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Figure 1: Upper left, a real-life yellow wheel chock; image courtesy https://safetyline.com.au. Upper center, our mathematical
“chock.” Upper right, we show how to perform uniform random sampling in a chock without rejection or approximation, in constant time per
sample. Lower, pipeline, this enables 2D maximal Poisson-disk sampling in deterministic linear time, which we name “Deterministic-MPS.”

Abstract

We show how to sample uniformly within the three-sided region bounded by a circle, a radial ray, and a tangent, called a
“chock.” By dividing a 2D planar rectangle into a background grid, and subtracting Poisson disks from grid squares, we are
able to represent the available region for samples exactly using triangles and chocks. Uniform random samples are generated
from chock areas precisely without rejection sampling. This provides the first implemented algorithm for precise maximal
Poisson-disk sampling in deterministic linear time. We prove O(n-M(b)logb), where n is the number of samples, b is the bits
of numerical precision and M is the cost of multiplication. Prior methods have higher time complexity, take expected time, are
non-maximal, and/or are not Poisson-disk distributions in the most precise mathematical sense. We fill this theoretical lacuna.
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1. Introduction

Blue-noise is defined by the Fourier spectrum of points’ pairwise
distance vectors. Such distributions have random point placement,
but no two points are too close together. This avoids bias and alias-
ing artifacts in images, and is efficient because there are no re-
dundant samples. Poisson-disk sampling is valued in graphics be-
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cause it generates distributions close to blue-noise. There are other
ways to generate blue-noise, but Poisson-disks hold a special place
within the pantheon of sampling methods, for historical, practical
and theoretical reasons. Herein we restrict our attention to two di-
mensions, the most important case, but the community has some in-
terest in higher-dimensional Poisson disk sampling and blue noise.
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Poisson-disk sampling is defined by the so-called Poisson-disk
process: points arrive uniformly at random at a fixed mean rate.
If a point falls within the disk around a prior point it is “cov-
ered” and rejected; else it is accepted. Maximal Poisson-disk Sam-
pling (MPS) continues this indefinitely until the entire domain is
covered. Unfortunately, there is no precise definition of the max-
imal Poisson-disk output distribution beyond following this pro-
cess. This is analogous to defining “sort” by the process of bubble
sorting, and not by the output being in ascending order. This has
made it difficult to efficiently generate distributions that are precise
maximal Poisson-disk samplings. To modify the procedure but still
generate true Poisson-disk samples, the only known mathematical
tools are the observation that the probability of the next point ap-
pearing in a particular uncovered subregion is proportional to the
area of the subregion, and how to model and update the explicit
arrival time of points.

2. Background

Inverse Transform Sampling. Sampling uniformly from a trian-
gle or rectangle is straightforward. For more complicated shapes
or distributions, Inverse Transform Sampling [Dev86] is a way to
transform a uniform random variable into one from the target distri-
bution. It relies on having a formula for the Cumulative Distribution
Function (CDF) of the target distribution. By definition, any area
formula is a CDF of the sample density for uniform-by-area sam-
pling. If u € [0, 1] is a uniform random variable, then v = CDF ! (x)
is arandom variable from the target. The typical challenge is invert-
ing the CDF. Our MPS algorithm is possible because we found a
way to do this for the area of a “chock:” a curved triangle bounded
by a circle, a ray, and a tangent; see Figure 1.

Precision Complexity. We consider the problem of ensuring the
process of generating MPS sample positions is accurate to b bits
of precision. Let M(b) be the cost of b-bit multiplication. Then
tan and arctan have time complexity O(M(b)logh). The surpris-
ing result that trig and exp functions have the same complexity as
their inverses results from the quadratic convergence of Newton’s
method, and using low-precision arithmetic for the first iteration
and doubling it every iteration. [Bre76, BZ10] In the same way, we
will show the area of a chock and its inverse are O(M(b)logb).

2.1. MPS Methods

We give a detailed review of specific features of related MPS meth-
ods, because our contribution hinges on replacing their approxima-
tions and probabilistic operations with precise deterministic ones.
We summarize these features in Table 1.

Many Poisson-disk sampling papers [Jon06, EPM*11] have not
made the distinction between expected and deterministic runtime,
and have used O(+) notation regardless. Herein we distinguish de-
terministic “big O” O(-) running time vs. probabilistic expected
E(-) running time. For some algorithms the expected time is only
observed empirically, and not proven.

Dart-throwing [DW85] was the first proposed Poisson-disk al-
gorithm. It sequentially selects a sample location uniformly at ran-
dom over the whole domain, and rejects it if it lies inside the disk

of a prior sample. The arrival time of each sample is not modeled,
only their order, but it is equivalent to following the Poisson-disk
process with explicit arrival times. The implementation terminates
after a certain number of rejections are observed, without any guar-
antee of maximality, and the runtime is not described analytically.

The following algorithms avoid generating samples from the en-
tire domain and getting many rejections. Instead, they find the un-
covered region by subtracting the accepted samples’ disks from the
entire domain. They construct some representation of this curved
uncovered region, often a collection of triangles or squares. The
next sample is chosen uniformly by area from the shapes in that
representation. If the representation is an outer approximation (i.e.
superset) of the uncovered domain, then the next sample is rejected
if it lies outside the true uncovered domain. For an inner approxi-
mation (subset) no rejections occur, but the distribution is not pre-
cisely Poisson-disk, and some algorithms may terminate without
strict maximality.

Figure 2: Left, Voronoi-MPS’s representation of the uncovered
area (shaded) by Voronoi cells with subtracted disks. Right, it de-
composes into triangles Av;jx containing chocks, and quadrilater-
als Ovjipk. Images courtesy Jones Figures 3 and 5. [Jon06]

Voronoi-MPS, “Efficient Generation of Poisson-Disk Sampling
Patterns” [Jon06] was the first method to generate precise Max-
imal Poisson-disk distributions with expected E(nlogn) running
time. Voronoi-MPS partitions the remaining uncovered region by a
Voronoi diagram of the accepted samples. It subtracts sample disks
from a Voronoi cell, and partitions it into quadrilaterals and chocks;
see Figure 2. Each chock is outer approximated by the triangle of
its vertices. Voronoi-MPS first selects a polygon uniformly by area,
then generates a sample within it uniformly by area. If it is a quadri-
lateral, the sample is always accepted. If it is a triangle and the sam-
ple falls outside the chock, then the sample is rejected and one must
start over at the top by selecting another polygon. A chock’s area
is always a large fraction of its enclosing-triangle’s area. Hence the
chance of a rejection is bounded above by a constant. The entire
running time is E(nlogn). The logn arises from constructing the
Voronoi diagram and from selecting a polygon uniformly by area.

GridOuter-MPS, “Efficient Maximal Poisson-Disk Sam-
pling” [EPM*11] uses a uniform background grid instead of
a Voronoi decomposition. The sample regions are squares with
disks subtracted, scooped-squares. An outer approximation to each
scooped-square is used for selecting the next subregion, and for
rejection sampling within it; see Figure 3. Thus, as with Voronoi-
MPS, the output is a maximal Poisson-disk sampling in the strictest
sense, and the runtime is E(nlogn), not deterministic.
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method approx. Poisson-disks maximal expected time deterministic time precision complexity
Dart-throwing [DW85] outer Y - 00 - 1
Scallop-MDS [DHO06a] in - Y - nlogn b+logh
Voronoi-MPS [Jon06] outer Y Y nlogn - 1
GridOuter-MPS [EPM*11] outer Y Y nlogn - 1
Sequential-MPS [ours] - Y Y - nlogn logb
Simple-MPS [EMP*12] outer Y Y nt - 2b
GridInner-MPS [JK11] in vt vt - n 2b
ChockSubdivision-MPS [ours] - Y Y - n b+logb
Deterministic-MPS [ours] - Y Y - n logh

approx. indicates whether samples are generated from an outer approximation (superset) of the uncovered domain, an inner approximation
(subset), or from it exactly up to numerical precision.

precision complexity means the cost of achieving an MPS within b bits of numerical accuracy.

The total complexity is a “time” column for n samples X the “precision complexity” column for b bits X the cost of b-bit multiplication.
Sequential-MPS is our version of GridOuter-MPS, using chock sampling without outer approximation and rejections.

t Simple-MPS linear runtime is empirical. The dependence on bits of precision is small empirically, but exponential in the worst case.

1 GridInner-MPS approximates exclusion disks by enclosing polygons, whose number of sides trade runtime for precision.
Deterministic-MPS is our version of GridInner-MPS, using chock sampling without an inner approximation.

Table 1: Features of Poisson-disk sampling algorithms. Outer approximations lead to rejections and expected time. Inner approximations
lead to distribution deviations. In precision complexity, the 20 factors come from the magnitude of the geometric approximation. The b
factors come from binary search. The logb factors come from tan, arctan, or similar functions.

Covered
fraction

K of polygon

N~ | — Acceptable
sample
location

Figure 3: GridOuter-MPS’s scooped-square. Left, many methods
use a background grid of squares with diagonal length equal to

the Poisson-disk radius. This ensures only one sample can fit in a Figure 4: Scallop-MDS’s decomposition. Left, the next sample
square, and only 20 neighbor squares could intersect its disk. Right, is taken from an advancing front around prior samples, in non-
a polygon forms an outer approximation of a scooped-square. The conformance to the strict Poisson-disk process. Right and left, the
polygon is triangulated, and rejection sampling is performed. Im- front is decomposed into shaded scalloped regions. Inverse trans-
ages courtesy “Efficient Maximal Poisson-Disk Sampling” presen- form sampling is uniform by area without rejection. Images cour-
tation. [EPM*11] tesy Dunbar and Humphreys [DHO6a, DHO6D].

Scallop-MDS, “A Spatial Data Structure for Fast Poisson-Disk described by an integral whose solution involves six trigonometric
Sample Generation” [DHO6a] uses an advancing front to generate functions and two inverse trigonometric functions. The paper notes
a maximal disk sampling (but not a Poisson-disk one) in determin- that the full formula also involves two simple variations of this de-
istic O(nlogn) time. The next sample is chosen from an annular scription, but does not give the formula for those variations. The
neighborhood around previously accepted samples. Annuli are split inverse A™! is calculated numerically with a binary search over
into scalloped sectors bounded by two rays; see Figure 4. The next the forward transform A. Binary search converges slowly and con-
scalloped region is chosen uniformly by area. A sample is gener- tributes a factor of b to the precision complexity.

ated within it using an inverse CDF transform, without rejection. A

maximal distribution is achieved. While Scallop-MDS is fast and generates useful blue-noise, the

community has noted [MEA* 18] that the output is not identical to a
The CDF is the area A of a scalloped sector. A closed form for maximal Poisson-disk distribution. The next sample always arrives
A is not provided, let alone its inverse. Instead the area is partially in a scalloped region. In the true Poisson-disk sampling process the
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next sample may arrive outside all scalloped regions but overlap
and reduce them. Put another way, Scallop-MDS oversamples near
the 4r distance around samples.

The effect on the output distribution is visible. In MPS dis-
tributions, point pairs likely have smaller distance between them
than with Scallop-MDS. One can see this in the light second ring
at 4r in Dunbar & Humphreys’s Figure 5(d) compared to their
5(a). [DHO6a] Thus our terminology is Scallop-MDS for “Max-
imal Disk Sampling” rather than MPS for “Maximal Poisson-disk
Sampling.” Spoke-Darts [MEA* 18] modifies how samples are cho-
sen in annuli to come closer to desirable blue noise, and does not
claim to be a Poisson-disk distribution.

GridInner-MPS, “Linear-Time Poisson-Disk Patterns” [JK11]
generates a maximal Poisson-disk distribution in deterministic
O(n) time, with a caveat about a numerical/geometric approxi-
mation issue associated with the curved boundaries of scooped-
squares. (Our contribution is removing this caveat.) GridInner-
MPS’s key insight is calculating and maintaining the arrival time
of each candidate sample explicitly, rather than just their order of
arrival. The algorithm starts by generating a background grid of
squares. Within each square, a candidate sample is generated uni-
formly by area, with an arrival time expovariate in the area of the
square. Any sample that arrives earlier than any nearby sample can
be accepted; the order in which these are accepted does not matter.
When a sample is accepted, its disk may cover some candidate sam-
ples (with later arrival times) in nearby squares. A covered candi-
date is resampled and replaced by an uncovered one in its scooped-
square. Its arrival time is incremented by a time expovariate in the
scooped-square area, congruent to the Poisson-disk process. Be-
cause the neighbor template (Figure 3 left) is constant size, all of
these operations only happen a constant number of times per grid
square. The crux of linear runtime is the ability to “sample uni-
formly from the free space of a grid square in O(1) time.” [JK11]

In theory the scooped-square free space is a grid square with
some constant number of disks subtracted, just as with GridOuter-
MPS. The paper states, “In our reference implementation, we use
a constructive planar geometry library and approximate disks with
polygons for simplicity. .. .” The implementation [Jon13b] uses reg-
ular polygons that contain and approximate Poisson disks. There is
an accuracy—runtime tradeoff in this approximation. Let s be the
number of polygon sides. The cost of constructing and triangulat-
ing a scooped-square is O(s). The maximum distance d between a
polygon point and the true disk is d = 1 — cos(nt/s) = @(s~2). For
b bits of accuracy, we need d < 2005 Hence s =200,

The paper claims that in principle one may use the spatial data
structures of Scallop-MDS for calculating areas exactly and sam-
pling from them deterministically. Our contribution is achieving
this using chocks instead. How one could use scalloped sectors
is not described in either paper and appears challenging because
scooped-squares have different geometry than scalloped sectors.

Simple-MPS, “A Simple Algorithm for Maximal Poisson-Disk
Sampling in High Dimensions” [EMP*12] has the fastest empirical
performance of any known 2D MPS method. It is based on “Pois-
son Disk Point Sets By Hierarchical Dart Throwing” [WCEQ7].
These methods dispense with calculating the geometric intersec-
tion between circles and squares. Instead they use a quadtree of
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Figure 5: Simple-MPS’s outer approximation is coarse but fast.
Right, candidates are generated sequentially in a background grid
of squares. A candidate outside all prior disks is accepted as a
sample. Dark squares are already covered by a disk and do not
generate candidates. Left, squares are refined, and squares outside
any single disk (light) are the background grid in the next iteration.
Images courtesy Simple-MPS [EMP*12].
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squares that are an outer approximation to the uncovered region.
Rejection sampling is performed in squares. Squares are refined to
improve the approximation and reduce rejections; see Figure 5.

Hierarchical Dart Throwing [WCEQ7] keeps track of the num-
ber of observed rejections in each square, and maintains squares of
different sizes, for E(nlogn) runtime. Simple-MPS performs little
bookkeeping and refines all squares at once after O(n) throws; this
improves the empirical runtime to linear in 7.

Empirical runtimes have negligible dependence on b because the
number of squares per iteration tends to decline as a geometric se-
ries. However, the worst-case for Simple-MPS has disastrous b de-
pendence. Suppose after the first sample is accepted the algorithm
is unlucky and always selects a candidate inside a disk. This con-
tinues until each top-level square is refined into 20() squares of
side-length 20(=b) Each square is thus a single floating-point po-
sition, which ensures no more rejections. The software is likely to
run out of memory in this case.

The main price of using an outer approximation and rejection
sampling in Simple-MPS, Voronoi-MPS and GridOuter-MPS is
having expected (and not deterministic) running time.

2.2. Contribution

We implement the first O(n) deterministic time algorithm for max-
imal Poisson-disk sampling up to machine precision, for 2D planar
rectangular domains. It is a variant of Gridlnner-MPS that repre-
sents the uncovered region exactly. There are two main changes.
First, we show how scooped-squares can be partitioned into O(1)
triangles and chocks. Second, and more importantly, we provide
formulas for the area of chocks, and inverse calculations for sam-
pling uniformly from within chocks, with zero chance of rejection,
in O(M(b)logb).

These same changes can replace the outer approximations and
rejection sampling from Voronoi-MPS and GridOuter-MPS to turn
these expected E(nlogn) algorithms into deterministic O(nlogn)
ones, in principle. We have actually done so for GridOuter-MPS.
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We provide open source code. We show its runtime is indeed
linear, and within an order of magnitude of the fastest algorithm
in practice, Simple-MPS. There are no third-party library depen-
dences. For example, dynamic precision geometric libraries are not
needed because the constructions are designed to be topologically
robust to floating point error; see Section 4.2 and
https://github.com/samitch/DeterministicMPS

3. Chock Geometry
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Figure 6: A chock is bounded by a circle, radial ray, and tangent.
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The shape of a chock is uniquely defined by the angle ¢ it sub-
tends at the circle center c; see Figures 1 and 6. The circle center is
a Poisson-disk sample. For simplicity we assume the disk radius is
1. The relevant points are the circle center c, the tangent point ¢, and
the ray point g. Define ¢ = Zrcq. Triangle N tcq has side lengths
|ct] =1, and |tg| = h=tan¢, and |cq| = r = 1+d = sec.

4. Algorithm

Figure 1 lower illustrates the Deterministic-MPS pipeline. See Fig-
ure 7 for an example run. Algorithm 1 gives our pseudocode. The
crux is the resampling:

Line 21. Construct scooped-square geometry.

Line 25. Trim chocks, create chocks next to disks.

Line 26. Triangulate remaining polygons.

Lines 27 and 28. Sample uniformly from triangles and chocks.

Runtime analysis. Let n be the output number of samples, and
G the grid. Each grid square can only fit one Poisson-disk sam-
ple, and an area argument shows that at least a constant fraction of
grid squares generate an accepted disk, so n = O(|G|). (We observe
2.87n = |G| for MPS.) To show the runtime is linear in the size of
the grid, observe that everything in each grid square is constant size
and occurs only a constant number of times. Each square is only re-
sampled when a neighbor square’s sample is accepted, which can
happen at most 9 times (Lemma 9 in GridOuter-MPS [EPM*11]).
When a square is resampled, the scooped-square has at most 9
bounding disks, so its #chocks and #triangles is at most a constant.
The count of antecedent (earlier) squares is only updated when one
of its neighbor squares is resampled. There are 20 neighbor squares,
each resampled at most 9 times, giving at most 180 updates. Mem-
ory is also linear in n.

4.1. Locally-early Samples
For a candidate sample arriving at a given time, if there is no pos-

sibility that a sample can arrive inside its disk at an earlier time,
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Figure 7: Deterministic-MPS example run snapshots. Green can-
didate samples are locally early and in the queue to be accepted.
Red candidates are not locally early; they either will become lo-
cally early or be resampled. Black disks are already accepted.
Squares with no samples are completely covered by disks, with an
empty scooped-square. The faint circles and points show wrapping
around the periodic boundary, which is optional.

it is locally-early and can be accepted. The algorithm can process
locally-early samples in any order and still conform to the Poisson-
disk process.

The square-neighbor test says a candidate is locally-early if it
is earlier than all of the candidates in its square neighbors. This is
sufficient and fast, but we find more locally-early candidates if we
only consider squares that intersect the candidate’s disk, the disk-
neighbor test. A heuristic that saves 10% is to do find and accept
candidates with no earlier disk-neighbors in seven passes over the
entire grid, then switch to square-neighbors and track antecedents.

4.2. Scooped-square Construction

We construct scooped-squares using our own geometric primitives
in standard floating point arithmetic. These are topologically ro-
bust without the use of geometric libraries or dynamic precision,
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Algorithm 1 Deterministic-MPS: maximal Poisson-disk sampling

Require: Rectangular grid G of whole grid squares

Require: Flag if domain is periodic: True or False

Ensure: Maximal Poisson-disk sampling of rectangle
1: function DETERMINISTIC-MPS(G)

2 // Initialize Grid G
3 for g € G do
4 g-point = (u,v) uniform random in square
5: g.time = Ae ", rand w, expovariate in area A(g)
6 g.scooped-square = square polygon g
7 Global pre-pass heuristic
8: // Find locally-early squares
9: for ¢ € G and / € neighbors(g) do
10: increment #antecedents of g or 4, whichever is later
11: for g€ Gdo
12: EarlySquares.add(g if no antecedents)
13: /I Accept samples and update
14: repeat
15: g = EarlySquares.pop() > any order
16: accept g.point as Poisson-disk sample
17: for h € neighbors(g) do
18: decrement h.antecedents > g no longer blocks h
19: // resample candidates covered by disk(g.point)
20: if 1.point € disk(g.point) then
21: h.scooped-square —= disk(g.point)
22: if .scooped-square is empty then
23: h.time = oo
24: else
25: trim chocks from /.scooped-square
26: triangulate remaining polygon
27: pick U € {chocks, triangles} by area
28: sample h.point € U uniform by area
29: h.time += expovar( A(h.scooped-square) )
30: for s € neighbors(k) do
31: if /1 is later than s, but used to be earlier then
32: increment h.antecedents
33: decrement s.antecedents
34: EarlySquares.add( s if no antecedents )
35: EarlySquares.add( / if no antecedents )

36: until EarlySquares == empty

exploiting the convexity and size of the square and disks. We rep-
resent a scooped-square by the ccw (counter clockwise) ordered
loops of segments bounding the uncovered regions. Segments are
circular arcs or lines. Initially, a scooped-square is just a square.

To subtract a disk from a scooped-square, we subtract the disk
from each segment, then split the sequence of segments into loops
at each instance of the disk. To robustly subtract the disk from a
line segment, we calculate the points of the disk intersected by the
corresponding grid line, if any. It is easy to ensure the two points
are ordered correctly, even in the numerically-degenerate cases of
near tangency, because the grid line is axis aligned. Some cases of
the ordering of the arc and line segment endpoints are illustrated in
Figure 8. Subtracting a disk from a circular arc segment is analo-
gous, where instead of the points’ order along a coordinate axis, we

use their angular order around the circle’s center. Because accepted
Poisson-disk centers do not lie in other disks, case Figure 8b cannot
happen for arc-arc intersections. We also check for numerically-
missed intersections, such as when a segment lies strictly interior
to the disk, and the next segment lies strictly exterior.

The resulting segments create a new loop, which we now split
into connected components; Figure 9 shows a simple example. A
subsequence terminated by two segments from the same disk is a
connected component. Multiple such sequences result in multiple
connected components. This follows from observing that a disk can
only bound a connected component once, in a single segment. For
a component, we replace the two disk instances with a single one,
using the endpoint of the first instance’s cw endpoint and the second
instance’s ccw endpoint.

4.3. Trim Chocks

We partition a scooped-square by trimming off chocks, leaving a
polygon bounded by straight segments. We first split some seg-
ments to ensure that chocks are disjoint and interior to the scooped-
square; see Figure 11. Each final d-segment generates two chocks;
see Figure 10 left.

Since a square diagonal is 1, the largest circular arc in a scooped-
square has angle 7/3. Since arcs are split into at least two chocks,
the maximum chock angle ¢ is 7/6. In Section 4.5 we will see
that for ¢ < m/4 the numerics allow us to sample precisely up to
machine precision. In other contexts, if a chock is deemed too large
it is simple to split it as finely as desired; see Figure 10 right.

4.4. Triangulation

We triangulate the polygons; Figure 12 gives examples. Ear clip-
ping is robust and does not introduce additional points. Let
Po,P2,--- Pm be the loop vertices. The principle is to recursively
clip a triangle Ap; ;y, removing p; from the loop. Any non-
reflex triangle that does not contain another polygon vertex can be
clipped, and there are always at least two of them. [Mei75] Check-
ing the angle and emptiness is done with cross products.

Partitioning Alternative. It may be possible to partition into tri-
angles and chocks directly, without first trimming. Some extension
of “Linear-size Nonobtuse Triangulation of Polygons” [BMR95]
might work well because it is based on circle-packing domains
bounded by straight lines and circular arcs. Since Poisson disks can
overlap, their triangulation would have to be extended to the case
that the radical axis is not tangent to the circles.

4.5. Uniform Sampling from a Chock without Rejection

The available area in a grid cell is represented by some triangles
and chocks. To select a point uniformly at random, we first pick
one of these triangles or chocks uniformly by area, which requires a
formula for the area of a chock, Equation (1). To sample uniformly
within a chock, we need to calculate the inverse area, Equations (2)
to (4); and the inverse radius by swept area, Equation (5).

Area of a Chock. See Figure 6. The area of a chock is the area of
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Figure 8: Representative cases of the result of subtracting a disk from an axis-aligned line segment. The result is the possible segments
bounding the uncovered region of the square, in ccw order: we may have 3, 2, 1, or 0. We can keep the order of the endpoints topologically
consistent just with floating point operations. We re-chain the segments together to build the boundary. In cases like Figure Sa, the arc splits

N —
the scooped-square into multiple connected components. In cases like Figure 8d, vw,wb, the re-chaining replaces the endpoint v with the
endpoint computed when subtracting the disk from the vertical grid segment.

original loop
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resulting two loops

a b

Figure 9: Example updating a scooped-square. The current loop
of segments is AypBpcCeqDgq, where A has endpoints a and b, etc.
We subtract disk E from each segment, and subsequences between
instances of E form components.

~

I\

Figure 10: Left, each circular arc bounding a scooped-square con-
tributes two chocks. Right, a large-angled chock may be split into
two half-angle chocks and a right triangle. This may be done re-
cursively to make the chock regions as small as desired.

the triangle Acqr minus the area of the sector <¢: A = Area(N ) —
Area(<), where Area(\) = h/2 = (tan¢)/2 and Area(<) = ¢/2.

A(9) = (tan¢ —9)/2 (M

Uniform Random Sampling from a Chock. See Figure 13. We
use inverse transform sampling [Dev86] to select a point uniformly.
We select a uniformly-random area fraction of the whole chock,
invert to find the angle of the sub-chock with that area, then sample
along that angle’s ray proportional to squared radius. That is, let
u € [0,1] be a uniform random variable, and A be the area of the
entire chock. We seek ¢ such that A(¢s) = uA(0).
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Figure 11: Right, if a chock has the potential to overlap with some
other circle’s chock (red), then we split the circular arcs at the clos-
est points. Left, a disk too close to a square edge is analogous.

~

Tone loop
Jtwo loops

7Y

Figure 12: Some example triangulations.

Inverse Area of a Chock. We must invert tan ¢ — ¢. While we do
not have a mathematically closed form for this inverse, we do have
a numerically closed form. (Note tan itself is numerically closed in
the same way, often computed using logarithms.) It is exact up to
machine precision for [0,A(1/4)], exceeding the needed domain.

The initial guess for the Newton iterate is
oo = V6uA )

based on the Maclaurin series

13 2 5 17 7
t -0~ = — —_—
e R T TT A

The derivative of the area is (1/cos” ¢ — 1)/2, simplifying to
A'(9) = (1an” 9) /2
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I's

Figure 13: Uniform-area sampling within a chock. First, select §
so its red sub-chock is a uniform random fraction of the entire yel-
low chock, i.e. dependent on tan¢ — ¢. Second, select ry to be a
uniform random fraction of the elemental swept area, i.e. depen-
dent on 2. Our sample is the red point (s, 75)-

Thus the Newton iterate is

o 7¢._A(¢i)_MA _ tan¢; —¢; —2uA
T A tan2 ¢;

The method is numerically stable, with no need for branches or

checks. Using double precision, five iterations suffice to compute

0= Al (uA) to 15 digits of absolute accuracy for any angle up to

1/4. Recall radii are 1, so 15 digits is also relative error. Thus our

sample is on the radial ray of the chock with angle ¢s given by

0s = ¢s. @

=0 (3)

Higher precision requires more iterations, but this cost can be
offset by using low precision in early iterations. [Bre76, BZ10] For
b bits, the complexity is the sum of a geometric series, and bounded
by M(b)logb. (Recall M(b) is the cost of b-bit multiplication.) This
is merely a constant multiple of the cost of tan¢.

Random Radius. We now have an angle ¢ for our sample, and
it remains to select its radius ry, its distance along ray ¢s. Again,
we use the inverse transform, with CDF(rs) = [{* rdr. The ray

segment has extent [1,secq], thus flse°¢rdr = (sec?o—1)/2 =

(tan® ¢)/2 is the entire segment. We select u € [0, 1] uniformly, and
invert to find ry : [/ rdr = u(tan® ¢) /2. The solution is

rs =/ utan? ¢s + 1. 5)

Note tan’ 0+1= sec? ¢ so the upper limit for u = 1 is correct.

4.6. Variants

Sequential-MPS (implemented) is Deterministic-MPS without ar-
rival times, which is equivalent to GridOuter-MPS with approxima-
tions and rejections replaced by our exact scooped-squares geom-
etry and chock sampling. At each step, Sequential-MPS selects a
random scooped-square uniformly by area and generates a uniform
sample within it.

ChockSubdivision-MPS. Instead of sampling from chocks, we
could sample only from triangles. If the random-area chosen falls
inside a chock, recursively split it into a right triangle and two
chocks, and continue like a binary search. Perhaps this is simpler
than the inverse area using Newton’s method, but it has worse pre-

cision complexity, O(b). (We assume blogb can be avoided, here
and in Scallop-MDS, by computing the area only to the precision
required for determining which branch of a split to take.)

5. Implementation and Reproducibility

The open source C++ code is available from
https://github.com/samitch/DeterministicMPS

It includes methods to reproduce the experimental results and
figures in this paper. It also includes Sequential-MPS and a 2D ver-
sion of Simple-MPS.

Limitations. The software only handles rectangular domains
composed of whole background squares. For periodic domains (i.e.
tori), there must be at least three squares in each dimension to avoid
the special case of a disk overlapping with itself. These are limita-
tions of the implementation only. In principle the algorithm extends
to 2D polygons with holes.

Trigonometric Functions. In chock-sampling the only trigono-
metric function needed was tan. We experimented with using the
Taylor series expansion of tan¢ — ¢ exclusively, but decided us-
ing C++ std: : tan function from <cmath> was simpler and bet-
ter. Outside the sampling subroutine, the implementation also uses
atan2 (y, x) for converting Cartesian to polar coordinates.

5.1. Experimental Runtime

Our main contribution is Deterministic-MPS’s theoretical
O(nM(b)logb) runtime, but our experimental results show that
it is also practical. While not as fast as Simple-MPS, recall
Simple-MPS has average performance that is not theoretically
guaranteed, and poor worst-case performance.

Experiments are performed on a Mac laptop and a Linux work-
station: MacOS 11.6.2: 2.2 GHz dual-core Intel Core i7, 8 GB
memory, manufactured circa 2015; Red Hat Enterprise Linux 7.8:
2.50GHz Intel Xeon E5-2670 v2, 40 processors, 65 GB memory.

We compare Deterministic-MPS, Simple-MPS, Voronoi-MPS,
Gridlnner-MPS, and Sequential-MPS. We used the open source
versions of Voronoi-MPS [Jonl3a] in C, and Gridlnner-
MPS [Jonl3b] in Python. We implemented Simple-MPS and
Sequential-MPS in our framework because the original sources for
Simple-MPS and GridOuter-MPS are not publicly available.

On the Mac, Deterministic-MPS generates about 120k samples /
second for most test sizes; see Table 2 and Figure 14. Deterministic-
MPS is about 2x faster than Sequential-MPS; see Figure 15.
This is because generating the random arrival time is fast and
Sequential-MPS must recalculate areas every time a sample disk
reduces a scooped-square, whereas Deterministic-MPS only needs
to do so when that covers a candidate. Simple-MPS is about 2—
3x faster than Deterministic-MPS; see Figure 16. Deterministic-
MPS is about 30x faster than Voronoi-MPS for 1M points; see
Figure 17. Deterministic-MPS is 630 x faster than GridInner-MPS;
see Figure 18. This is even after we improved the Gridlnner-MPS
runtime by 8 by increasing the square diagonal to the minimum
separation between samples. The GridInner-MPS code is adequate
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Determ.  Sequ. Voronoi  Inner

Mac 120k 61k 270k 3.8k 190
Linux 91k 40k 300k 11k 68

Simple

Table 2: Runtime efficiency. Samples per second when gener-
ating IM samples. Gridlnner is slow due to Python.

to demonstrate correctness and linear time, but is in Python and a
reimplementation could be much faster.

Figures 14 to 16 report averages over five runs. Mac runtime var-
ied significantly when rerunning for a second or third time in a row.
We speculate this is due to the memory hierarchy and CPU burst
mode. For all the methods, the relative performances on Linux are
different, due to its different CPU and memory characteristics. For
GridInner-MPS, the Python 3 versions and virtual environments
differ on the two platforms. For Voronoi-MPS and GridInner-MPS,
it’s possible that the libraries differ by platform as well.

Memory. We profiled and tuned for fast runtime, not low mem-
ory. Deterministic-MPS produces at least 4M samples, Sequential-
MPS 2M, Simple-MPS 10M, Voronoi-MPS 2M, and GridInner-
MPS 2M, before experiencing paging issues on the 8 GB Mac.

Code Size. Deterministic-MPS is in C++, self-contained, and rel-
atively large: 4500 lines, plus 2900 lines of tests and examples.
Our Simple-MPS is 700 lines on top of that. True to its nickname,
Simple-MPS took us only a day to reimplement, given our extant
grid, disk, and point infrastructure. Our Sequential-MPS is an addi-
tional 900 lines. Voronoi-MPS is 1400 lines in C, plus the GNU Tri-
angulated Surface Library, GTS. Gridlnner-MPS is only 300 lines
in Python, plus the python package Polygon.

Deterministic-MPS Efficiency by Output Size
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Figure 14: Deterministic-MPS runtime efficiency. Theoretical run-
time is O(n); horizontal would indicate O(n) in practice.

5.2. Output Quality

The MPS distribution quality is evaluated by spectral analysis using
“Point Set Analysis,” PSA [Sch13, SD11, HSD13]; see Figure 19.
This provides numerical verification that Deterministic-MPS pro-
duces maximal Poisson-disk samplings, and not some other dis-
tribution. Our code internally verifies saturation and separation in
the final distribution. Figure 1 right shows 4000 random points in
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Sequential-MPS Efficiency by Output Size
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Figure 15: Runtime efficiency of Sequential-MPS, our O(nlogn)
deterministic time version of GridOuter-MPS with chock sampling
instead of rejection sampling.

Simple-MPS Efficiency by Output Size
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Figure 16: Runtime efficiency of our reimplementation of Simple-
MPS. Linear time would be a horizontal line. The number of opera-
tions is linear, but the code slows down waiting for memory access.
(This can also be seen in the original authors’ data.) The effect of
memory slowdown is strongest in this method because it does so
little computation.

Voronoi-MPS Efficiency by Output Size
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Figure 17: Voronoi-MPS empirical runtime efficiency. Theoretical
runtime is E(nlogn).

a ¢ = 1t/4 chock, and provides visual verification that our numeri-
cal sampling procedure is uniform by area within a chock. After a
sample is generated we verify that it is in the square and outside any
disk: the tolerance is __DBIL_EPSILON___ for squares and twice
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Gridlnner-MPS Efficiency by Output Size

200

- /\././0—0-—-.-—0—.._.._.___.\‘
Mac

150

125

100 :
Linux
75 M—.—H
50
25
0
1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

Number of Output Samples, n

n/T(n): samples/second

Figure 18: Gridlnner-MPS empirical runtime efficiency. Theoret-
ical runtime is O(n). Horizontal would indicate O(n) in practice.
Note the y-axis scale is samples / second, and for the other runtime
figures it is thousands of samples / second.

o W,

Figure 19: PSA [Schi3] analysis of the output of 100
Deterministic-MPS runs over a 100 100 periodic grid, about 3500
points each. RDF is the 1D Radial Distance Function, the his-
togram of distances between all pairs of points. Its Fourier trans-
form is the 1D Power Spectrum. Upper right is the 2D Fourier
transform. Upper left is anisotropy, and an example point set.

that for disks. This has been verified on billions of tests, and some
hand-built degenerate cases such as four disks meeting at a point.

6. Open Problems and Conclusion

Domains. We would like to apply the algorithm to more types
of domains. Irregular polygonal domains appears straightforward
in principle, but the current implementation exploits grid squares
being axis-aligned. Planar domains with non-straight boundaries
may require inverse transforms for additional shapes. Embedded
surfaces would also require new inverse transforms. For higher-
dimensions, the challenges include constructing robust geometric
primitives for cubes with spheres subtracted, and developing the
math for the higher-dimensional analogues of chocks.

Parallelism. We would like a parallel algorithm that takes con-
stant time per sample in the worst case. PixelPie [[YLV13] is GPU-
based and empirically has very fast average performance. It does
rejection sampling similar to Simple-MPS, but based on pixels in-
stead of boxes. It generates candidate samples centered at some
random pixels, with random depth, and uses occlusion culling to
determine which can be accepted. The next iteration considers just
the remaining uncovered pixels. We would like a spatial statistics
proof that if one throws a number of darts proportional to the area of
the remaining domain, then a constant fraction of them are accepted
on average. This may be sufficient to prove that Simple-MPS in se-
rial has expected linear time, and PixelPie has expected constant
time. (The theoretical worst-case performance for both is poor.)

Distributions. While we have focused on exactly reproduc-
ing the Poisson-disk process, a definition of the Poisson-disk out-
put spectrum might enable the discovery of better processes for
producing such output. Other distributions may be more valu-
able than Poisson-disk distributions anyway. One variant is step
blue noise [HSD13], where the power spectrum is a step func-
tion from zero to a constant. (Recall Poisson-disk samplings have a
spike in the RDF and associated oscillations in the power spec-
trum; see Figure 19.) A general variant is importance sampling
or sampling of vector fields. There are many optimization pro-
cedures [DGBOD12, HSD13, ZH16, CP21] to move 2D points,
disks, or other local kernels to match a user-specified spectrum.
Other techniques [MREB12] generate such samples a priori, but
are not deterministic time.

It may be possible to extend Deterministic-MPS to non-uniform
disk radii for these distributions. We may partition the Voronoi re-
gions of Voronoi-MPS into chocks and triangles as before. Power
cells and splitting chocks may be helpful. Another option is to
use our scoop-chock-triangulate method on the dynamically-sized
squares of “Variable Radii Poisson-Disk Sampling” [MREB12].

Summary. We provided the math for uniform sampling from a
chock without rejection. This enabled a linear deterministic time al-
gorithm for generating maximal Poisson-disk samplings, with min-
imal dependence on machine precision. We proved this theoreti-
cally, and demonstrated it in practice in open source code.
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