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This supplemental document first describes the derivation of the variance V[(F)s] for the (one-sample) two-stage resampling estimator in
Eq. (12) of the main paper. Then the derivation of the variance V[(I;){Zr] for the (NV-sample) two-stage resampling estimator for resampling

strategies # is described. Finally, we derive the weighting function that aims to reduce the variance V [(I; v,

1. Derivation of variance V [(F)s]

To derive the variance of (one-sample) two-stage resampling estimator V [(F )] = E[(F2)ist] — E[(F)tst]?, we first derive the expected value
E[(F)isr] and then the second moment E[(F 2)sr) is described. Let X be the set of My proposals X = {X, ..., Xy, } sampled by the sampling

pdf p, and X be the subset of X comprising of M proposals X = {X;,,... +Xiy, }- The expected value E[(F )] is calculated by:

Q)

E[(F)s] =E

v&)

fio (o & 55t ) (s B

By using E[abc] = E[E[E[a|b]b]|c]c], the expected value E[(F )] is represented as:

fX) ] (1% 2 1 Eax;)
£ L?z(x) |X] (Mz ]; él(xi,)) |X} <M1 = opx;)) )

E|E

The innermost expected value is calculated by summing the product of f/§, and the pmf over all the proposals in X:

fX) o] 8 X)) @X)/qi(X)
E{éz(x)‘x} _]Z’l RXi) T2, (X)) /41 (X;,)

By substituting this, E[(F )] is expressed as:

=E

f(Xi) 1B ax;)
£ [él(Xi1)|X] <M1 j; p(X;) >]

The inner expected value is calculated by summing the product of f/4; and the pmf over all the proposals in X:

fXi 91(X:)/p(Xi)
E[QI(X) } Zﬂl D)l 4 () / p(Xe)

(B X)) (R a(X) -
N (,Zl p(Xi)) <k—l p(Xk) ) A

By substituting this, the expected value E[(F )] is simplified to:

. { 1 ()

M, & p(Xi)

Next, the second moment E[(F?)] is calculated as:

) 2 R 2
(L99) %] (4 X 20 (13 10

@ (X) My = q1(X;) =09
We first expand the innermost expected value as:

. ( £(X) >2|4 M%) (X)) dn (X,

E|E|E

G (X)
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By substituting this, the inner expected value is transformed as:

1% ) 1 ¥ 4(X;)
E (Mz ]; ‘?I(Xi/)qAZ(Xi,-)> (2];’1 6?1(&,)) X
_ g2 g L i
=E q%|x +(1 MZ)E (Mz'x E{ql \X}
These expected values are expanded as:
plro ] (8 re ) (E o)
q%(le) ] j;lqu(X/)p(Xj) k=1 [J(Xk)
P (I (8 A ) (Baow)
q1(Xi)) g2 (Xiy) | S aX)rX;) ) \/& p(X)
%) ] _ (4 )\ (M ac))
£ {mxﬁ) X] = ( p(X) ) (kzl P(X0) )

= £§E§§ *(1‘% 0t ql{;g()m E[if(g))}
" (1 ‘M%) (1 ‘M%)E az(f;gﬁgm . {%ﬂ

We omit the augments from here on for the brevity. Then the product of two expected values E[f2/4; p|E[4) /p] is rewritten as:

2 A 2 X
o[- o

_ VGO N (O B
- awmamat=] 5o ‘EM’

where ¢ is the target pdf of the target distribution §;. Analogously, the product of two expected values E[f2 /g, p|E|d>/p)] is rewritten by
using the target pdf ¢, as:

2 A 2
el E{q—z —E f—2
| Lr) 43

By substituting these, E[(F>)s] is expressed as:

2 [ 2 2
s 2] () (e[ 5] (- )2 [ B]).
M, My ) \M> | gy M, a5

Finally, the variance V [(F )] = E[(F*)tst] — E[(F )ts)? is calculated by subtracting the square of the expected value from the second moment.
Here, the expected value can be rewritten by using the target pdfs g; and g, as E[f/p] = [ f(x)dx = E[f/q1] = E[f/q2], and the sum of the
coefficients in the second moment is equal to one (i.e., 1 /M + (1 —M;)(1/M+ (1 —1/M;)) = 1). Then the square of the expected value

E[f/p]? can be expressed as:
2 12 2
s+ (3) (e 2 (i) 4)
M, |p M)\ My |q1 M, 92
By subtracting these from the second moment, the variance is represented by Eq. (12) of the main paper.
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2. Derivation of Variance for Two-Stage Resampling Estimator

In this supplemental material, we explain the derivation of the variance for (N-sample) two-stage resampling estimator V[(l,){zr]. As described
in the paper, we assume that the importance sampling is used (instead of the stratified sampling) in the first resampling stage during the
derivation of the variance. This is a reasonable assumption since the variance of the stratified sampling is smaller than that of the importance
sampling in general. By using this assumption, the two-stage resampling estimator V[(I,){\s’r} for a given eye sub-path sample Z; is calculated
from:

v 1 & wZ) ()
(Hise = M MyN kg’l p(T)p(Z)Pr (M [Y)’

where M| is the number of tracing light sub-paths, ¥ is the set of pre-sampled light sub-paths as Y = {¥7 1,...,¥,;,...} where ¥y is i-th light
sub-path sample with s vertices. M, is the number of light sub-paths for the second resampling stage, and the subset of pre-sampled light
sub-paths used in the second resampling stage is represented by ¥ = {¥,... .,)7;]., o ,)_’,-Mz} where )_/,] € Y. ¥, is the k-th sample resampled
from the subset. To simplify the notation, we concatenate the light sub-path with the sampled eye sub-path Z;, and the light sub-paths such as
Yy, Y5, and ¥;; are represented by the full light path samples as X = V1 Z;, X;; = ¥;;Z;, and X;, = ¥;,Z;. We also represent the measurement
contribution function f weighted by the weighting function w; with f;(¥) = wy (¥) f(%), and the set Y is replaced with X = {X] 1,...,Xs;,...}-

The subset used in the second resampling stage is denoted by X = {X,... ,MZ} By using these notations, the two-stage resamplmg

estimator (I, ), is simplified to:

(I y, i) 2)
“rMMw: (Xo)Pr (X X)”
The resampling pmf P is the product of two pmfs as:
oS g1 (X X
Py (X [X) = %9@”)_, 3)
Yo>1Xim1 4 (X5.i)/p(Xs,i)
. G2 (Xk)/a1(%)
Py(% %) = G2(Xk) /41 (Xk) @

Z]}izl pX:)/01(X)
where §; and g, are the target distributions for the first resampling stage and the second resampling stage, respectively. By substituting P;
and P, for Py, (I )X, is expressed by:

1 fi(X) )
MiMoN = p(Xi) Py (X X) Py (X X)

L %)\ [y @) (L5 2%)
= | — _ I 5 - i 5
<Nk1 9@(X) ) \ My E’l; p(Xsi) ) \ M2 > q1(Xi)) ®)

Similary, (I?)N, used for the second moment E[(I?)X;|Z:] is represented by:
N - 2 2 My A (¥ 2

1 §1(Xs,0) 1 & e
1 st — — = X 6
= (v L o) (nZE5ET) (i Bates ©

To compute the conditional variance V[(I;)¥:|Z] = E[(I*)X:|Z:] — E[(I;)¥:|Z]?, we first explain the derivation of E[(I;)};|Z/], then the
derivation of E[(I?)X;|Z:] is described.

™=

I)er =

2.1. Derivation of E[(I;)N|Z]

The conditional expected value E[(I;)N.|Z;] is expressed by:

fz Xk L v R aX) ) [ 1% aX)),,
[( Z )(M@,Zl p(&,i))( 2,141@,.))2’} )

By using E|abc] = E|E|E|[a|b]b|c]c], E[(I;)X;|Z] is transformed into:

Pl

rQ)
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We first expand the innermost expected value as follows

(X AR o] AR @@)/a®) (A& (M a®))
< 21112 ) ] E{c;z(xl)'x],zlqzm T %)/ K >< <‘->><- <-,)> ®

Substituting the above equation cancels out the summation and leads to

LMZ ff(Xl/) ql 8,0 | ﬁ(X,l) = L M, él(_s,i) _
o <M22 A (&-)) ]( ng,zl p(X )'Z’ itk <M1 L4 p('s,»)'z’ ©

j=1 q1

The inner expected value of the above equation is calculated by summing over all proposals in X as

E|:ft } Z Z fi )_{sz él(Xs,i)/P(Xs,i) _ Z Af fr()_zs,i) Z % él(_s,i)
41(Xy,) Y1 Z?ill q1 (Xs,i)/p(Xy,i) > (Xs.,i) s>1i=1 Pp(Xs.i)

ql( s>1i=1

By substituting the above equation and canceling out the summation, E[{I )is;|Z:] is expressed by

_ 1« & fiX) 5 1 & fX X1) -
Ell)slz)=E| Y ¥ fiXs.) Z|=YE|-Y fi(%s.) Z| = E[f’(_“‘) |zf} . (10)
M, s>1i=1 p(Xs.i) s>1 M, i=1 p(Xv,t) s>1 p(Xs1)
2.2. Derivation of the second momentE[(I*)Y,|Z;]
Similar to the derivation of E[(I;)X;|Z], by using E|[abc] [E[E[a|b]b|c]c], the conditional expected value E [<1}>£§r\z,] is transformed into:
2 o N2
Nof(X M2 4o (X;, _
ElEIE ZA LZ({2(—”) qul
=1 a2 My = 41(Xi) sr=p00 )

By using the following identity:

) (32

the innermost expected value is expressed by:

T8 A&\ ol L [RE G L AR o]
(Nk—l‘?Z(Xk)) X\ = E[Azf)p( +<1 N>EL?2(X1)|X]

= G0+ (1= ) B ELx))

2| -
™=
[0
B

~

N MZ j*l 41 1:1

L1 &) g ( 1) FX) g {qz@-l) } < 1) 1 &) . ( 1) {ft(
=—|-— —L2|X - = —|X —-|X - = — —-|X - —

N(MzE g T\ i)l amed X Flac) ™ ) U8 ) s f | aw) X T i) Fla,
_ L[ g 1( _L) &) g [m,) ,—4 (1_1> (l_i) {ﬁ(}) ,-(r
M 4%()21'1)‘ N M, E qu(Xil)qz(_il)l £ qu(Xn)‘ * N M, E qu(Xi.)‘ ’
where we use the following identity:

1 1
( Z Zf 8,1 ) < Z Zg S50 > :M ZE[f(Xs,l)g(Xsl)] _M ZE[f(Xs,l)]E[g(Xs,l)} +( E[f(Xs,l)]> (
s>1i= s>1i= s>1 s>1 s>1 s>1
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By expanding each expected value over all proposals in the set X, the above equation is expressed as:

L M, ft ():(Sl) 7 (_Sl)/p(XS,i) +l (1_L> (Z% ]_012()?1‘1)_ qu(XS.i)/p(Xs,i) )
My 515 a1 (X, )Zs>121 11 (X5, )/p(Xsy) N My )\ 515 01 (Ki)aa(Ki) R X 41(Rei) /0(Rs i)

W) aE)/pE) > AYARRS ( VAK) @)/ p(Re)
X<ZZ (X )):v>1Zj 141 S5,J /P( s]) +(1 N) (1 Mz) leiZIQAI(X )Zv>1):j 1‘]1 S,J /P Aj)

v>11 1 P
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Substituting the above equation, E[(I? )| Z] is expressed by:
1 1 M, (Xs 1) q1 s, 1 5
—E|ll = 7_
M, {(Mlsg‘ll;m( Xs.i)p(Xs,i) s;lzl P(Xsi)
M, X _
)0 s
N M, My S5 p(Xs)
Then E[(I7)N,|Z] is expressed by (we omit the arguments for brevity):

LS fi _ 4 fi q1 5
M, <MIS; [172 } ;E pq1z] L?'Zl} <>1E

oy (o L A P LA I e z
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By rearranging the above equation, the conditional expected value E[(I?)¥:|Z] is expressed by:
1 41
E[(I Yol 2] = - E{*m} E
Q MM, x§1 P41 p ;1 pql
_li(l_i)zE E{Q\Z]—Fl(l—i) ZE t \Z:
N M, M =1 p N M, =1
1 1 1 : 1 1 ’
() Bl -0 - (el
N Ml M2 s>1 P N M2 s>1 P

To transform the above equation into the form of the variance, we expand the coefficients of the last line as follows:

(-8 i () B2+ (- ) () (o))

<
Q>
S
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>2

_ 1 v K)o L Mo (X)) 0 Go (X )
= M, (Z Z q (Xs,:)P(Xs.i)> ( 1 Mz) (lei_X:l P(&,i)%(&g)) <S§h; p(Xm)) <x21i—1 p(

2
B 11 11 5]’ 11 fi
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2.3. Derivation of the conditional variance V[(I,)X,|Z]

The conditional variance V [(I;)X|Z] is calculated by subtracting E|[(I)N:|Z]* = (Xs>1 ELfi/ p|Z])? from the above equation. Rearranging
each component leads to:
2
e[ihe]- gl fe])
s>1

i (2] -zl 5] ) - (22
) ) (zele]) - (zelre]) v (- w(éf

i (el
4000 (ze ) () ()

We now transform the product of two expected values shown in the above equation as:
£ (Xs) {ql(is.n } ! V) (/ NP ) 1 ReZ)
) E > 7| = - d, 7)d A _ _ _Jt ) d :
p(Xs1) 4 P>(Z) \Jas 41(5sZ) H) T [, 1052 du(ys) P2(Ze) \Jas 1 (55Z0)/ Q1 H)

P(Xs1)d1(Xs1) 4
O
_ 1 ffesZ) )] F &) 5 &) 5
= 2@ ( o ql,s<y-s|zr)"“(y”> =@ | 2,0 T R >'Z’]’

where Q  is the normalization factor that is the integral of the target distribution g; over all the light sub-paths yi; with s vertices, and
q1(Fs|Z:) is the conditional pdf, and g1 (Xs) = g1 (35|Z) p(Z). Similary, the following product of two expected values can be calculated as:

1 a5\ 1 12 GZi) - ) 1 12GZi) o
(ZE P D (S;E{pm}) ) ( A q1(yZz)dH( )) (/Aq}(yzt)dy(y)> - PA2Z) < AG1(7Z)/ Q1 dMy))

s>1
O
1 (57 2
= S ) ) = |
p*(Zi) \JAa1(sZ) qi
where Q is the normalization factor that is the integral of the target distribution ¢, over all the light sub-paths y; with arbitrary length (s > 1),

and ¢ (y|Z;) is the conditional pdf, and g, (X) = ¢1(7|Z/)p(Z:). The integral domain A is a union of A* as A = U;>1A”. In the similar way,
the following relations hold for pdfs ¢, ; and g, which are defined similarly as g, (¥) = q2.5(75|Z:) p(Z;) and g, (%) = q2(3|Z:) p(Z:)

ya 2
P

|—|
;J

2 ~ 2 ~ 2
e[z, E[Q\Z} —£| 2z, (ZE i )(ZE{%IZD LA
27p) p 2.8 s>1 s>1 LP q3
Then the conditional variance V [(I; )| Z:]is expressed by:
1 1 - 1 - 11 1 - 1 1 -
RN R A L3 A R S
My = Lp MMy 5 141 My |q N M, My) 5 Lase N M, 92

2.4. Derivation of the variance V[(I;)Y;] for two-stage resampling

We now derive the variance V[(I; ;] by taking into accout the randomness of the eye sub-path Z;. The variance V [(I;)%,] is calculated by the
law of total variance as:

V[()s] = EIV [l Zi)) + VIE [ isel Z1]). (12)

So far, we have included the pdf p(Z;) in the pdfs p, q1 5, ¢2.5, 1, and g». To take into account the randomness of the eye sub-path Z;, we
decompose the pdfs into the pdf p(Z;) and the (conditional) pdfs as:

p(Es) = p(35)p(Z1),q1,5(%s) = q15(5s|Z) p(Z1), 01 (%) = @1 (5|Z0) p(Z1).

By using E[V [a|b]b?] = V[ab] — V[E[a|b]b] and considering 1/p(Z;) as random variables, the following expected value of variance is ex-

pressed by:
el [at]] 2|y 156 ] =¥ syl v e ] ] = (53| - Lo o rzomes)|
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The expected value of each variance term i Eq. (10) can be rewritten in the sinrilar way. Then E[V[(5) 2] is expressed by:

i Z (5| vl foamm]) s £ (v 3] - [ L o)

w3 (Vo Y e L) )~ (- 3) L (v [qu} V| [ i) )

o (73 (0] v [ L)

By rearranging the above equation and adding V[E[()Y, Z]], the variance V[(1;)Y.] is represented by:

- T (v[2] V] /. fz(f.v)dﬂ(y's)D - o ([ 2] -] [ stwantsa])

v (V2] v g [aomo)) -5 (I-AL)Sg (| -v 5z [ Awauts)] )
wx(1-5) (v[2] {ﬁ s |) 4[5 | |

VIEKL)N|Z]]
1 1 11 1 1
bl B 8] () BT R
My S5 Lp]l MMy 5 My |q1] NM, M) & L4s2] N M, 9
1 1 1 1 1
o (5 (128 BV [ aiansa| + (1= 1) (15 ) v { i [ s }
M, ( Mz) ( N>s§1 LD(Z:) 1) #(y?)] N FiBlau
In summary, the variance of the (N-sample) two-stage resampling estimator V[(l,){\slr] for the resampling strategy ¢ is represented by:
1 £ 1 fi 1 _[f 11 1 fi 1 v
VLN = — v{f}— V[ }Jr—v[f e 1% +—(1-
(Y] M, s; pl MM, gﬁ qis] My 1] NM, M, g’l gsp] N Mz 9

“an () () BVl o]+ (-3) (13 )y Lysoeo]— a0

The second line in Eq. (13) includes the variance terms of integrals, which makes the minimization of the upper bound of the variance
V[(I),] infeasible. To address this problem, we set the number of samples to one (N = 1) to vanish the coefficients for the variance terms
including the integrals as:

L Ly [A] Al U [R] (1 AW
V[<It>t5r}_M1§’1V{P} Mleé;VLhJJerV[C]J M, (1 Mz)g’lv[qs,z} (1 Mz) {%} (1

3. Derivation of weighting functions w; for two-stage resampling

3.1. The variance of the pixel measurement V [(I)]

We now derive the weighting functions by minimizing the upper bound of the variance V[(I)] of the pixel measurement /. For a light path ¥
with length k, the variance V[(I)] is calculated by the sum of variances for k + 2 strategies as:

. Ly olf
V= ¥ vkl v B2

where Arsr € {2,...,k} represents the resampling strategies and A;s € {0, 1,k + 1} represents the strategies handled by BPT, and N, is the
number of samples for BPT. By substituting V[(I;){] in Eq. (14), V[(I)] is expressed by:

_ R/ . ol Lyl b Ji fi fi
VW)]_,QZAM(MV{P} Mlev{qu]jLMzV{qJ M, (l Mz) {qs,2]+<l M2> {42D+Nz,€,\mv{p}’ (15

where the summation over s is eliminated since the number of the light sub-path vertices is uniquely determined as s = k+ 1 —1.
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3.2. Derivation of the weighting functions

We derive the weighting functions that minimize the upper bound of the variance V[(I)] = E[(I*)] — E[(I)]*. Specifically, we aim to minimize

the second moment E[(I?)] as:
2 2 2 2 2
1Ere \M1 | P MMy g | M2 |ar] M M; 952 N X, P

We represent each expected value term with the integral form as E[f?/p*] = [ £(%)/p(X)du(%). Since it is sufficient to minimize the

integrand at each path X separately and f(X) is constant for all strategies, we minimize the following objective function subject to the
condition Zfi(} wr = 1:

y lﬁl\ﬁ+w%1(11yﬁ%11y&+lzﬁ
iene \ M1 P MiMyq1s  Myqr M M) gs2 My)aq) N&E P

In the above equation, we represent the pdfs g 5 and g ¢ with ¢ and ¢> as:

ft2

1
+1_4)E
(Mz q

2
2

o a@® _ a® [ @deG) o O
N R TG T R PG T O AETTOZ TR AT 19

where Q|  is the normalization factor of §; s over A%, and Qy is that of §; over \A. Similarly, g ((X) = ¢2(X)Q2/Q5 5. By using these, the
objective function is represented as:

11 1 11 1 1 1 1w (%)
P (L (o ) (LY () Yy e
en. \ My p(x) My Q1 ) M3 q1(X) My Q My ) q2(%) ex N p(3)
Although it is possible to estimate Q1 ¢ and Q5 ¢ by using Monte Carlo integration, it is difficult to keep the normalization factors Q; 5 and

0>  for all the non-negative integers s. Fortunately, we can bound the ratios Q1 ;/Q and Q5 /Q between zero and one by definition, and we
approximate the ratios Q; ;/Q1 and Q5 ;/ Q> with the upper bound one. Then we define the following density pisr as:

Pur(f) = (Milﬁ - (l B MLI) <Mi2 6111()?) * (l ; Miz) qzl(f)))_l .

By using the density pisr, the objective function is simplified to ):fig ne pr(X) where n, = 1 and p;(X) = pse(%) for t € Asgr and n, = N; for
t € Ajs. This makes it possible to derive the weighting function using the balance heuristic as:

_ e pr (%)
__mpy) 17
wii%) Y nipi (%) {an

1 (l EAmr)
ny = { N, ([ c Ais) ) (18)
—1
L1 1 11 1) 1
Pt()?){ (ﬁﬁ*( ‘E) (mzlgxﬁ(l‘m) qz<x>)> E’E’A\”;) (19)
px t € Ng).
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