moredirectly show thecrucial aspects
of systemdynamicsby usinga mathematicaltool to distill essentialinformation
from dynamicalsystemsthataredominatedby a cyclic or quasi-cyclic behavior,
i.e., thederivationof adiscretePoincaŕe map.Cyclecharacteristics,for example,
areespeciallywell-suitedfor beingvisualizedusingthis approach.

5.1 Intr oduction

Poincaŕe sectionsare an importanttool for the investigationof dynamicalsys-
temsin theoryaswell as in applications.They areusedfor models(usually in
3D) thatexhibit periodicor quasi-periodicbehavior. In additionto mathematical
descriptions—thereis a lot of theoryaboutdynamicalsystems[4, 5, 32, 92]—
periodicor quasi-periodicdynamicalsystemscanbefoundin many fields,e.g.,in
physics,chemistry, biology, ecology. Especiallychaoticsystemsareoftenexam-
inedby theuseof Poincaŕesections[80, 83, 92].

A 2D Poincaŕe sectionthrougha periodic3D flow is a planarcross-section
transverseto the flow suchthat a periodic orbit intersectsit at its center. The
correspondingPoincaŕe mapis definedasamapcorrelatingconsecutive intersec-
tionsof flow trajectorieswith thePoincaŕesection.ThePoincaŕemapis adiscrete
dynamicalsystemof onedimensionlessthanthecontinuousflow which it is con-
structedfrom. As many of themostimportantflow propertiesareinheritedby the
Poincaŕe mapandits analysisis usuallymoresimpledueto its reduceddimen-
sionality, it is oftenusedfor analysisinsteadof the3D flow. SeeSect.5.2 for a
moredetaileddiscussionof somebasicsonPoincaŕesectionsandPoincaŕemaps.

Sincetheir introductionto dynamicalsystemanalysisby Henri Poincaŕe in
1899[66] thevisualrepresentationof Poincaŕe mapshasbeenalwaysa very im-
portantpartof this researchtechnique.Hand-drawn sketchesof thePoincaŕemap
wereusedfor a longtime to guideor illustratethemathematicalanalysis[1]. Due
to theability of integratinga dynamicalsystemnumericallyby theuseof a com-
puter, visualizationtechniquesthatarebasedon thenumericalapproximationof
thePoincaŕemaphavebecomepopular[63, 83]. Thereareanumberof programs
that calculatePoincaŕe maps[22]. SeeSect.5.3 for a brief review of previous
work in this field.

Many visualizationtechniquesfor Poincaŕe mapssuffer from rathersevere
limitations. Oneproblemis, thatwith theuseof 2D visualizationtechniquesthe
context of the3D flow is lost. Certainfeatures,e.g.,the numberof windingsof
a Möbiusband,cannot be derived from the 2D Poincaŕe mapalone. Another
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Figure5.1: An illustrationof thePoincaŕemapdefinition.

problemwith thesetechniquesis that the temporalcorrelationbetweenpoints
of the Poincaŕe map is not encodedwithin the 2D image. Most limitations of
the2D techniquesin this field areusuallynot dueto a weaknessof thesoftware
or method,but ratherdueto an inherentdifficulty with dimensionreductionap-
proaches.

Wethereforeproposeasetof advanceswithin thisratheruntouchedfield of vi-
sualization.First,we suggestto adaptsomewell-known visualizationtechniques
as,e.g.,spotnoise,to Poincaŕe mapsto improve thevisual representationof the
2D map.SeeSect.5.3 for a discussionof theseideas.Furthermorewepresentan
embeddingof thesetechniqueswithin a 3D visualizationof theunderlyingflow.
Thisapproachallowsto significantlyreducesomelimitationsof previouslyknown
techniques.Referto Sect.5.6 for adescriptionof this approach.

5.2 About Poincarémaps

A Poincaŕe sectionis usedto constructa ( XOY[Z )-dimensionaldiscretedynamical
system,i.e., a Poincaŕe map, of a continuousflow given in X dimensions.This
reducedsystemof X\Y]Z dimensionsinheritsmany properties,e.g.,periodicityor
quasi-periodicity, of theoriginal system.We will concentratein thefollowing on
thecaseof X beingequalto three.

Poincaŕe mapsare usedto investigateperiodic or quasi-periodicdynamical
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(a) (b)

Figure 5.2: (a) An example of a traditional Poincaŕe map visualization[76].
(b) An exampleof a3D Poincaŕemap[15].

systems.Often thesesystemsexhibit a periodiccycle or a chaoticattractor. A
Poincaŕe section̂ is now assumedto beapartof aplane,which is placedwithin
the 3D phasespaceof thecontinuousdynamicalsystemsuchthateitherthe pe-
riodic orbit or thechaoticattractorintersectsthePoincaŕe section.ThePoincaŕe
mapis now definedasa discretefunction _�`Q^ba ^ , which associatesconsecu-
tive intersectionsof a trajectoryof the3D flow with ^ (seeFig. 5.1).

Therearesomeimportantrelationsbetweena 3D flow and the correspond-
ing Poincaŕe map: A cycle c of the 3D systemwhich intersectsthe Poincaŕe
section ^ in d points ( dfe]Z ) is relatedto a periodicpoint g[hickjl^mhb_@n�o�g6p of
Poincaŕe map _ , i.e., g is a critical point of the map _ n . Furthermorestability
characteristicsof the cycle are inheritedby the critical point: stable,unstable,
or saddlecyclesresult in stable,unstable,or saddlenodes,respectively. There-
fore many characteristicsof periodicor quasi-periodicdynamicalsystemscanbe
derivedfrom thecorrespondingPoincaŕe map.

5.3 Previousand relatedwork

Visualizationtechniqueshavebeenusedfor theillustrationof Poincaŕemapssince
they wereintroducedby HenryPoincaŕe. Most of theseimagingmethodsare2D
or 1D plots that are calculatedby numericallyintegrating the underlyingflow.
SeeFig. 5.2(a) for anexampleof sucha technique.RarelyPoincaŕe mapsin 3D
or evenhigherdimensionsareinvestigated.SeeFig. 5.2(b) for anexample.

In additionto thesetraditional2D plotsa few moregeneraltechniquescanbe
foundin theliterature.Hand-drawn imagesin thebookby AbrahamandShaw [1]
demonstratethatacombinationof thePoincaŕesectionandtheunderlying3Dflow
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Figure5.3: Poincaŕemapvisualizationby AbrahamandShaw [1].

within a singleimageconvey a betterunderstandingof theunderlyingflow char-
acteristics(seeFig. 5.3). The book by AbrahamandShaw is in effect quite an
inspirationalsource.We think that a numberof artistic techniquesusedfor the
hand-drawn imagesin thebookarewell-suitedfor computer-supportedvisualiza-
tion techniques.

5.4 Visualizing Poincarémap q
SincePoincaŕe map _ mapsr onto _�o#rBp , both lying in ^ , a visualizationbased
on a directedstroke connectingr and _�o#r@p hasbeenimplementedin AVS (see
Chapt.8). A modulenamedFLOW generatesa set of arrows on the Poincaŕe
section,which startat a point r+s andendin a correlatedpoint _�o#r+s#p . SeeFig. 5.4
for a visualizationof a non-linearsaddlecycle wherethis techniquewasused.^ is representedasa semi-transparentdisk. A setof light-grey arrows is placed
on ^ to visualize _ut . Sequencesof consecutive applicationsof _ arevisualized
by theuseof smallredspheres,representingv�_xw1o#r@pzyL{�e}|8~ , wherebythesphere
depictingr = _@� o#rBp is coloreddifferentlyfrom theothers.Thevisualizationof the
sequencev�_ w o�r � pzyK{�e}|f~ with r � closeto theorigin of phasespaceis combined
with a visualizationof theconstructingflow trajectory.

We alsoadaptedspotnoise[87] to Poincaŕe maps.We placeelliptic spotsonto ^
suchthatthefocal pointsof theellipsescoincidewith rxs and _lo�r+s�p , respectively.
SeeFig. 5.5 for an example. This choiceis due to the fact that no directional
informationshouldbe encoded,when _lo�r+s�p =rxs . In this caseboth focal points
coincideand the elliptic spot degeneratesto a circular spot. Imagesrendered
with this methodarewell suitedto visualizetheentiretyof _lo�^zp within onestill
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Figure5.4: Visualizinganon-linearsaddlecycle.

image.SeeFig. 5.6 for a visualizationof a non-hyperbolicsaddlecycle (3 stable
and3 unstablemanifolds)wherespotnoisewasusedfor visualization. Similar
asin Fig. 5.4,six sequencesv"_xw1o#r+s�p�yL{ke�|f~ sF�� t�� ��������� � ��� arevisualizedby theuseof
white andredspheres.

The resultsof the previous techniquesarenow embeddedinto a 3D visual-
ization of the underlyingflow. We thereforerepresentPoincaŕe section ^ asa
semi-transparentdiskplacedwithin theflow andrealizethearrowsandspotnoise
asa textureof this disk (seeFigs.5.4 and5.6). Semi-transparency wasusedfor
themapto allow theviewer to seethrough. This improvestheunderstandingof
thecontext of map _ .

5.5 Visualizing the repeatedapplication q X

There are several reasonsto investigatethe repeatedapplicationof Poincaŕe
map _ , i.e., _B� . Probablythe most importantoneis the analysisof the asymp-
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Figure5.5: Visualizingancycleattractorusingspotnoise.

totic behavior inducedby the (iterated)Poincaŕe map. Periodicsystemsneara
cycle canexhibit differentasymptoticbehavior, e.g.,convergenceor divergence
with respectto the cycle. This aspectis dueto differentpossiblecycle charac-
teristics,namelystable,saddle,or unstablebehavior. A stablecycle attractsnear
trajectories,whereasunstableandsaddlecyclesrepelneartrajectories.A saddle
cycle c separatesits Poincaŕe section̂ into regionsof attractionandregionsof
repulsion.Almost all trajectoriesnear g = _�o�g6p emerge into therepellingpartsof^ andthusarefinally repelledfrom c . Figs.5.4and5.6show two Poincaŕe maps
of differentsaddlecycles.

We implementeda moduleTRAJECTORY which producesa visualizationof
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Figure5.6: Visualizinganon-hyperbolicsaddlecycle.

theset v�_xw o#rBp�yK{�e}|8~ asdescribedon page57. SeeFig. 5.6 for anotherexample
wherethis techniquewasused.

Sometimes_ n , d8��Z , is more interestingto investigatethan _ . This is the
case,for example,whenbasecycle c itself piercesthe Poincaŕe sectiond times
during one completeloop (seeFig. 5.7). In the given example c intersects^ two more times before it returns to the initial intersectionpoint and thus
closesthe cycle. The behavior of trajectories � near c are better described
by one arbitrary r�����jl^ and _O��o�r@p rather than r and _lo�r@p . In fact any
pair o�_�w:o�r@pH��_�w�� n o#r@p�p , |Q��{���d , canbechosenfor this typeof analysis.

The usercan changethe default value of d , i.e., Z , suchthat all the previ-
ouslydiscussedvisualizationtechniques,e.g.,spotnoise,areadaptedto this new
parametersetting.Moreoverweallow theuserto specifythatonly thoseintersec-
tions ��h���j)^ areconsideredwhere  -o#�\p<¡� -o�clj�^lp��¢| (   beingtheunderlying
3D flow). Only thosepointson trajectory � areof interestwhere � crossesthe
Poincaŕe sectionwith thesameorientation.This meansthat � crosseŝ in both
caseseitherin front-to-backor back-to-frontorientation.Fig. 5.8(a) wasrendered
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Figure5.7: Visualizingwhy _ n is sometimesmoreexpressive than _ .

(a) (b)

Figure5.8: Visualizing (a) vfo#r+s£�L_�o#r+s�p�p¤~ vs. (b) vfo#r+s£�L_O� o�r+s#p�p¤~ .
with d = Z andFig.5.8(b) with d = ¥ . In thiscasethebasecyclepierceŝ threetimes
duringonecompleteloop.

Althoughtherearestill someartifactsin Fig. 5.8(b) which aredueto thelim-
ited sizeof ^ , it is moreexpressive thanFig. 5.8(a). Theegg-shapedintersection
of an invariant torus(containingthe basecycle) andPoincaŕe section ^ canbe
clearlyseenasdark line aroundthecenterof this image.Furthermoretheunsta-
ble cyclewithin this toruscross-sectioncanbedistinguishedasa critical point of
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Figure5.9: Evaluatingtheinitial textureaftertwo applicationsof È .

thePoincaŕemap _ . Theradialrepulsionawayfrom thiscritical point towardsthe
torusis well representedby thestarlikespotnoisetexture.

The visualizationof _ � , X\��Z , is moredifficult thanvisualizing _ itself. A
techniquewe investigatedfor the representationof _B� , X increasing,is image
warping[11]. A moduleWARP wasimplementedthatapproximates_ by a warp
function È onthebasisof É and _lo#É�p whereÉ canbechosento beeitherajittered
or regular setof line segmentsspreadover ^ . This approximationis necessary
sinceevaluatingthePoincaŕemapfor all thepointsonthePoincaŕesectionwould
causeextremelyhighcomputationalefford – for eachsingleevaluationpotentially
thousandsup to millions of numericalintegrationstepsarenecessary– thusonly
a few evaluationsaredone,i.e., _�o�É�p , andwarpingis usedto approximate_ � .

WARP loadsan initial texture Ã+Ê\Ë onto ^ andthenappliesthe warp trans-
formation X times,where X is specifiedvia a parameterof WARP. Theresulting
texture Ã+Ê\ËÍÌ)ÈÏÎ6� (seeFig.5.9)placedon ^ givesagoodimpressionof themain
characteristicsof _ � . SeeFig. 5.10for animagesrenderedusingthis technique.

The reasonwhy we approximatePoincaŕe map _ by the useof a warping
functioninsteadof using _ directly for thetransformationof thetextureis that _
is usuallyrathercostly to compute.Warp function WARP, on the otherhand,is
capableof approximating_ quitegoodif warpingparametersarechosenappro-
priately. At leastanideaof _@� is gainedusingthis technique.
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Visualizing Poincarémapstogetherwith the 3D flow / 5.6

Figure 5.10: Imagesresultingfrom one, two, and eleven applicationsof warp
function È , i.e., ÈÍo#^lp , È � o#^lp , and È t�t o#^lp .
5.6 Visualizing Poincaré maps together with the

3D flow

Thesimultaneousvisualizationof aPoincaŕemapandtheunderlyingflow allows
to overcomesomelimitations of 2D visualizationtechniquesof Poincaŕe maps.
Flow characteristicswhich cannotbe derived from 2D Poincaŕe mapsaloneas,
e.g.,therelationbetweenconsecutive intersections,canbemadevisible andthus
enrichthecapabilitiesof thisvisualizationtechnique.SeeFig.5.11for anexample
wherethe secondaryrotationof the flow aroundthe cycle could not be derived
from thePoincaŕemap.

A Poincaŕe section̂ is representedasa circularpatchthat is renderedsemi-
transparently. Thereforevisualizationiconsbeforeaswell asbehind̂ arevisible.
Theimplementationof this techniqueis basedon theexistenceof a basecycle c
within the3D flow. Cycle c definesthecenterof Poincaŕesection̂ . Thecycle c
is renderedasanopaquetubethrough3D phasespacetogetherwith a sphereatc@j\^ wherethebasecycle intersectsthePoincaŕe section.SeeFig. 5.4or 5.6 for
animagewherê , c , andtheintersectioncBj)^ canbeeasilydetected.

The modulewhich generatesthis Poincaŕe mapvisualizationtakescarethat
initially a usefulview point is chosen.̂ is viewedunderananglewhich is little
bit lessthan Ð � so thatboth thePoincaŕe mapandthe intersectingbasecycle are
easilyrecognizable(seeFig. 5.4). We alsofoundit very usefulto provide a rela-
tive placementcapabilitysuchthat theusercanmove thePoincaŕe sectioneasily
aroundthebasecycle c . Theactualpositionof themapon thecycle is specified
by avaluebetween| and Z .

Additionally wesuggestsomemoreelaborated3D extensionsto Poincaŕemap
visualization.ModuleTRAJECTORY, for example,generateseithertheentiretra-
jectory which constructsthe orbit ÑÒhÓv_ w o�r@p�yL{ke�|f~ , only shortpartsof this
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Figure5.11:Visualizingflow propertiesnotencodedwithin thePoincaŕemap.

trajectoryin the vicinity of ^ , or just the spheresrepresentingthe consecutive
intersections.

Drawing the entire trajectorythat generatesorbit Ñ , for example,helpsto
relateconsecutivepointson ^ mentally(seeFigs.5.1and5.7). Long trajectories,
however, maycluttertheimage.

Using only shortpartsof the trajectorynear ^ avoids the problemof visual
clutter (seeFig. 5.12). Assumea periodic3D systemwhich exhibits somehigh
frequency oscillationparallelto therotationalaxisof theflow (seeFig. 5.12(a)).
If thefrequency (measuredin oscillationsperoneentirerevolutionof thecarrying
periodicsystemaroundthe rotationalaxisof the flow) is an integernumber, the
resultingPoincaŕe map is not affectedby this oscillationat all. Resultsarethe
sameas for a systemwithout the modulatedfrequency. CompareFig. 5.12(a)
and5.12(b). The differencebetweenboth systemswhich is not apparentin the
Poincaŕe mapsis visible throughthe embeddingof the Poincaŕe sectionsin the
3D flow.

Both images in Fig. 5.12 are generatedwith techniquesalready dis-
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(a) (b)

Figure5.12:Visualizingsupplementaryinformationin 3D.

cussedpreviously in this chapter. Spot noise is used to representthe en-
tirety of _ , whereaswhite and red spheresare used to visualize three se-
quencesv�_�w:o�r+s#pzyK{�e}|f~ sF�� t�� ��� � � . The sequencestartingnearthe origin of phase
spaceis enhancedby shortpartsof theconstructingflow trajectory. Thisenhance-
mentis necessaryto visualizethedifferencesbetweenbothsystems.

Anothertechniquefor the investigationof Poincaŕe mapsis realizedasmod-
ule SEEDL INE. By parametersÔ , Õ , and Ö:×FØHÙ a line segment Ú of length ÛÜ¡Ô is
specifiedwithin ^ thatis perpendicularto thevectorconnectingc@j\^ andthemid-
point of Ú . Thelengthof this vectoris specifiedby parameterÖ:×FØHÙ . ParametersÕ
and Ô arethepolarcoordinatesof oneend-pointof this line segmentwith respect
to its mid-point. SEEDL INE canbe usedto generatea streamsurface[33] or a
ragof streamlinesalternatively (seefigureon page53). In additionto thestream
surface,the flow trajectory, which constructsa certainsequenceof consecutive
applicationsof _ , wasvisualizedby the useof a greentube. Other techniques
discussedpreviously in this chapterhave beenusedfor visualizingPoincaŕe sec-
tion ^ .

5.7 Animation aspects

Animationis a powerful approachto increasethedimensionalityof visualization
results. We found the following parametersof the modulessuitableto be ani-
mated:
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TRAJECTORY parametersÝxÞ and ßFàHÝ – Module TRAJECTORY generatesa se-
quenceÑ of consecutive intersectionsof trajectory � and Poincaŕe sec-
tion ^ , i.e., Ñáhâ�ãj\^ . ParameterÝxÞ specifieshow many intersections
shouldbecalculated. ßFàHÝ canbe usedto control yäÑåy via thespatiallength
of � .

Animating one of theseparameters,the constructionof Poincaŕe map _
canbe visualized.Furthermorethe asymptoticbehavior of _@��o#r@p , X+açæ ,
can be investigated.This specificapplicationof animationis capableof
representingthe inherentnatureof Poincaŕe map _ .

TRAJECTORY parametersÔ and Õ – Anotherpair of TRAJECTORY parameters,
which is very well suitedfor animation,is ( Õ , Ô ). It encodesthe initial
condition r of solution �èo#rBp in polarcoordinateswith respectto somear-
bitrary local coordinatesystemon ^ . In otherwords ( Õ , Ô ) specifiesthe
startingpoint r of sequencev�_xw o#rBp�yK{�e}|8~ .
Animating thesetwo parametersallows to investigatethe developmentof
arbitrary curves é within ^ . Such a curve é
hêoLéìëQo�í�pH�1é�î�o�í�p�p should
be given as a parameterizedsubsetof ^ with í as the parameter. Given
sucha curve é , parameterí canbe animated:The moduleTRAJECTORY

takes rko�í�pbh oKéìë�o�í�pH�1é�î�o�í�p�p as an initial condition for the generation
of v�_ w o�rko£í�p�pzyL{ke�|f~ . Initial condition rko£í�p movesalongcurve é , andsi-
multaneouslyits long-termbehavior v�_ w o#r�o£í�p�pzyL{�e}|f~ is visualized.

WARP parameterX – Theanimationof WARP parameterX (numberof applica-
tions) improvesthe expressivenessof the imagewarpingapproach.A se-
quenceof imageswith consecutive applicationsof thewarpingfunction È
showstheoverallbehavior of _@� , XÃaçæ . Referto Fig.5.10for threeimages
resultingfrom consecutiveapplicationsof thewarpingfunction È .

5.8 Discussion

Poincaŕe mapsarea usefulmathematicalconceptfor the analysisof periodicor
quasi-periodicflows. Thus,it is a goodideato usethis conceptfor thevisualiza-
tion of dynamicalsystemsthatexhibit sucha periodicbehavior. Similarly to the
investigationof continuousdynamicalsystem,alsothe examinationof Poincaŕe
mapsdependson the investigationgoal of the user. The techniqueproposedin
this chapterallows to investigatethe long-termbehavior of specificpointsof in-
terest,or oneiterationof themapfor many pointsof thePoincaŕesection(or even
the entireset). Furthermoreit is usefulto integratevisualizationon the basisof
Poincaŕe mapsanddirectflow visualization.
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Figure 5.13: Extremephaserelationsas difficult casesfor the visualizationof
Poincaŕe maps.

Figure5.14:Combinedvisualizationtechniquesto disambiguateresults.

Thereare, however, somedifficult situations,where the applicationof the
Poincaŕe techniqueitself is notuseful.For instance,if extremephaserelationsoc-
curcomparingmainrotationandsecondaryrotation,thenresultingimagesusually
aredifficult to interpret– seeFig. 5.13for two examples.In casesof frequency
coupling, for example,visualizationcomposedof at leasttwo of the presented
techniquescanhelpto disambiguateresults.SeeFig. 5.14for two examples.
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Chapter 6

Visualization of critical points

To move freely youmustbedeeplyrooted.
Bella Lewitsky (1916-)
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Intr oduction / 6.1

density completeness quantities

thetopologicalstructure high usuallyyes almostnon
thegeometryof behavior medium potentiallyyes just a few

selectivedirectvisualization regular no yes,details

Table6.1: densityandcompletenessof information, andamountof quantities,
providedthroughdifferentapproachesof dynamicalsystemanalysis.

After streamarrows for streamsurfacesanda visualizationtechniquebasedon
Poincaŕe maps,a local visualizationtechniquefocusingon critical point is pre-
sented[44]. Critical points,i.e., systemstateswherethereis no evolution at all,
usuallyarepropertiesinvestigatedin the very first place. Examiningthe neigh-
borhoodof thecritical pointsoften tells quite importantprincipal characteristics
abouttheentiresystembehavior. Thus,it’ s logical to comeup with visualization
techniquesfocusingon thatkind of information.

6.1 Intr oduction

As alreadyaddressedin Chapter1, therearemany waysto investigateadynamical
system. An abstractapproachto analysisis the investigationof the topological
skeletonof a dynamicalsystem[5, 6]. The topologyof behavior is built from
characteristicelements,suchas,for example,critical pointsandseparatrices(see
alsoSection6.2). Oncethe topologicalstructureof a dynamicalsystemis de-
rived, the long termevolution is known for all thepointsin phasespacequalita-
tively. However, almostno quantitative information,suchas,e.g.,spatialextent
of trajectories,is providedthroughthis approach.

Spatiallyquantitative insightsaregainedfrom building the geometryof be-
havior. Locationandshapeof thetopologicalentitiesarecomposedto ageometry
within phasespace[1, 31]. The topologicalstructureis extendedby the spatial
attributesof its elements.Therebyat leastsomequantitative informationis pro-
vided.Thegeometryof behavior is a ratherdensedescriptionof theflow without
flow detailsapartfrom characteristicstructures.

Detailed(local) informationis gainedby directlyvisualizingthedynamicsus-
ing streamlines,streamsurfaces,particlesystems,or otherintegral objects[67].
Selectedtrajectoriesarevisualizedthroughthesetechniques.This kind of visual-
izationtechniquealwayslackscompleteness.

As thepreviously describedapproacheshave their advantagesanddisadvan-
tageseach(seeTab. 6.1 for a summary),a combinationof themis appropriate.
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Vector field topologyand local analysis/ 6.2

Most approachesfound in literature,on theotherhand,concentrateon eitherthe
oneor theother.

In this chapterwe first presenttwo new techniquesfor the visualizationof
a continuousdynamicalsystemin 3D space,which belongto two differentap-
proachesconcerningtheanalysisof theflow data.Furthermore,we demonstrate
thatcombiningbothmethodsyieldsbetterresults.

6.2 Vector field topologyand local analysis

A commonprocedureto extract the topology of a dynamicalsystem[6] is to
proceedin thefollowing way [5]:

1. Identify all the critical points g:s (also calledfixed points, roots, etc.) by
solvingequation £ï�o�g:s�pkhb| .

2. InvestigatetheJacobianmatrixof  Tï atthecritical points,i.e., ðã Tï+y ñ.ò . In the
hyperboliccasethis matrix of derivativesrepresentsthemajorcomponents
of theflow nearthecritical points.Eigenvaluesandeigenvectorsintuitively
describethe characteristicsof the dynamicsof  £ïóo�g:s.ôãõOp , i.e., of the flow
near g:s .
Dependingon the local flow characteristics,critical points are classified
as attractors,repellors,or saddles. Focal critical points exhibit a pair of
conjugatedcomplex eigenvalues,whereasnodesexhibit real eigenvalues
only.

3. Searchfor higherordercharacteristicelements,suchas,e.g.,cycles cfs�o�ö�p
( cfs�o#ö÷ô�ø�p�hbcfs�o#ö�p ). Again performananalysisof derivativesto learnabout
local flow characteristics.

4. Extend the eigen-manifoldsnear the characteristicelementsinto phase
spaceto determinetheir relationto othercharacteristicelements.Thereby
structuressuchasseparatrices,i.e., elementswhich divide thephasespace
into regionsof qualitatively differentdynamics,areidentified.

Extractinglocationandshapeof the topologicalelements,the geometryof be-
havior [1] is constructed.For a review of stateof theart visualizationtechniques
concerningflow topologyseeChapter2.
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CHARDIRS – visualizing eigen-manifolds / 6.3

(a) (b) (c)

Figure6.1: Visualizingthegeometryof behavior nearthecritical pointof a linear
dynamicalsystem– threedifferentsaddleconfigurations.

6.3 CHARDIRS – visualizing eigen-manifolds

Thefirst visualizationtechniquepresentedhere,i.e.,CHARDIRS, is similar to the
iconic representationof flow nearcritical points[31, 74]. Insteadof usingaglyph
to encodethe flow topology, we directly representthe geometryof behavior by
theuseof streamlinesandstreamsurfaces.Wefirst inspecttheeigenvaluesof the
Jacobianmatrixanddistinguishbetweentopologicaldifferentcases:

1. If all theeigenvaluesarereal,differentfrom eachother, anddifferentfrom
zero,threepairsof streamlinesareintegratedinto thedirectionof thecor-
respondingeigenvectors.Therebythe(locally) mostsignificanttrajectories
aredepicted(seeFig. 6.1(a)).

2. If all theeigenvaluesarereal,differentfrom zero,but two of themareequal,
a1-manifoldanda2-manifoldcorrespondingto thedoubleeigenvaluebuild
up thegeometryof behavior nearthecritical point. In additionto a pair of
streamlinesweusethreestreamlineswithin the2-manifoldplusanoptional
streamsurfaceto encodethis specialflow topology(seeFig. 6.1(b)).

3. If two eigenvaluesare complex and the real partsof all eigenvaluesare
differentfrom zero,thesamegeometryof behavior is presentasin thesec-
ond case.Thusthe samevisualizationtechniqueis used(seeFig. 6.1(c)).
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SPHERETUFTS – usingmany streamlets/ 6.4

(a) (b)

Figure 6.2: Visualizing the flow characteristicsnear the critical points of the
Lorenzsystem: (a) CHARDIRS and (b) SPHERETUFTS.

However, theflow characteristicsaredifferent– spiralingvs. radialattrac-
tion/repulsionoccurs.

To addmorequantitative informationwe encodethe orderof magnitudeof the
eigenvaluesby a certainnumberof arrows along the characteristictrajectories.
Therebythegeometryof behavior nearcritical pointsisvisualizedfor themostim-
portantcases.Degeneraciesof flow geometry, e.g.,non-hyperboliccritical points,
arenotconsideredthroughthis approach.

In Fig. 6.2(a) the Lorenzsystem[63] wasvisualizedby the useof this tech-
nique.Two saddlefoci with (each)apair of conjugatedcomplex eigenvaluesand
a large negative real eigenvaluedrive the rotating characteristicof this chaotic
dynamicalsystem.A third saddlecoordinatesthealternatingdominanceof these
two foci.

6.4 SPHERETUFTS – using many streamlets

Thesecondtechniquepresentedhere,i.e., SPHERETUFTS, is basedon directvi-
sualizationof flow ratherthanon topologicalor geometricalanalysis.A bunchof
streamlets(many shortstreamlines)is usednearthecritical pointsof adynamical
systemto directly representthe flow characteristics.The seedpointsof all the
streamletsarestochasticallychosenon a small spherearoundthe critical point.
Forward integrationaswell asbackward integrationin time is performedwith a
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(a) (b) (c)

Figure6.3: Visualizinga linearsystemnearthecritical pointwith apairof conju-
gatedcomplex eigenvalues: (a) a repellorand (b,c) two saddles.

fixedlengthin time. Therebythespatiallengthof thestreamletsdirectly encodes
velocity. Forward streamletsare coloreddifferently from backward integrated
onesto distinguishbetweensaddlesfrom attractors/repellors.

In Fig. 6.3 threeexamplesaregiven. Fig. 6.3(a) shows a linear repellor fo-
cus,whereasFig. 6.3(b) depictsthe saddlefocusof a linear dynamicalsystem.
Fig. 6.3(c) shows alsoa linearsaddlefocusasin Fig. 6.3(b) with differenteigen-
values. Using this direct visualizationtechniquesubtledifferencesin the flow
characteristicsbecomevisible. By theuseof SPHERETUFTS thedifferencesbe-
tweenFig. 6.3(b) andFig. 6.3(c) becomevisible, althoughthe flow geometryis
identicalin bothcases:theflow componentrelatedto therealeigenvalueis much
strongerin Fig. 6.3(c) thanin Fig. 6.3(b).

In Fig. 6.2(b) theLorenzsystemwasvisualizedby placingbunchesof stream-
letsnearthecritical points.Themostimportantflow characteristicsareintuitively
depicted. SeeFig. 6.4 for a visualizationof the Lorenz systemby the useof
SPHERETUFTS andCHARDIRS.

Although the resultsgainedwith this methodare quite expressive, the uni-
form distributionof streamletseedpointsoverasphereenclosingthecritical point
might not be the optimal choice. Usinga seedvaluedistribution, which reflects
the distanceto the characteristicdirections,i.e., the trajectorieswhich coincide
with theeigenvectorsof thecritical point, thevisualizationcanbeimproved.
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Figure6.4: VisualizingtheLorenzsystemusingCHARDIRS andSPHERETUFTS.

6.5 Combining CHARDIRS and SPHERETUFTS

If bothmethodspresentedin theprevioustwo sectionsarecombined,thefollow-
ing advantagesareachieved: first, a completedescriptionof the flow topology
is given throughthe CHARDIRS visualization. Additionally direct visualization
cuesareusedto intuitively describethelocal flow dynamics.

Fig. 6.5 demonstratesthis combinationof advantagesin threedifferent lin-
earcases.A saddlefocus(Fig. 6.5(a)) andtwo saddlenodes(Fig. 6.5(b,c)) are
shown. Topology, geometry, andflow detailsareintegratedwithin onepictorial
representation.Thefigureon page68 shows theLorenzattractorvisualizedwith
this combinedtechnique.Thestrongdifferencesconcerningvelocity (aboutthree
ordersof magnitude)becomevisible throughdirectvisualization,while still topo-
logical informationis provided.
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(a) (b) (c)

Figure6.5: Threedifferentsaddleconfigurationsvisualizedusingboththeeigen-
manifoldvisualizationandbunchesof streamlets.

6.6 Discussion

Most approachesof eithervisualizingthe geometryof behavior or, on the other
hand,directly representingflow dynamics,have advantagesanddisadvantages.
Visualizingthe topologyof behavior facilitatesa denseandabstractdescription
of the flow dynamics.Directly visualizingthe vectorfield yields moreintuitive
representationsof thedynamicalsystemby simultaneouslylackingcompleteness.

In this chaptertwo techniqueswerepresentedthatbelongto bothclassesand
demonstratehow acombinationof bothcanbeusedto achieveamoreexpressive
visualizationmethod.Enhancingtheabstractinformationby cuesof directvisu-
alizationhelpsthe viewer to more intuitively depictflow motion within critical
regions.
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Chapter 7

Visualizing characteristic
trajectories

Slightnotwhat’s nearthroughaimingatwhat’s far.
Euripides(485-406BC)
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Thefourthapproachto visualizingdynamicalsystemsin thisrow of differenttech-
niquesis a resultof theaim to locally enhancethevisualizationof characteristic
trajectories[46]. Systemanalysisoftenresultsin asetof characteristicpointsand
streamlines. Visualizingsuchstreamlines togetherwith informationaboutthe
behavior in their vicinity hasthe power of representingcrucial informationin a
compressedway insteadof over-populatingphasespacewith directvisualization
cues.

7.1 Intr oduction

Severalapproachesto thevisualizationof dynamicalsystemcanbedistinguished
[47]. Oneclassof techniquesdealswith the visualizationof characteristicel-
ementsas, e.g., critical points, cycles, or separatrices.A structureof lower-
dimensionalobjectsis composedin phasespaceto describethe key featuresof
thesystem’s behavior [1]. For example,a separatrixis visualizedto indicatetwo
subsetsof phasespacewith qualitatively differentdynamics.A brief overview on
therelationbetweenlocal linearizationandcharacteristicstructurescanbefound
in Chapt.3.

Anotherclassof approachesdealswith thedirectvisualizationof thesystem
behavior. Integral curves visualizethe evolution of specificseedpoints which
changeaccordingto the dynamicsof the underlyingflow. Many techniquesare
alreadyavailablefor the 2D case.Spotnoise[87] andline integral convolution
(LIC) [14], for example,provide an overview of 2D dynamicswithin a 2D do-
main. In 3D, however, direct visualizationis difficult. Renderedimagestendto
beoverloadedwhenentireportionsof flow in three-spacearesimultaneouslyvi-
sualized.Someattemptsinto this directionareilluminatedstreamlines [94] and
volume-rendered3D flow [25]. Work by Interranteet al. [35] alsoaddressesthis
problem.

In additionof thevisualizationof characteristicelementsanddirectvisualiza-
tion, a third classof techniquesdealswith the representationof local properties
[52]. Glyphs[19, 86] canrepresentquantitiesderived from the Jacobianmatrix
(local linearizationof theflow) as,e.g.,acceleration,rotation,or divergence.An-
otherapproach[75] transformsapolygonpositionedperpendicularto a trajectory
to representlocal information.

In this chapterwe presenta techniquewhich to a certainextentbelongsto all
of thethreeclassesmentionedabove. It wasinspiredby theconceptof modeling
knit wearasyarnwith acomplex micro-structure[28]. A yarntherebyconsistsof
many fibreswith similarspatiallocationandorientation.Wevisualizethevicinity
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 0  2dt  3dt dt
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Figure7.1: Relationbetweenstreamletdensity( ÝxÞ ), streamletintegrationlength
( ßFàHÝ ), andstreamletinstantiationinterval ( Ö:Ù ).
of interestingtrajectories,e.g., the streamlines emanatingfrom critical points.
A large numberof short integral curves(streamlets)is usedto directly codethe
system’sbehavior nearthebasetrajectory. By thisapproachof selectively placing
streamletswe omit distractingimageclutteringwhile still providing direct cues
to the (local) systembehavior. Visualizing the vicinity of characteristicstream
linesenhancestheabstractrepresentationof thesystem’s behavior by local cues
of directvisualization.

7.2 A thr eadof streamlets

To comeupwith ausefultechniqueof locally enhancedstreamlines,weproposea
modelfor thegenerationof a threadof streamlets. Nearastreamline of interest�Qù
(the basetrajectory) many short streamletsare placed. Therebya continuous
representationof the system’s behavior in the vicinity of the basetrajectoryis
approximated.

Using constantflow as a referencemodel – streamlines are straight lines
in this case– the threadof streamletsv �Qù ò ~ is definedas follows: Any cross-
sectionperpendicularto basetrajectory �Qù is piercedby a constantnumber( ÝxÞ )
of streamlets.Using integrationtime ö asparameterizationof thebasetrajectory
( �Qù÷o�|-p�hûúüh seedpoint of �fù ), streamlets�fù ò areinstantiatedat time ö�s�h®ý1¡KÖ:Ù
and integratedover the time interval þÿýB¡8Ö:Ù��
ßFàHÝ��<Û�� . SeeFig. 7.1 for an illus-
tration of the relationshipbetween ÝxÞ , Ö:Ù , and ßFàHÝ , i.e., Ö:Ù�h ßFàHÝ��fÝxÞ . Seed
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d=D(q,R)
r=Rr=qR

radius r

⊥plane    to T

α

base trajectory T

streamlet instantiation PDF d(  ,r)

Figure7.2: Probabilitydensityfunction �óo��k�LÔ:p for theinstantiationof streamlets
basedon aperpendicularcross-sectionthroughthebasetrajectory.

points �Qù ò o#ö�s#puh��Qù ò o#ý-¡HÖ:Ù�p of newly instantiatedstreamletsarerandomlychosen
within a perpendicularcross-sectionthrough �Qù o�ý\¡fÖ:Ù�p (referencelocationon the
basetrajectory)correspondingto aprobabilitydistributionfunction(PDF) �óo�����Ô<p
(seeEq.7.1andFig. 7.2).

�óo��k�LÔ<p\h
	
��  if |�� Ô��çd��� Î î� Î n �  if d��¢�mÔ����

| if �¢�mÔ
(7.1)

PDF ��o����LÔ:p is definedby parameters� (themaximaldistancebetween�Qù÷o#ö�s�p and�Qù ò o�ö�s�p ) and df��þÿ|Q�"Z�p . The latterparameteris usedto definePDF � asa truncated
cone. This shapeprovidesthe fade-outcharacteristicof thestreamletplacement
procedurewith respectto the distancefrom �Qù . To guaranteethat � is a PDF,� �óo��k�LÔ:p������QÔ mustequalto Z , i.e., thevolumeof thetruncatedconemustbe Z .
Thisconstraintcanbeexpressedasspecificationfor parameter :

 h ¥
o.Z�ô�d�ô d � p�� ���

In otherwords,

� many streamletsarepositionedarounda certainbasetrajectory �fù in a cir-
cularfashion.Thus,polarcoordinates( Ô and � ) whereusedto describethe
seedpointsof thestreamlets.� ThroughPDF � thegeneratedstreamletdistributionis uniformwithin acer-
tain radius( d�� ) andfadesout linearly outsideradius d�� . This way of in-
stantiatingstreamletsemphasizestheflow nearbasetrajectory �Qù .
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(a) (b)

Figure7.3: Visualizingtheflow nearalinearnoderepellorin 3D: (a)eigenvectors
andeigenvalues, (b) characteristictrajectoriesplusthreadsof streamlets.

Computinga threadof streamletsfor thereferencemodel( �r = g<V��@ú �"! ), abunchof
line segments(streamletsv �Qù ò ~ ) of equalspatiallength( ßFàHÝz¡Ky#�rly ) is generated.It
this caseof constantflow thestreamletsareparallelto thebasetrajectorywhich
is a straight line itself. The seedpoints of the streamlets,i.e., v ú sT~ = v �Qù ò o#ö�s�pK~ ,
are determinedaccordingto the PDF �óo�����Ô<p . For any time ö the cross-section
perpendicularthrough �Qù o#ö�p is piercedby exactly ÝxÞ = ßFàHÝ���Ö:Ù streamlets.

Applying this modelto real(usuallynon-constant)flow data,local flow char-
acteristicsarevisualizedthroughthefollowing variationsfrom theconstantflow
referencesetup:� theshapeof the streamletsdirectly visualizestheflow locally to thebase

trajectory. Local convergence/divergenceor rotationalbehavior with re-
spectto the basetrajectoryis intuitively depicted. Sincelocal variations
aresignificantin theareaof (partial)degeneraciesof theflow, characteristic
trajectoriesareespeciallywell suitedto bechosenasbasetrajectories.� the streamlet length is a direct visualizationof flow velocitiesnearthe
basetrajectory. Flow velocity, for example,can be depictedvery good.
Comparedto colorcodingwhich is oftenusedfor velocityvisualizationthe
useof streamletsis moreeffective.

Takinga linearnoderepellorwith eigenvalues1, 10,and100asexample,theflow
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characteristicsin the vicinity of this critical point canbe visualizedin different
ways(seeFig. 7.3). Usingthreadsof streamletsfor a visualizationof thecharac-
teristic trajectories– thosewhich arealignedwith theeigenvectorsof thecritical
point’sJacobianmatrix– a denseandintuitiverepresentationof the3D flow near
thecritical point is generated.Throughthethreadsof streamlets(Fig. 7.3(b)) the
flow next to thecharacteristictrajectoriesis visualized.A purelyabstractnotation
(Fig. 7.3(a)) encodestheeigenvectorsof theJacobianmatrix andthemagnitudes
of the associatedeigenvalues. No direct information about the vicinity of the
characteristictrajectoriesis provided.

7.3 Rendering

Drawing 1D objectsin 3D spaceposesseveral problemsin the renderingstage.
Shading,for example,improvesthe visual cuesconcerningthe spatialarrange-
mentof objects,but shadingis usuallydefinedon thebasisof a surface(normal).
In 3D linesandcurveshaveaninfinite numberof normalsat eachof their points.
Thereforetypical shadingmodelsasPhongshading[64] cannot be applieddi-
rectly to 1D objectsin 3D.

In 1989Kajiya presentedan “ad hoc” approachto dealwith the problemof
line shadingin 3D whichis basedonanintegrationof all reflectedintensities[38].
In 1996Zöckler et al. describedan efficient computationschemefor line shad-
ing in 3D which generatescomparableresultsto the techniqueproposedby Ka-
jiya [94]. A generalframework for the taskof shading$ -manifoldsin X -space
wasworkedout by Banksin 1994[8]. In additionto a consistentframework for
shadingwith arbitraryco-dimensionsBanksalsodealtwith theproblemof excess
brightness-compensationwhichbecomesanimportanttopicwhenmanifoldswith
co-dimensionhigherthan1 areshaded.

Anotherproblemassociatedwith line shadingin 3D is (self-)shadowing. Nor-
mally, whenshading2-manifoldsin 3-space,we (implicitly) dealwith this as-
pectby assumingall surfacepointsin (self-)shadow, wheretheoutwardnormal �
pointsawayfrom thelight vector % , i.e., �B¡ %\�ç| . Furthermoreweconsidershadow
raysbeforewecomputesurfaceshading.Bothaspectsaredifficult with line shad-
ing in 3D. Oneapproachto dealwith theseaspectscomesfrom volumerendering:
linespopulatingcertainregionsof three-spacecanbeconsideredasvolumeopac-
ity of acertaindensity. Thisassumptionyieldsanexponentialbrightnessattenua-
tion for light passingthroughsucha region. A paperby Max in 1995compilesa
comprehensive list of diversemodelsdealingwith this effect [53].

For the implementationof this techniquethe shadingmodelby Zöckler was
usedfor shadingthe streamlets.Additionally we useddepthcueingasa rough
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(a) (b)

Figure 7.4: (a) A threadof streamletsvisualizing the flow neara torus in 3D.
(b) Flow neara3D focusvisualizedusingtwo threadsof streamlets.

approximationof shadowing to enhancethespatialperceptibilityof thestreamlets
in three-space.SeeFig. 7.4(a) for an example. The headsof the streamletsare
representedby smallarrow-headsto indicatetheorientationof theflow. Color is
usedto encodethe flow velocity (blue & slow, red & fast). Line shadingand
depthcueinghasbeenappliedasdescribedabove.

7.4 Resultsand Implementation

To testthetechniquewefirstly appliedit to asimplecases,i.e., thecritical points
of a lineardynamicalsystem.Dependingon theJacobianmatrixevaluatedat this
point, differentresultsareobtained. Fig. 7.3(b) shows six threadsof streamlets
appliedto thecharacteristictrajectoriesemanatingfrom thecritical point. In this
casetheeigenvaluesof theJacobianmatrixat thecritical pointare1, 10,and100.
Thenew visualizationtechniqueallowsto easilydepicttheslow, medium,andfast
directionsof flow. Moreover, an impressionis conveyed,how systemstatesare
repelledfrom theplanedefinedby theslow andmediumdirection(eigenvalues1
and10). Within thatplanestatesarerepelledfrom theslow directionwhich itself
is thereforeextremely instablein this setup. Theseflow characteristicstypical
for a dynamicalsystemneara critical point cannotbe communicatedby either
showing anabstractiononly (Fig. 7.3(a)) or acompletesetof streamlines.

Fig.7.4(b) is generatedby usingtwo threadsof streamletsfor thevisualization
of a 3D focus,of a lineardynamicalsystem.TheJacobianmatrix of this system
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exhibits onenegative eigenvalueand two conjugatedcomplex eigenvalueswith
positive real part. Systemstatesareattractedalongan instable1-manifold – a
line in thecaseof a linearsystem– andrepelledinto a stable2-manifold(plane)
perpendicularto theinstableset.Applying thethreadsto bothinstabletrajectories
the dynamicsnearthis critical point arevisualized. As in Fig. 7.4(a) color was
usedto encodeflow velocity.

Thereis no restrictionto applythenew techniqueto characteristictrajectories
only. Fig. 7.5 shows two exampleswheredifferentresultswhereproducedwith
this technique.Theleft imageshows a threadof streamletsthroughtheRoessler
system.Insteadof thestreamletsthemselvesjust arrow-headsat theendof each
streamletsaredisplayed.Usingsizeandcoloraccordingto thevelocityof theflow
slow andfastareaswithin this systemarevisualized.Theright imagedepictsthe
dynamicsof aperiodicflow nearatwistedtorus.Colorcodingindicatestheveloc-
ity alongthestreamlets.In Fig.7.5(a)and7.5(b) nocharacteristictrajectorieswere
used,theevolution of thestreamletsis alignedwith thebasetrajectory. Regions
of local convergence/divergenceareshown asareaswith more/lessstreamlets.

The techniquepresentedin this chapterwasimplementedwithin DynSys3D
(seeChapter 8). The modulegeneratesone threadof streamletsfor a specific
dynamicalsystemby usinga specificnumericalintegrator. Parametersfor the
modulearethestartinglocation ú of thebasetrajectory( úÃhÍ�Qù÷o�|<p ) andits length
(eithertemporalor spatial),thenumberof streamletsper cross-section( ÝxÞ ), the
maximumdistanceof their seed-points( � ) togetherwith the fade-outparame-
ter ( d ).

7.5 Discussion

We presenta new techniquefor the visualizationof dynamicalsystems,namely
theuseof athreadof streamletsfor characteristictrajectories.This is useful,since
atrade-off is madebetweenonly displayingstructuralinformationas,e.g.,critical
pointsandseparatrices,anddirectlyvisualizingthesystemdynamicsby theuseof
streamlinesor streamsurfaces.As anabstractdenotationof thedynamicscaused
by a dynamicalsystemis very hardto understandfor mostusers,enhancingthis
informationby locally addingcuesof direct visualizationhelpsto communicate
thecrucialaspectsof thesystembehavior.

Contraryto surface-basedstreamline visualizationtechniqueslike thestream
tubeof sweep-basedtrajectoryrepresentations,threadsof streamletsvisualizethe
flow continuouslyin the vicinity of a streamline. Using a threadof streamlets
insteadof entirely populating3D phasespacewith streamlines, hasthe advan-
tageof reducingocclusion.Althoughquitea numberof papersdealwith densely
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(a) (b)

Figure7.5: (a) Visualizing the flow velocity neara streamline of the Roessler
system. (b) Visualizingthedynamicsof a periodicdynamicalsystemexhibiting
a twistedtorus.

visualizingflow in three-space,it seemsto benecessaryto placevisual cuesse-
lectively to reduceocclusionproblems.
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Chapter 8

Implementation: DynSys3D

As far asthelaws of mathematicsreferto reality, they arenot cer-
tain;andasfar asthey arecertain,they do not referto reality.

AlbertEinstein(1879-1955)

The distanceis greatfrom the firm belief to the realizationfrom
concreteexperience.

IsabellaI of Spain(1451-1504)

After presentingfour differentapproachesto thevisualizationof dynamicalsys-
tems, implementationdetailsaboutall theseapproaches(seeChapters4, 5, 6,
and7) arediscussed.A system,namedDynSys3D, thatitself is basedonAVS [2]
hasbeendevelopedwhich allows to easilycombinedifferentvisualizationtech-
niquescorrespondingto theneedsof theuser.

8.1 Intr oduction

DynSys3D[45] is a flexible environmentfor implementingandevaluatingnew
ideasin the field of advancedvisualizationtechniqueswith specialemphasis
on three-dimensionaldynamicalsystems. For designand implementationof
DynSys3Dknowledgegainedfrom previous projects(VEGA [82], BaBel [81])
wasused. Startingwith somespecificrequirementsandgoals(seeSection8.2)
thesystemdesignof DynSys3D(seeSections8.3and8.4)waschosento comply
with mostof thesegoals.DynSys3Dprovidesanexperimentalworkbenchto eas-
ily investigatevisualizationtechniquesanddynamicalsystemsin a collaborative
environment.
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Whenstartingin a new field of researchthequestionof whereto embedthe test
implementationis very important. Especiallyin the field of visualizationthis
questionis crucial, sinceimplementingthe whole visualizationpipeline [60] is
clearly not practicableor desirablein mostsituations. In the caseof this thesis
it wasdecidedto implementandtestnew visualizationtechniquesin thefield of
three-dimensionaldynamicalsystemson thebasisof AVS [2].

AVS is ageneral-purposeenvironmentfor developingandcompositingvisual-
izationtechniques.Applicationsaretherebyrealizedasasetof modules(elemen-
tary tasksin thevisualizationprocess),which areconnectedto form a data-flow
network by associatingoutputandinput portsof consecutivemodules.

AVS modulescontaineasyto specifyuser-interfacecomponents.Apart from
a largesetof predefinedmodules[3], userdefinedmodulesmaybeimplemented.
As long asthedataof a user-definedmodule,which is handedover to AVS, con-
formsto standardAVS datastructures,thesemodulescanbeeasilycombinedwith
alreadyexisting ones. The availability of many visualizationtechniqueswithin
AVS led usto chooseAVS asthebasisfor DynSys3D.

8.2 Systemrequirementsand goals

Whenstartingto build DynSys3D, wewantedto developaworkbenchfor several
researchesworking collaboratively in the field of three-dimensionaldynamical
systems. Thereforeseveral requirementsand goals influencedthe designof
DynSys3D:

� Extendibility: It shouldbevery easyto extendthesystemby new compo-
nents,e.g.,new visualizationtechniques.Similarly it shouldbe assimple
aspossibleto apply alreadyimplementedvisualizationtechniquesto new
dynamicalsystems.� It shouldbepossibleto easilycomparedifferenttechniques,e.g.,thebehav-
ior of differentnumericalintegrationmethods.Componentsof thesystem,
which obviously allow alternative solutions,should be exchangeableas
well.� The systemshouldespeciallysupportrapid prototypingin a collaborative
environment,i.e., thestructureof DynSys3Dshouldallow multipleusersto
develop additionalsystemcomponentsin parallel,even if they dependon
eachotherswork.
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� Interactivity: Realtimevisualizationis quitedifficult to achievein mostsit-
uations.Within DynSys3Dthegeometricrepresentationis controlledby a
parameterwhich influencesthegeometriclevel of detail to allow an inter-
activeexaminationof theresults.� Thesystemdesignshouldinducesomesymmetryguidelinesto helpdevel-
opersto implementmodules,whichareintuitiveto combineanduse.Ques-
tions aswhereto usethe AVS data-flow mechanismor which parameters
shouldbe handedover to the user, shouldbe answeredprior to individual
decisionsduringthedevelopment.� Thesystemshouldprovide controlmechanismsto allow developersto se-
lectively offer only thoseparametersto theuser, which he is primarily in-
terestedat in hiscurrentinvestigation.It is very importantto adjustnumber
andrepresentationof moduleparametersto provide a sensibleuserinter-
face.Too many parametersaswell asmissingoneshampertheusabilityof
amodule.� It shouldbepossiblefor developersto concentratespecificallyonthevisual-
izationpartof theinvestigation.This requirementespeciallytargetsrelated
problemsas,e.g.,how to findcritical pointsor cyclesof adynamicalsystem.
Generalsolutionsto thesetaskswerenot in thescopeof this project.

8.3 DynSys3D: systemdesign

Thedesignof DynSys3Dmainly consistsof a setof structuralspecificationsand
principal decisions. Thereis no specificfunctional core of the system,which
hasto beavailablewhenimplementingfurthersoftwarebasedonthisworkbench.
Themainadvantageof working within DynSys3Dis theability to reusealready
existing softwarecomponentsand,simultaneously, to extendthe systemby new
features.

Principal components

A major elementof the systemis the principal component. Initially DynSys3D
consistedof threeof them: DYNAMICAL SYSTEM, NUMERICAL INTEGRATOR,
and V ISUALIZATION TECHNIQUE. A moduleis built by choosingappropriate
representativesof theprincipalcomponentsinvolvedandlinking themtogetherto
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anAVS module.For example,a combinationof LORENZ, EULER andSTREAM-
LINE, would result in an AVS module,which is capableof generatinga stream
line which representstheLorenzattractorby usingEulerintegration[63].

All representatives of a principal componentmust conform to an interface
given by DynSys3D. The interfacespecificationis representedasa headerfile
within thesystem.This file lists themaximumcapabilitiesof a principalcompo-
nent. Representativesof a component,which do not implementthewhole list of
functionsarealsopossible,but maynot, dueto their limitations,beableto work
with certainothercomponentinstances.Thecheckwhethersomeinstanceswork
togetheror not is doneautomaticallyduringthelink step.

Separatingvisualization techniquesand module interfaces

The most importantprincipal componentof DynSys3Dis the V ISUALIZATION

TECHNIQUE. Instancesof this classrepresentthe coreof the modulesandthus
provide the mechanismsthat are necessaryfor building an AVS module. The
visualizationtechniqueitself shouldbeclearlydecoupledfrom theAVS interface
functionality. This allows easyreuseof the visualization-techniquecodewithin
othercompoundvisualizationtechniques.For example,it shouldbe possibleto
reusethestreamline techniquewithin anothermodulewhich generatesanentire
rackof streamlines.

AVS modulesmainly consistof onemainC procedureeach.It is invokedby
AVS, whenever new datahasbeenpropagatedto the modulethroughthe data-
flow network or a moduleparameterwaschangedby theuser. During eachcall
thecurrentinput dataandparametervaluesarehandedover to this mainfunction
via parameters.Generallythismainfunctionperformsthevisualizationtechnique
representedby themoduleandfinally returnstheresultingoutputdatato AVS.

Within DynSys3Dthemainfunctionof amodulerepresentsaseparationlayer
betweentheAVS interfaceandtheimplementationof thevisualizationtechnique.
Parameters,input,andoutputaremanagedwithin this layerandanotherfunction
is calledto performtherequiredvisualizationtechnique.It is thissecondfunction
which canbereusedby othermoduleswithoutmajorchangesor adaptations.

Multiple developers

DynSys3Dwasdesignedto supportmultiple developersextendingthesystemin
parallel. In generalseveraldifficultiesarisein sucha situation:Developersoften
getalocalcopy of thesystemandextendit by theirowncontributions.Afterwards
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all thesecopieshave to be merged,which is potentiallyratherdifficult. Even if
theinstantiationof multiple copiesof thesystemis omitted,problemsmayarise:
Codewhich wasalreadyusablemay becomecorruptagain,whendebuggingis
performedon thecode.

Thedesignof thesystemallows to reducetheseproblems.Only thedirectory
hierarchyof DynSys3Dis replicatedfor all thedevelopers.They build their im-
plementationslocally until it is finished.Whenever a developerneedsanalready
existing systemcomponent,a link to the DynSys3Ddirectory tree is installed
insteadof the replicatedlocal directory. Developersareencouragedto make al-
readyworking partsof their work early availableto the othersby placingthem
ascompiledcodewithin the DynSys3Dfile space.Thesesubmittedobjectfiles
stayavailableto theothersevenif the local copy of thedevelopermaynot work
momentarily. Whenanew componentis finished,it is movedfrom thedevelopers
local hierarchyto theDynSys3Dareaandinstalledasstandardcomponent.

Focuson visualization

The designof DynSys3Dreflectsthe intentionof providing a system,which al-
lows to concentrateon visualizationaspects.Sometasksduring the analysisof
dynamicalsystems,however, belongto otherareaslike mathematicsandnumer-
ics andhadto betackled,at leastpartially, aswell.

Oneclassof suchproblemsis the identificationof characteristicsubsetsin
a dynamicalsystem.Writing a pieceof software,which is capableof finding all
theseelementsas,e.g.,critical points,cycles,andseparatrices,is beyondthescope
of DynSys3D. In this specificcasewe transferedthesearchfor thesecharacter-
istic elementsfrom the visualizationcomponentto the dynamicalsystemitself.
This is doneasit is mucheasierfor aspecificdynamicalsystemto declareits crit-
ical pointsthanfor a generalpieceof softwareto identify characteristicsubsets
for arbitrarydynamicalsystems.Anotherreasonwhy this solutionseemsto be
appropriateis thatoftentheresultsof analyticalanalysesareavailableprior to the
visualizationstep.

Interacti vity

Visualizationusuallyis demandingin termsof timeandcomputerresources[73].
Complex operationsduringtheseveralstepsof thevisualizationpipelineandthe
hugeamountof datainvolved in thecalculationsslow down thevisualizationin
mostcases.Moreover in many casesthedatageneration,e.g.,numericalsimula-
tions,takeevenlongerthanthevisualizationitself.
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In thecaseof this thesistheactualvisualizationtechniquesarealsooften far
from beinginteractive. Anyhow we thoughtthatat leastaninteractive inspection
of the resultsof the visualizationshouldbe possiblefor the techniquesinvesti-
gated. Thereforethe visualizationmodulesincludea parameter, which controls
the complexity of the geometricrepresentationof the result,e.g.,the numberof
triangles.

This geometricrepresentationparameterdoesnot influencethenumericalac-
curacy, which is usedfor thecalculationof theresults.It just forcesthemoduleto
useacourserrepresentationof theresultsthanreportedfrom thecalculation.

Symmetry

Anotherconceptof DynSys3Dis theaimto increasetheamountof softwaresym-
metryacrossdifferentimplementationsof multiple developers.Symmetryin this
context meansthat implementationshouldreflectcertainmacrostructures,e.g.,
semanticalrelations(streamline & streamsurface)or themodularconcept.

Theseparationof principalcomponentsandthespecificationof theinterfaces
is a key designelement,which leadsto moresymmetry. Additionally someprin-
cipaldecisions,e.g.,therequirementof aparametercontrollingthecomplexity of
thegeometricrepresentation,werethoughtto leadto moresymmetrythroughout
the system. The achievementof a high degreeof symmetryis formulatedasa
designguidelinewhichmustbeadheredto by thedifferentdevelopers.

8.4 Evaluation

After presentingthe designof DynSys3Dwe now want to evaluatethe system
againstthegoalsandrequirementsof Section8.2.

Theconceptof linking a setof alreadycompiledprincipalcomponentsallows to
rapidlyextendthesystemby new components.Existingnumericalintegrators,for
example,canbelatercombinedwith new visualizationtechniqueswithoutany re-
compilation.Comparingdifferentsolutionsto aspecificproblemis alsoveryeasy
as long as the implementationis extractedasa separatecomponent.Currently
we caneasilycomparedifferentdynamicalsystems,numericalintegrators,and
visualizationtechniques.

The designdecisionto postponethe combinationof componentsto be done
after the compilationstephasanotheradvantageas well: Multiple developers
canwork togetherandextendthesystemin parallel.Working componentsof the
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implementationare madeavailable to the other developersby placing compile
codein theDynSys3Dfile area.

Interactivity is a toughgoal to meet. With most of the investigatedvisual-
ization techniquesit is not possibleto achieve real time response.The modules
allow a variationof thegeometriccomplexity of theresults.Thereforeat leastan
interactive inspectionis feasible.

DynSys3Dprovides somemechanisms,which enforcea certainamountof
symmetry. Additionally we are trying to increasethe amountof symmetryby
specifyingguidelines,whichdevelopershave to follow. For example,wedecided
to handover informationaboutthestartinglocationof streamlinesby usingthe
AVS data-flow mechanism,althoughsucha seedpoint alsocouldbespecifiedby
theuseof UI elements.Thisclearlydoesnothold for thespecificationof theseed
locusof a streamsurface. Providing the seedinput for both techniques(stream
line, streamsurface)by thesameimplementationmechanism,moresymmetryis
achieved.

The separationof interfacesand the implementationof visualizationtech-
niques, allows to reusecertain methodswithin compoundvisualization tech-
niques.Input dataandparametersof sucha reusedcomponentcanbecontrolled
by themoduleusingit andthusit is possibleto reducetheparametersetof any
AVS moduleto ameaningfulandintuitiveextent.

Up to now we wereableto omit situations,wherewe would have hadto in-
cludesomenon-trivial techniquesfrom a field we arenot expertsin, e.g.,numer-
ics. For example,we did not implementa generalsearchengine,which reports
thecharacteristicsubsetsof adynamicalsystem.Insteadwerequirethedynamical
systemitself to tell it’ s characteristicfeatures,e.g.,critical pointsandcycles.Ob-
viously theuserrunsinto troublesif this featureis not implementedfor aspecific
dynamicalsystemhewould like to visualize.

SeeFig. 8.1 for a samplenetwork showing theconceptof visualizationbased
onDynSys3D. In theupperpartthreegroupsof modulescanbedistinguished:on
theleft sidea streamsurfaceis computedandstreamarrows arecomputed.Next
to it an “back-stream”surface,i.e., a streamsurfacecomputedusingbackward
integration,is computed.On the right sidea representationof theaxesof phase
spaceis generated.All threegroupsfeed their output into the viewer module
wherethesceneis rendered.
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Figure8.1: An examplefor adata-flow network in DynSys3D.

8.5 Systemcapabilities

In the scopeof the projectspresentedin previous chaptersof this thesisa num-
ber of systemcomponentswere implementedinto DynSys3D. Basicvisualiza-
tion techniquesas,e.g.,STREAMLINE andSTREAMSURFACE have beenrealized
within thesystem[67]. Additionally threedifferentnumericalintegrators,namely
EULER, RK4, i.e., a Runge-Kutta integratorof fourth order, andADAPRK4, a
fourth orderRunge-Kutta integratorwith fifth ordererrorcorrection,is available
to DynSys3Ddevelopers[70]. Severaldynamicalsystemshavebeenimplemented
aswell. Prominentexamplesare,e.g.,LORENZ andROESSLER, two well-known
chaoticattractors[63].
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Chapter 9

Summary

If you have an importantpoint to make, don’t try to be subtleor
clever. Usea pile driver. Hit thepoint once.Thencomebackand
hit it again.Thenhit it a third time– a tremendouswhack.

WinstonChurchill (1874-1965)

Flow visualizationand the visualizationof dynamicalsystemsmake up an im-
portantresearchareain the field of visualization. Complex dynamicsapparent
overmulti-dimensionaldomainsrequiresophisticatedvisualizationtechniquesto
beinvestigatedefficiently. Eithersimulateddata– usuallyhugedata-setsresulting
from finite elementcalculations– or analyticmodels– differentialequationsrep-
resentingadynamicalsystem– significantlyextendthesizeof easilyandquickly
understandableinformation. This, generally, is the point wherevisualizationis
required.

Quiteareasonablenumberof usefulvisualizationtechniquesalreadyareavail-
ablefor thepurposeof gettinginsightin data-setsof thatsize.Directvisualization
by meansof directvisualencodingof thegivendynamicsprobablyis themostin-
tuitive and,thus, the oldestapproachto the visualizationtask. Hedgehogplots,
streamletsandstreamlinesalreadyhavea longtraditionin flow visualization.Es-
peciallyin 2D they directlyandintuitively representthemotionto bevisualized.

More elaboratedtechniqueslike spot noise and line integral convolution,
streamlinesin 3D andstreamsurfaces,streamballs,streamribbons,streampoly-
gonsandstreamtube,flow volumes,aswell asparticlesystemsenrichthepossi-
bilities of directly visualizingadynamicalsystemor flow data.
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Insteadof directly representingthe flow dynamics,sometimeslocal or abstract
dataderived from the dynamicalsystemshouldbe visualized. Critical points,
for example,usuallyareespeciallyinteresting.Thus,local informationextracted
from higher-orderderivatives,arevisualizedusing,for instance,glyphsor icons.
Abstractdata,like lower-dimensionalskeletonsthat describethe flow dynamics
just qualitatively, i.e., the topologicalstructureof a dynamicalsystem,often are
of specialinterestalso.Combiningthosetwo approachesappearsto beespecially
useful, sincea denserepresentationis used,the most important information is
conveyed.

9.1 Streamarr ows

The direct extensionto streamlines in 2D are streamsurfacesin 3D. A one-
dimensionalsetof initial conditionsis developedthroughphasespaceby theuse
of local integrationof theflow data– astreamsurfaceis constructed.Sincethree-
dimensionalspaceis muchmoredifficult to investigatethan2D, somedisadvan-
tagesare given for the useof streamsurfaces. The projectionof 3D datainto
imagespaceandtheuseof large-scalesurfacestructures(streamsurfaces),often
causeocclusionto becomeasevereproblem– importantpartsof thevisualization
cuesmaybehiddenfrom theviewer.

Streamarrows, i.e., theuseof a specialtexturefeaturingsemi-transparentar-
rows within the streamsurface,enhancesthe visualizationof three-dimensional
flow by severalmeans:� Theproblemof occlusionis diminished,aspartsof thestreamsurfaceare

modeledsemi-transparentlyandtheviewer is ableto perceivevisualization
cuesplacedbehind.SeeFig.4.3for atypicalimagefeaturingstreamarrows.� With streamarrows orientation,directionandvelocity of theflow is shown
additional to the spatial extent of the integral surface. Even conver-
gence/divergencebecomesvisible by theuseof streamarrows.

Extensionsto streamarrows are:� Anisotropic spot noise is combinedwith streamarrows to depict stream
lines as well as time lines simultaneouslyon the streamsurface (see
Fig. 4.11).� Streamarrows can be extendedinto 3D. For instance,the vicinity of a
streamsurfaceis visualizedtogetherwith the streamsurface. In the case
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of stable(stream)surface-setsthebehavior nearsuchasurfaceoftenis very
importantto beunderstood.Theintegratedstreamarrow in Fig. 4.14shows
theattractingcharacterof thestreamsurface.

The procedurefor generatingstreamarrows is ratherstraightforward. First, a
streamsurfaceis calculatedfor aspecificsetof initial conditions.Texturecoordi-
natesareassignedto eachvertex usingthefollowing principle: A 1D parameteri-
zationof thesetof initial conditions,for instance,thearc-lengthparameterization,
is assumed.All surfacepointslying on onestreamline inherit the1D parameter
of theassociatedinitial conditionas ' -coordinate.The ( -coordinateof a surface
point is theintegrationtime,assumingtheinitial conditionto have time zero(see
Fig. 4.5).

Next, thestreamarrows texture is defined.Vertical lines in texturespaceare
correlatedto streamlines, horizontal lines correspondto time lines within the
streamsurface. In the implementationthe texture is definedon the basisof a
basetile representingonearrow anda tiling mechanismgeneratingimplicitly as
many streamarrows asnecessary. Insteadof onesinglestreamarrows texture,an
entirestackof texturescanbeused(hierarchicalstreamarrows). This eliminates
someproblemswith thestandardstreamarrows techniquein casesof greatlocal
divergence/convergence.SeeFig. 4.8for anillustrationof this extension.

Thereare (at least)two possibilitiesto realizestreamarrows within stream
surfaces.Oneis to specifyan alpha-texture for the surfaceelement,andlet the
renderercareaboutsemi-transparency. Anothertechniqueis to geometricallyseg-
mentthestreamsurfaceinto threeseparatetrianglesets,onefor theopaqueparts,
theborderelements(1D), andthesemi-transparentparts.An efficient segmenta-
tion algorithmis describedin Sect.4.3.

Anisotropicspotnoiseis generatedusingthesametexturecoordinatesspecifi-
cationasusedfor thestreamarrows andagainexploiting thecorrelationbetween' -/ ( -lines andstream/timelines. A cyclic texture is generatedin texture space.
Constantflow along ' -linesis assumedandananisotropicspotis usedto empha-
sisstreamandtimelines,simultaneously. SeeFig.4.10for an(enlarged)imageof
thespotandtheresultingtexture.Mappingsuchananisotropicspotnoisetexture
to thestreamsurfaceillustratesstreamandtime lines.

Anotherapproachto diminishtheproblemof occlusionis to useselectivecuts
throughthe visualizationmodel. Parts in front of others,also importantparts
of thevisualizationarerenderedalmosttransparentlyto allow insightwithin the
model. Animation is usedto move cut planesandhelp theviewer to understand
thecuttingoperationperformed.SeeFig. 4.12for two imagesoutof ananimation
wherethecut planewasmovedthroughthemodel.The intersectionof cut plane
andstreamsurfacewasenhancedby white tubes.
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In additionto selectivecutsthereareseveralotherpointsin thestreamarrows
technique,whereanimationeasilyandusefulcanbe hooked in. Arrows canbe
moveover thestreamsurfaceinto thedirectionof flow, theinitial conditionsmay
bealteredwithin ananimation.Viewpoint animationalsoimprovesthepercepti-
bility of visualizationmodelsgeneratedusingthestreamarrows technique.

9.2 Poincarémapsand visualization

Dynamicalsystemsoftenexhibit cyclic or quasi-cyclic behavior, e.g.,foodchains,
oscillatingchemicalreactions,weathermodelsbasedon the periodof oneyear,
etc.Thecyclic propertyof suchsystemsusuallydominatesthecharacterof thebe-
havior. Sincetheperiodicor quasi-periodicbehavior usuallyis known in advance,
thelocal changesturn afterturn aremuchmoreinteresting.

In caseslike thesePoincaŕe maps,a techniqueusedby mathematicians,be-
comesuseful. A planarcross-section,called the Poincaŕe section,is placedor-
thogonalto the periodicflow. Consecutive intersectionsof flow trajectoriesare
relatedvia thePoincaŕe map,i.e., a discretedynamicalsystemof onedimension
lessthanthe cyclic flow. This Poincaŕe mapinheritsmany importantproperties
from the periodicor quasi-periodicflow. SeeFig. 5.1 for an illustration of this
relationbetweenthe3D flow andits 2D Poincaŕemap.

Thevisualizationof periodicor quasi-periodicdynamicalsystemscanbedoneon
thebasisof Poincaŕe maps.Severalpossibilitiesaregiven:

Visualizing v�_�o#r+s�p�y÷|)��ý<�*)�~ – A directvisualizationof Poincaŕe map _ is to
visually correlater and _lo�r@p . This canbe doneby placingsmall arrows
on thePoincaŕesectionwith thetail alignedwith r andtheheadcoinciding
with _lo�r@p . SeeFig. 5.4 for a visualizationof a non-linearsaddlecycle
wherethis techniquewasused.

Visualizing _�o#^lp – Insteadof plottinga rathersmallnumberof arrows for adis-
cretesetof pairs o#r+s£�L_�o#r+s�p�p , acontinuousrepresentationof _�o#^lp by theuse
of adaptedspotnoisecanbeused.Elliptic spotsareplacedonthespotnoise
texturesuchthat the focal pointsof theellipsescoincidewith r and _�o#rBp .
Usinga high numberof spotsa directrepresentationof continuous_lo�^zp is
achieved(seeFig. 5.6).

Visualizing v�_ w o�r � p�y�{�e}|f~ – Often the long-term behavior of a dynamical
systemis of specialinterest. Thusthe visualizationof the repeatedappli-
cationof Poincaŕe map _ is alsovery important.Insteadof showing many
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arrowsrepresentingoneapplicationof _ to many pointsof thePoincaŕesec-
tion, v�_ w o#r � plyK{�e}|8~ , i.e., therepeatedapplicationof _ to onespecificini-
tial conditionis represented.Thediscreteorbit canbeshown, for instance,
assetof smallspheres.SeeagainFig. 5.4,wherea few orbitsareincluded
to visualizethelong-termevolution inducedby thedynamicalsystem.

Visualizing _@n insteadof _�t – Sometimes,theinvestigationof _@n is moreuseful
thanvisualizing _ itself. Usuallythis is thecase,if a d -loopcycle, i.e.,acy-
cle thatclosesafter d revolutions,dominatesthebehavior of thedynamical
system.Visualizationon the basisof Poincaŕe mapsshouldtake this into
account(seeFig. 5.8).

Visualizing v�_ w o�^zp�yL{�e}|f~ – Using animationeven the repeatedapplicationof
Poincaŕe map _ to the continuoussub-setsof Poincaŕe section ^ , i.e.,v�_ w o#^lpüy6{�eN|f~ , canbe visualized. For efficiency reasons,a texture on
sub-set̂ is transformedusinga warpapproximationof _ in discretetime
stepsfor eachapplicationof _ . Thevectorsof thewarpapproximationare
derivedfrom thePoincaŕe map _ .

Adding Flow Visualization – It is alsohelpful to combinePoincaŕe sectionvi-
sualizationwith flow visualization. The relation betweenPoincaŕe map
andcontinuousflow is depicted.This helpsto keeptheperiodicor quasi-
periodic structurein mind when investigatingthe Poincaŕe map (seethe
figureonpage53).

9.3 Visualization of critical points

Besidesthedirectvisualizationof dynamicalsystemsthevisualizationafteranal-
ysis is an importantfield of research.Often the topologyof a dynamicalsystem
is extractedin advance,andvisualizationis usedafterwardsto communicatethe
results.Usuallythefollowing procedureis used:First, thecritical pointsareiden-
tified. Next, the Jacobianmatrix is investigatedfor all critical pointsto classify
theirtype(attractor, repellor, etc.),andto extractthecharacteristictrajectoriesem-
anatingfrom thesepoints.Furtherinvestigationis usedto clarify theinterrelation
betweenthecritical points.Then,critical elementsof higherorder, e.g.,cyclesor
tori, aresearched.Again local derivativesareinvestigatedto identify thetypeof
thesehigherordercritical elements.

Theidentificationof critical pointsasthemostimportantstepof flow topology
analysisraisesa demandon sophisticatedvisualizationtechniquesto convey the
resultsof theanalysis.Location,type,aswell asthelocalpropertiesderivedfrom
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theJacobianmatrix canbevisualized.Dependingon thetypeof thecritical point
differentmethodsareuseful:

Threecharacteristic trajectories – if all eigenvaluesof theJacobianmatrix are
real,differentfrom eachother, anddifferentfrom zero,threecharacteristic
trajectoriesareconnectedto thecritical point. If all of theeigenvaluesare
negative(positive),thecritical point is anattracting(repelling)node.Mixed
signsindicaterealsaddles.

An intuitivevisualizationis to (numerically)integratethecharacteristictra-
jectoriesandindicatetheorderof attraction/repulsionby thenumberof ar-
row glyphs positionedonto them. As an exampleFig. 6.1(a) shows the
critical point of a lineardynamicalsystem.

Two characteristic sets(1D & 2D) – if two of threereal eigenvaluesareequal
or apairof complex numbers,onelocalcharacteristicstructureis asurface.
Again, thetypeof thecritical point canbeanattractor, repellor, or saddle.

Visualizingsucha critical point, a streamsurfaceis integratedto represent
the 2D characteristicelement,andtwo streamlines are integratedfor the
1D characteristicdirectionassociatedwith thecritical point.

Other types– Of coursethereareother, usuallynon-hyperbolictypesof critical
points.Arbitrary complex localstructurescanappear, especiallyif theJaco-
bianmatrix degeneratesandhigher-orderderivativesareto be investigated
for analysis.

Specifyinga generalvisualizationtechniquefor all thesetypesis cumber-
someandusuallynot necessary, sinceusuallycritical pointsareof oneof
thesimpletypesdescribedabove – non-hyperbolicsystemsoftenarecon-
sideredto be just a transitionalelementbetweentwo hyperbolicsystems
with differingbehavior.

For the visualizationof systemabstractionsit is useful to alsoincludea certain
amountof directvisualizationto giveafew intuitivevisualhintsfor understanding
theabstractstructure.Streamlets,for example,usuallyareeasilyunderstoodand,
thus,well suitedfor beingcombinedwith thevisualizationof flow topology. See
Fig. 6.5for threeexamplesof suchacombination.Characteristicelementsaswell
asfew direct visual hints, i.e., streamletsoriginatingnearthe critical points,are
displayed.
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9.4 Visualizing characteristic structur es

Besidescritical points, characteristictrajectoriesbelongto the most important
elementsof flow topology. Similar to the visualizationof critical points, it is
usefulto combinethevisualizationof abstracttopologywith directvisualization
alsoin thecaseof characteristiccurves.

In Chapter7 the ‘thread of streamlets’techniqueis proposedto selectively
placestreamletsin thevicinity of characteristictrajectories.A certainprobability
functionis usedto randomlychooseseedpointsfor anumeroussetof streamlets,
i.e., a threadof streamlets.Using constantflow asa referencemodela relation
betweennumberof streamlets,integration lengthandseedpoint distribution is
derived.Theactualspatialarrangement,shape,andlengthof thestreamletscom-
municatestheflow velocity nearthebasetrajectoryandlocal informationabout
convergence/divergence,androtation.

SeeFigs.7.3(b) and7.4(b) for two exampleswherecharacteristictrajectories
belongingto thecritical pointsof a lineardynamicalsystemsarevisualizedusing
thistechnique.Comparedto thevisualizationof topologicalinformationasshown
in Fig. 7.3(a) advantagesanddisadvantagescanbefound:

+ thedynamicsrelatedto thetopologicalstructureis moreintuitively displayed
usingthreadsof streamlets.Having just topologicalinformation,it is usu-
ally impossible(or quite difficult, at least) to imagine,how a trajectory
wouldevolvestartingfrom aspecificstatenearthecritical point.

- the setof visual cuesnecessaryfor visualizationis lessdenseusingthreads
of streamletsthan displayingtopologicalinformation only. This reduces
theremainingbandwidthof thevisualchannelusedfor visualization.The
combinationof this techniquewith othervisualizationresultsmight cause
problemsdueto visualoverload.

An importanttopic whenusing1D elementsfor visualizationin 3D. As 1D el-
ementsin 3D have an infinite numberof normals(opposedto surfaceswith one
pair of normals),moreelaboratetechniquesmustbe used. A physicallycorrect
solutionwould requireto evaluatean integral over all directionswithin the nor-
mal plane. Simple but useful approximationsare available that allow efficient
renderingof 1D elementsin 3D.

Besidesline shadingthe problem of line shadowing should be addressed.
Again, a correctsolution would requirecostly computationssimilar to volume
rendering. Instead,depthcueingcanbe usedasa roughapproximationof line
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shadowing. Combiningline shadingand line shadowing, or, at least,someap-
proximationsof theseaspects,allows to renderusefulresultswith the‘threadsof
streamlets’technique.

Threadsof streamletsareextendedin severaldirections.Color codingis used
for communicatinglocal properties.Arrow headscanbeattachedto thestream-
lets,alsoproviding parametersfor visualization(seeFigs.7.4(a) and7.5(a)).

Theentireprojectonadvancedvisualizationtechniquesconcerningdynamical
systems, including the sub-projectsstream arrows, visualization based on
Poincaŕe maps,visualizing critical points, and the visualizationof characteris-
tic structures,sharesa commonimplementationplatform,calledDynSys3D. The
systemitself is basedon AVS, which is a generalpurposevisualizationsystem,
featuringa data-flow modeltogetherwith a schemeto build modules.A few de-
signfeaturescharacterizeDynSys3D:

Principal components– Each visualization module developed within the
scopeof DynSys3D consistsof, at least, three principal components:
DYNAMICAL SYSTEM, NUMERICAL INTEGRATOR, andV ISUALIZATION

TECHNIQUE. Ratherstrict interfacespecificationsbetweenthe principal
componentsallow to freely combinedifferentcomponentswith eachother.
For example,it is veryeasyto reuseanew, integrationtechniquewith other
existingvisualizationmodules.

SeparatingVisualization and User Interface – Each instanceof the compo-
nent V ISUALIZATION TECHNIQUE is itself composedof a core provid-
ing thevisualization,anda shelladdingtheuserinterfacewhich is visible
throughtheAVS environment.Thisseparationallows to re-usealreadyim-
plementedvisualizationtechniqueslikestreamline integrationwithin other,
maybemorevisualizationmethodslikeprocessinga rakeof streamlets.

Focuson Visualization – Insteadof comingupwith generalsolutions,in related
fieldsthatdo not directly contributeto visualizationresearch,certainprob-
lemsliketheidentificationof critical pointsor theevaluationof theJacobian
matrixwheredecidedto besolvedindividually insteadof comingupwith a
generalsolver for all cases.A dynamicalsystem,for example,is required
to know aboutits critical pointsinsteadof usingsomegeneralpieceof code
which is ableto find critical pointsfor any dynamicalsystem.

Interacti vity – Onemajoraim of DynSys3Dwasto bea platformfor rapidde-
velopmentof new ideasin the field of visualizingdynamicalsystems.To
examinevisualizationresultsin a reasonabletime it is necessaryto prevent
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the renderingpipeline of being overloadedwith too many geometryele-
ments.The representationof thegeometrybeinggeneratedby DynSys3D
modulesis parameterizedso that coarseapproximationsof the calculated
geometrycanbe usedfor investigation.Decouplingnumericalsimulation
accuracy andoutputgeometrycomplexity allowsto computeaccuratesolu-
tions,but useonly asmallnumberof trianglesfor investigation.
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Conclusions

A clever personsolvesaproblem.A wisepersonavoidsit.
AlbertEinstein(1879-1955)

Thosearemy principles.If youdon’t like themI have others.
Groucho Marx (1890-1977)

After this projecton the visualizationof dynamicalsystems,i.e., after yearsof
researchin this field, a few conclusionscanbedrawn. Maybethemostimportant
insightwasthefollowing: it is usefulto intuitively communicatedynamicsby the
useof directvisualization.It is alsousefulto first derive topologydataandthen,
afterwards,do thevisualization.It seems,however, to bemostusefulto combine
both approaches:first, seewhethercharacteristicelementscanbe identifiedby
theuseof dynamicalsystemanalysis.Then,visualizethesetopologicalstructures
andadddirectvisualizationto includesomeintuitivehintsfor readingtheabstract
representation.

Anotherexperiencelearnedfrom this work is animportantimplicationof the
ratherobvious fact ‘the bandwidthof thevisual channelavailablefor communi-
cation via visualizationis limited to a certainextent’: visualizationresearchis
not only working on thequestion‘How to visualizecertaininformation’; equally
importantis thequestion‘Whatinformationshouldbevisualized,or whatpartof,
i.e.,whatshallbeomitted, etc.’.

Usuallyit is notsufficient to providehigh-qualitysoftwareto users.Oftenthe
visualizationexpertnecessarilyis includedwithin theprocessof visualizationto
generateusefulresults.Theknowledgeof how to mapdatato visual information
is in many casesnot intuitive,andhasto belearnedalso.Eitherusershave to be
trainedto usevisualization,or visualizationexpertsareto beincludedwithin the
visualizationprocess.

An interestingpoint for doingvisualizationof three-dimensionaldata,is that
3D is morethanjustanextensionof 2D. New challengeswait in 3D, for instance,
characteristicstructuresof dynamicalsystemsthatsimply do not exist in 2D like
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saddlecyclesor tori. Therenderingstepinvolvesa projectionfrom 3D into 2D.
This confrontsthevisualizationexpertwith problemsthataresignificantlymore
complex than2D to 3D extensionswould produce.Occlusion,for example,is a
problemof akind, which simplydoesnot exist in 2D.

A conclusioncan be drawn which is not limited to scientific visualization,
computergraphics,or eventechnicalscience:theoptimalvisualizationtechnique
obviously dependson what theuserwantsto see!Especiallyin thecaseof visu-
alization,thequestionsof usersoftenvary in a significantway. New ideasin this
field often do not replaceotheralreadyexisting methods,but, ratherenrich the
assortmentof possibleviewsontotheuser’sdata.
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Appendix A

RelatedURLs

Outsideshow is apoorsubstitutefor innerworth.
Aesop(620-560BC)

Streamarr ows –� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/Streamarrows96/� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/HierStreamarrows97/� http://www.cg.tuwien.ac.at/˜m roz/ da/

Poincaré Maps and Visualization –� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/Poincare97/� http://www.cg.tuwien.ac.at/˜t kuce ra/

Visualization of Critical Points –� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/AdvFPViz/

Visualizing Characteristic Trajectories –� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/KnitDS97/

Implementation: DynSys3D–� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/DynSys3D96/
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Other DynSys3D-RelatedMaterial –� http://www.cg.tuwien.ac.at/st uden twork /-
VisSem97/� http://www.cg.tuwien.ac.at/re sear ch/vr /-
studierstube/AVS/html/

References–� http://www.cg.tuwien.ac.at/˜h elwi g/dis s/� http://www.cg.tuwien.ac.at/˜h elwi g/pub ls.h tml� http://www.cg.tuwien.ac.at/re sear ch/vi s/-
dynsys/� http://www.cg.tuwien.ac.at/re sear ch/TR /
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Appendix B

Sampledynamical systems

Exampleis not themain thing in influencingothers.It is theonly
thing.

AlbertSchweitzer(1875-1965)

In thisappendixasetof simpledynamicalsystemsis discussed,whichwerespec-
ified astestcasesfor the visualizationtechniquespresentedin this thesis. Each
exhibits a specialfeatureof 3D dynamicalsystemsas, e.g., a critical point or
cycle.

B.1 REALFP

As a very simpletestcasewe definea dynamicalsystem,which hasexactly one
critical point at theorigin of phasespaceandrealeigenvalues/-vectorsof theJa-
cobianmatrix there:

�+ h ,ç¡ + � ,.-h�|�/ h 0N¡ / � 01-h
|�2 h 3
¡ 2 � 34-h
|Q�5, e�0âe�3
Dependingon the valuesof , , 0 , and 3 the critical point is either attracting,
repelling, or a saddlecritical point. Note, that relation , e60 e73 is not a
restrictionto this system,sinceaxes + , / , and 2 arearbitrarychoicesandcanbe
reorderedto fulfill any otherrelationbetween, , 0 , and 3 .

|��8, e�0 e�3 a attractingnode, �ç|��90 e�3 a saddlenode(attracting+ axis)
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COMPLFP / B.2

, e�0 �ç|��93 a saddlenode(repelling 2 axis), e�0 e�3ê�ç| a repellingnode

B.2 COMPLFP

In addition to the casethat all eigenvalues/-vectorsof the critical point’s Jaco-
bianmatrixarereal,apairof conjugatedcomplex eigenvalues/-vectorscanoccur.
This caseis not possiblein dynamicalsystemREALFP, thusanothersystemis
necessaryto testthis case– westartwith Ô and Õ denotedin polarcoordinates:

�Ô h ,ç¡Ô�� ,:-h
|�Õ h Z�2 h 0N¡ 2
Dependingon the valuesof , and 0 this systemexhibits either an attracting,
repelling,or saddlecritical point with apair of conjugatedcomplex eigenvalues/-
vectors:

,N�ç|Q�;0 �ç| a attractingfocus,N�ç|Q�;0 �ç| a saddlefocus(attracting2 axis),N�ç|Q�;0 �ç| a saddlefocus(repelling 2 axis),N�ç|Q�;0 �ç| a repellingfocus

In termsof Cartesiancoordinates( + hûÔ!¡=<?>A@óÕ@� / h®Ô!¡B@DCFEìÕ ) this dynamical
systemcanbewrittenas

�+ h ,i¡ + Y /�/ h ,i¡ / ô +�2 h 0 ¡ 2
B.3 REALCYC

For testingPoincaŕe mapswe definea simplecycle in 3D. The critical point of
thePoincaŕe mapof this dynamicalsystemshouldbeeitheranattractingnode,a
saddle,or a repellingnode.For thispurposewe think aboutpointsin phasespace
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NLCYC1 / B.4

asspecifiedby coordinatesG , H , and I : G and H denotepolar coordinatesin theJ - K plane.REALCYC cannow bespecifiedasfollows:LG M N9OQPRG�S=T9U�VXW N:YM[ZLH M ULI M \]O�I�W \1YM^Z
This dynamicalsystemcontainsa cycle. This is easyto show:

LG`_ acb�deM7Z andLI�_ f�bhgiMjZ inducethattheunit cycle klMnmporq"GsMtU�u is a cycle of this dynamical
system.Furthermoreit canbestatedthat thereareno othercyclesthan k in this
specificdynamicalsystem: since

LI�_ f vbhg[YM Z no cycle can exist outsidethe J -K plane;
LG`_xw a w vb�d YMyZ assuresthatno othercycle thantheunit cycle resideswithin

the J - K plane.

Usingthisdefinition,wecandirectly influencethePoincaŕemapof cycle k by
adjustingparametersN and \ :

Nnz9Z�W{\:z|Z } stablelimit cycle kNnz9Z�W{\:~|Z } saddlecycle k;W attractingcylinder GsMjUNn~9Z�W{\:z|Z } saddlecycle k;W attractingJ - K planeNn~9Z�W{\:~|Z } instablecycle k
To embedthis systemin thescopeof DynSys3D,it hasto bedefinedon thebasis
of Cartesiancoordinates: J M G�O��?>A@�HK M G�O�@DC�EiH
Thedynamicalsystemin termsof Cartesiancoordinatesis thengivenas:LJ M ��O J T�K�W ��M[N9OQP�G�T|U���GAV�W{G�M.� J S;� K SLK M ��OpK � JLI M ��O�I�W ��M^\
B.4 NLCYC1

Another test casefor the Poincaŕe sectiontechniquesis NLCYC1, which is a
dynamicalsystemthatexhibitsonecyclewith anon-linearPoincaŕe map.
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REALTORUS / B.5

First we specify a linear 2D systemwith a critical point in the origin and
characteristicdirectionscoincidingwith theaxesof thesystem:L� M N9O �L� M \]O �
Next weapplyanon-lineartransformationto variable� : ��M � � � S , and ��M �

.
This transformationyieldsanother2D dynamicalsystemasfollows:L� M N�O�� � P���\nT�N�V{Op��SL� M \nO��
We now placethe entiresysteminto thehalf-plane m�P����FW��"��V�q��`��~.Z�u by trans-
formation ����M1�?��W �"��M1� ( �9M¢¡FE����£W¤�¥M1�"� ) andendup with the following
system: L� � ��� � M N9O5¡�E�� � � P���\nT¦N�V;O�� � SL� � M \]Op� �
Finally we transformthesysteminto 3D by rotatingit aroundthez-axis( G�Mn�`� ,LH§M©¨ , and I�M[�"� ). Thisyieldsthefinal systemasfollows:LJ M J O�PRN�Oª¡�E�G � P��A\]T¥N�V;OpI S V{T¥¨^OpK�W GsM � J S � K SLK M K�OQPRN9O5¡�E�G � P��A\]T¥N�V{O�I S V � ¨«O JLI M \]O�I
B.5 REALTORUS

REALTORUS shouldbe a dynamicalsystem,which exhibits an invariant torus,
eitherattractingor repelling.To designthis system,westartin 2D:LG M N�O�P�G¬S�T�sV�W N.YM[Z�W;t~9ZL® M U
Dependingonthevalueof N thissystemhaseitheranattractingor repellingcycle
of radius  . In Cartesiancoordinates( �§M^G�O5� >¯@ ® WB�°M^G�Oª@DC�E ® ) this systemis
givenasfollows:L� M ��O?�eT��`W ��M�N9OQP�G�T±s�¬G¯VXW{GsMn² � S � � SL� M ��O?� � �
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We now squeezethis systeminto half-plane m�P�� � WD� � V�q�� � ~³Z�u by transforma-
tion � � M©� � W5� � M�� ( �´M©¡FE�� � W5��M©� � ) andendupwith thefollowing system:L� � ��� � M �µOp�°T��`W ��M©N9OQP�G¶T±s�¬G¯VXW{GsMn² � S � � SL� � M �µOp� � �
Usingthisdynamicalsystemin 2D, wecanconstructa three-dimensionalsystem,
which actuallycontainsaninvarianttorusby thefollowing definition:J M � � O��?>¯@�HK M � � O�@DC�E¶HI M � �
Assuming

LH·Mt¨ ( �·M]¡FE�� � M«¡FE � J S � K S W=�*M«� � M]I ) this dynamicalsystem
canbeexpressedasfollows:LJ M P���Op�eT¥��V{O J T±¨^OpK�W �5M¸N�OQPRG¶T±s��GAV�W5G¹M ² � S � � SLK M P���Op�eT¥��V{OpK � ¨^O JLI M P���Op� � ��V
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Appendix C

Noteson the notation

Welcometo TheMachine!
PinkFloyd,LP “WishYouWereHere” (1975)

scalar numbers– italic letters,e.g.,º (dimensionof phasespace),» (dimension
of parameterspace),indices¼ and ½ , time ¾ , period ¿ , radius .

vector data – bold letters, sometimesindexed, e.g., o (current state of the
dynamicalsystem),À (somevelocity vector),normal Á , initial condition Â ,
critical points ÃAÄ .

vector components– vector(bold letter)indexedby theuseof squaredbrackets,
e.g., ÀÆÅÇU È , Á�ÅÉ¼�È .

sets,spaces,manifolds– standardlabelsfor predefinedsets,e.g., Ê (realnum-
bers)and Ë (complex numbers);capitalGreeklettersfor specialsubsets,
etc.,e.g.,phasespaceÌÎÍ.Ê�Ï or parameterspaceÐ¢Í:Ê*Ñ ; calligraphic
lettersfor curves,surfaces,manifolds,e.g.,trajectory Ò�Ó , cycles k�Ä .

functions, mappings,parameterizations– embraced functional arguments,
e.g., trajectory Ò�Ó?PÔ¾ÕV , dynamical systemspecification ÖØ×`PÔoBWD¾ÕV , Poincaŕe
map ÙÆPRo�V .

dependenceon parameters– parameter(s)asindices,for instance,ÖØ× .

matrices– bolduppercaseletters,e.g.,JacobianÚ , Û .
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